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QUANTITATIVE FACTORIZATION OF WEAKLY
COMPACT, ROSENTHAL, AND &£-BANACH-SAKS
OPERATORS

KEVIN BEANLAND and RYAN M. CAUSEY

Abstract

We prove quantitative factorization results for several classes of operators, including weakly
compact, Rosenthal, and £-Banach-Saks operators.

1. Introduction

In recent literature [1], [3], [4], [7], ordinal indices are used to define several
new classes of operators. The main results of the present paper are factorization
results for these new classes analogous to the celebrated Davis, Figiel, Johnson
and Pelczynski factorization theorem for weakly compact operators. Before
we state these results, we recall some of these new classes. In the following
for an operator A, Sz(A) is the Szlenk index and _#(A) is the James index of
the operators (the James index was defined in [10]). We recall the necessary
definitions in a subsequent section. Let Ord be the class of ordinal numbers
and £ € Ord.

(1) Let % denote the class of all operators A so that Sz(A) < °. The
class Uz cora SZ ¢ is the class of Asplund operators.

(2) Let %%f denote the class of all operators that do not preserve Bourgain
¢, trees of order w®. The class Ukscora D?*Bf consists of the operators
which do not preserve a copy of £; (also known as Rosenthal operators).

(3) Let _# denote the class of operators A so that #(A) < &. The class
Uscora F =: 7 is the class of weakly compact operators.

(4) For0 < & < w let féﬁﬁf denote the class of operators that do not
preserve an Zf spreading model.

(5) For 0 < & < w; let BE* denote the class consisting of those weakly
compact operators which lie in SSIR?
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In [3], [7] it is shown that each of the above classes in (1), (2), (4), and (5)
are distinct for different ordinals. The classes %, and 981 correspond to the
ideals of super weakly compact and super Rosenthal operators, respectively
([101, [3D). The following result from [3], [7] states that for certain ordinals,
the above subclasses are in fact closed two-sided operator ideals.

THEOREM 1.1. Let & € Ord. The classes S, %%?s and ¢ . are closed,

two-sided ideals. Moreover, if 0 < & < wy, the classes @Eméi and BE¢ are
closed, two-sided ideals.

In general if .# is an operator ideal, we let Space(.#) denote the collection
of Banach spaces X so that the identity Ix lies in .#. We say that an operator
ideal £ has the factorization property if for every A € £ there is an X €
Space(#) so that A factors through X. The famous theorem of Davis, Figiel,
Johnson and Petczynski [11] states that the class of weakly compact operators
has the factorization property. It is known that the classes of Rosenthal and
Banach-Saks operators also possess the factorization property (see [17] and
references therein). The current paper is concerned with results of this kind as
they correspond to the new classes of operators defined above. We first note
that there are well studied operator ideals that do not possess the factorization
property. We will give an example in Section 3 which proves the following
proposition.

PrOPOSITION 1.2. Neither the class of super weakly compact operators nor
the class of super Rosenthal operators possesses the factorization property.

More generally, if .#, /# are two classes of operators, we may say .# has
the  factorization property if every member of £ factors through a member
of Space(#). The starting point for our quantitative factorization results is
the work of Brooker [7], who showed that for every ordinal &, % has the
SZ ¢+ factorization property. Moreover, Brooker showed that both classes

{& € Ord : % has the factorization property},
{£ € Ord : % does not have the factorization property}

are proper classes (that is, unbounded classes) of ordinals. The question of
determining exactly those & such that % possesses the factorization property
is still open. The main results of the current paper are analogous to Brooker’s
result for the different operator ideals listed above. As in the proof of Brooker’s
result mentioned above, our main tool is a theorem of Heinrich [17] which
yields factorization results for X, pairs of classes of operators.

THEOREM A. For £ € Ord with 0 < £ < wy, @EIR? and BC* have the
factorization property.
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THEOREM B. Let & € Ord. The following hold:

(1) The class ETE‘JS‘I"E has the N “fSH factorization property. Moreover 9t “fg
has the factorization property if and only if & has uncountable cofinality.

(i) The class ¢, . has the ¢ .+ factorization property.

These results together with some deep descriptive set theoretic results
from [13], [14] yield the following. In what follows, X denotes the class of
operators with separable range.

THEOREM C. For each countable ordinal &, there exists a separable Banach
space S which is reflexive (respectively, which contains no copy of £1) such that
every member of #: N X (respectively, %‘Bf N X) factors through a subspace
(respectively, quotient) of S.

In particular, there exist separable Banach spaces S;, Sy such that S; is
reflexive, S, contains no copy of £1, every super weakly compact operator with
separable range factors through a subspace of S|, and every super Rosenthal
operator with separable range factors through a quotient of S,.

We note that in [15], Figiel showed that there exists a separable, reflexive
Banach space Z such that every compact operator factors through a subspace
of Z. Theorem C extends this result, since the class of super weakly com-
pact operators with separable range contains the class of compact operators.
Moreover, Johnson and Szankowski [ 19] showed that there does not exist a sep-
arable Banach space through which all compact operators factor. This shows
that if S| is the Banach space from Theorem C, the restriction that every super
weakly compact operator with separable range factors only through a subspace
of S1, and not through S itself, cannot be removed.

2. Terminology

2.1. Classes of operators

We let Ban denote the class of Banach spaces. We let £ denote the class
of operators between Banach spaces. For each pair E, F € Ban of Banach
spaces, £ (E, F) will denote the operators from E into F. Given a class .4
of operators, #M(E, F) = M N £ (E, F). Recall that ./ is said to have the
ideal property if forevery E, F, G, H € Ban, A € (G, H), B € M((F, G),
and C € £ (E, F),then ABC € #M(E, H). We say ./ is an operator ideal if
M has the ideal property, Ix € #, and for every E, F € Ban, #(E, F)is a
vector space. Here, i is the identity of the scalar field K. We say . is

(1) closedifforevery E, F € Ban, #(E, F)isaclosed subset of Z(E, F)
with its norm topology,
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(ii) injective if for any E, F, G € Ban, any A € Z(E, F), and any iso-
morphic embedding j: F — G,if jA € M(E, G),then A € M(E, F),

(iii) surjective if forany E, F, G € Ban, any surjection map g: G — E, and
any A € L (E, F),if Aq € #M(G, F),then A € M(E, F).

Given an operator ideal ./, the super ideal of / is the class of those operators
A: X — Y such that for every ultrafilter %, the induced operator Ag: Xq, —
Y4, between the ultrapowers lies in .

Given a class ./ of operators, we let Space(.#) denote the class of Banach
spaces Z such that I; € . Finally, given two classes of operators ./, .¥
and 1 < p < oo, we say (M, F) is a X,-pair if for every pair of se-
quences of Banach spaces (X, : n € N), (¥, : n € N) and every operator
A: (EBn X")e,, — (EBn Yﬂ)z,, such that Q,AP,, € M for every m,n € N, we
have A € 4.

THEOREM 2.1 ([17, Theorem 2.1)). Suppose M, ¥ are two injective, sur-
Jective, closed classes of operators such that M is an operator ideal and
F possesses the ideal property. Suppose also that for some 1 < p < 00,
(M, #) is a ¥, pair. Then every member of M factors through a member of
Space(.Z).

This theorem was not stated in this way in [17]. We leave it to the reader
to verify that the proof goes through with only notational changes under the
hypotheses here (see [7] for further remarks regarding this use of Theorem 2.1).

2.2. Trees

Given a set A, we let A=N denote the finite sequences in A, including the
empty sequence @. We order A=<N by letting s < ¢ if s is an initial segment
of r. We let st denote the concatenation of s and 7. We let |s| denote the
length of 5, and if 0 < i < |s|, we let s|; denote the initial segment of s having
length i. Given two trees S and T, we say a function ¢: § — T is monotone
if forany s < 51 € S, ¢(s) < ¢(s1). We let MAX(T) denote those members
of T which are maximal with respect to <. We let 7/ = T \ MAX(T). We
define the higher order derived trees by transfinite induction by

T° =T,
T8 = (T,
and

76 = T°, £ is a limit ordinal.
;<&
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If there exists an ordinal £ such that T¢ = @, we let o(T') denote the smallest
such &. Otherwise we agree to the convention that o(T) = oco. We say T is
well-founded if o(T) is an ordinal, and say T is ill-founded otherwise. We
also establish the convention that & < oo for any ordinal £. Note that T is
ill-founded if and only if there exists an infinite sequence (1;)72, in A such
that for all n € N, (4;)]_, € T. We also define a B-tree, which is a subset T
of some A<M\ {@} such that T U {@} is a tree. All of the definitions above
regarding trees can be relativized to B-trees.

In [9], a family (J¢)ecora Of B-trees was given such that for any set A, any
tree T on A, and any ordinal €, o(T") > & if and only if there exists a collection
(A)ieg. C A suchthatforeveryt € 7, the sequence (1;),) l‘tzll € T. Similarly,
if T is a B-tree, then o(T) > & if and only if there exists a collection (4,);cz,
as above.

Given a B-tree T on A and t € A=N, we let T(t) denote the non-empty
sequences in A<N such that t~s € T. This is also a B-tree, and for any
ordinal &, T4(t) = (T (¢)). In particular, if t € T, o(T (t)) > £ if and only if
teTs.

2.3. Schreier families and the repeated averages hierarchy
We will identify subsets of N with strictly increasing sequences in N in the
natural way. Therefore the set of finite subsets of N can be identified with the
subset of N<N consisting of strictly increasing sequences. Given finite subsets
E, F of N, we write E < F if max E < min F or if either set is empty. We
writen < E if n < min E.

For eachn € N, we let

o, ={E e N"N: |[E| < n}.
We let Sy = /. If 9% has been defined, we let
Seq1 = {UE, neNn<E <---<E,J#E; eyg}.
i=1
If £ is a countable limit ordinal and . has been defined for every { < &, we
fix £, 1 & and let
yg={E33n<E€ygn}.

Finally, for a countable ordinal &£, n € N, and natural numbers m; < m, < - - -
with M = {m;}, we let

k
yg[&fn] = {UE, By <o < Ey, (minEi)le Eyg, %) ;ﬁ E; € Jﬁn}
i=1
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and
Fel A (M) = {{m; :i € E}: E € Se[ 4,1}

In [2], the repeated averages hierarchy was defined. The precise definition
of the hierarchy is not necessary for this work, so we only state the properties
we will need. Proofs of these facts can be found in [2]. Given a scalar sequence
s = (s,), we let supp(s) = {n € N : s, # 0}. We let cqo denote those scalar
sequences with finite support and let (e;) denote the canonical Hamel basis
of cgp. Forevery 0 < & < w; and for every infinite subset M of N, the sequence
(EM),en is a sequence of members of coy N [0, 1]V such that

(i) foralln e N, |EM |, =1,

(ii) foralln € N, supp(§M) < supp(§: ),

(iii) Uy, supp(§”) = M.

We also remark that if M = (m,) withm; < m, < ---, foreach n € N, then
0M = ¢,, . Moreover, if (E,) is the partition of M such that E; < E; < -~
and |E,| = min E,, we have 1)/ = |E,|7' Y, ¢ e:.

We will write £ = (§M(i));en. Given a sequence s = (x,,) in a Banach
space, we let £M s denote the sequence (y,) where y, = > S,{” (i)x; for each
n € N. We say a sequence s = (x,) is £-convergent to x provided that there
exists an infinite subset N of N such that for all further infinite subsets M of N,
the sequence £¥ .s converges to x in norm. We say (x,) is £-convergent if it
is £-convergent to some x. We note that (x,) 1-converges to x if and only if it
has a subsequence whose Cesaro means converge in norm to x, which follows
from the description of (1) in the previous paragraph.

3. Weakly compact operators

Given an operator A: X — Y and a constant 6§ > 0, we let J(A, 6) denote
the tree consisting of the empty sequence and those sequences (x;)?_, C By,
the unit ball of X, such that for every 1 < m < n, every x in the convex hull
co(x; : i <m),andevery x’ € co(x; : m < i < n),wehave |Ax — Ax'|| > 6.
We define #(A,0) = o(J(A,0)) and #(A) = supy, F(A, ). We collect
the following facts from [10].
THEOREM 3.1. Let A: X — Y be an operator.
(1) A is weakly compact if and only if £(A) < oo.
(ii) A is super weakly compact if and only if #(A) < w.
(iii) The class £ .z is a closed operator ideal.

It is quite obvious that for any ordinal £ > 0, % is injective and surjective.
Indeed, suppose that g: E — F, A: F — G, and j: G — H are such that g is
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a quotient and j is an isometric embedding. For every x € F, choose ¢, € E
n

such that ge, = x and ||ge,|| < 2|/x||. Then for any & > 0, {27 e, IR
(x)!_, € J(A,0)} C J(jAq,0/2). Thus

F(JAq) = F(A),

and if A ¢ %, then #(jAq) > &.
The main result of this section is to prove Theorem B(ii) from the introduc-
tion. The following is a restatement of this theorem.

THEOREM 3.2. If A: X — Y is weakly compact and #(A) < w®, then A
factors through a member of Space(_£ .¢+).

Before passing to the proof of the above theorem we give the proof of
Proposition 1.2 and the first part of Theorem C from the introduction.

PrROOF OF ProPOSITION 1.2. For eachn € N, leta, = 1/log(n + 1) and
define A:cy — coby AY_b,e, = > a,b,e,. This is a compact (and therefore
super weakly compact and super Rosenthal) operator, but for any n € N and
2 p < oo,

n\/p n\/p

n I/p n
A i b = = E &ie;
(; : e”) logn + 1) log(n + 1) Z; ¢

whence A fails to have any non-trivial Rademacher cotype. Thus this operator
fails to factor through any Banach space of non-trivial Rademacher cotype,
and therefore every Banach space is finitely representable in any Banach space
through which A factors. This gives an example of an operator A € _#, not
factoring through any member of Space(_#,). It also gives an example of a
super Rosenthal operator not factoring through any Banach space in which ¢,
is not finitely representable. The theorem above yields that every super weakly
compact operator factors through a member of _# ..

E}

The next theorem is the first part of Theorem C. Let X denote the ideal of
operators having separable range. Note that # N X is the ideal of operators
factoring through a separable, reflexive Banach space. In particular, ¢ N X
includes all weakly compact operators between separable spaces.

THEOREM 3.3. For every countable ordinal &, there exists a separable,
reflexive Banach space S such that every member of ¥ s N X factors through
a subspace of S. In particular, there exists a separable, reflexive Banach space
such that every super weakly compact operator factors through a subspace

of S.
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This result can be compared to the main result of [5]. In that paper, a
topological space & is given such that every operator between separable Banach
spaces can be identified with a member of . Thus classes of operators, such as
the class of weakly compact operators between separable spaces, can be viewed
as subsets of ¥, and therefore have some Borel complexity. In [4], it was shown
thatif &/ C U is an analytic collection consisting of weakly compact operators
such that every range space of every operator in ./ has a shrinking basis (resp.
every range space is C (2"), where 2N denotes the Cantor set), then there exists
a separable, reflexive space Z through which every member of 2/ factors. Our
result only allows for factorization through a subspace and not through the
whole space. The reason for this difference is that under the assumption that
every range space of an operator from 2/ has a shrinking basis, interpolation
allows for each member of &/ to be factored through a separable, reflexive
Banach space with a basis, and the results of [14] allow for these spaces to
be complementably embedded in a universal space. The complementation of
the interpolation spaces allow us to factor through the entire universal space
rather than only through a subspace.

The proof of Theorem 3.3 uses several facts from descriptive set theory. In
order to avoid going too far afield, we refer the reader to [12] for the definition
of “coanalytic rank™ and the coding of the class SB of separable Banach spaces
and the pertinent properties regarding these topics.

ProoF oF THEOREM 3.3. Fix a countable ordinal ¢ such that & < o
If A:X — Y is a member of # N X, by Theorem 3.2 and the remark
following Theorem 2.1, A factors through a separable Banach space Z, €
Space(Z .c+1 N X) = SB N Space(# .c+). We note that £ is a coanalytic
rank on the class of separable, reflexive Banach spaces REFL considered as a
subset of SB. In [10], it was shown that _# is a coanalytic rank on the class of
all weakly compact operators between separable Banach spaces, and the proof
that it is a coanalytic rank on REFL is an inessential modification of this proof.
From this and the properties of coanalytic ranks, SB N Space(_#, ..+ ) is Borel
in SB. By [14], there exists a separable, reflexive Banach space S containing
isomorphic copies of every member of SB N Space(# .:+1). In particular, §
contains isomorphic copies of every member of {Z4 : A € _# N X}, and
therefore every member of _#; N X factors through a subspace of S.

The final sentence follows from the first together with the fact that %, is
the ideal of super weakly compact operators.

Before we present the proof of Theorem 3.2 we collect a few useful remarks
regarding _#. By the criteria mentioned above, #(A) > »®" if and only if there
exists & > 0 and a collection (x;)s;cq e C X such that for every t € I, ok >

)L € J(A, ).
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Given a B-tree T, we let ¢(T') denote the non-empty subsets of 7 which are
linearly ordered with respect to <. Given cy, ¢c; € ¢(T), we write ¢ < ¢; if
s < tforeverys € ciandt € ¢,. If S, T are B-trees, a block map is a function
h: S — ¢(T) such that for every s1, s, € S\ {D}, h(s1) < h(s2). Given two
B-trees S, T, a vector space X, and a collection (x;);c7 C X, we say (Yy)ses
is a convex block tree of (x;);cr if there exists a block map 4: § — T such that
for every s € S, y; € co(x, : t € h(s)). We say that (x,),cr is an (A, 0)-tree
if for every t € T, (xt|l.)1.t:‘1 € J(A,0). It is clear that any convex block tree
of an (A, 0)-tree is also an (A, 0)-tree. If A: (6, X")e,, - (B, Y")e,, is an

operator, we let u: (EBH X”)e — £, be the map given by u((x,)) = (llx. 1),

and let n: (@n Yn) 6, ¢, be defined similarly. Let us say that a collection
(x1)rer 18 &-close if forevery s < ¢, s,t € T, ||u(xs) — u(x)|| < € and
In(Axs) — n(Ax)ll <.

We recall two more facts from [10]. Foran ordinal £, welet [19: = {(s, 1) €
Te x Tg 15 <t}

ProrosITION 3.4. Fix an ordinal &.

(i) For any finite set S and any function f:11J ., — S, there exists a
monotone map 0: 7z — I . suchthat f(0(-),0(-)) is constant on

w®

ngws.
(i) There exist monotone maps ¢,¢":J . — T .z such that for every
t e .7(0,,)5, , ,
d@h) <@ (t]) <+ <) < (D).

We now prove that forany ordinal £ and 1 < p < oo, (jwws , fwwsﬂ )isaX,-
pair, which, in light of Theorem 2.1, will complete Theorem 3.2. To that end, fix
1 < p < 0o and a norm 1 operator A: X := (@n Xn)z) — Y = (@n Y")z,'
Let §;, denote the modulus of uniform convexity of £,,. Forn e Nand S C I\IJ,
let Py X — X, Ps =) s Puy QY = Y, Qs = Y, .5 Qn denote the
canonical projections.

Note that © and 1 are norm-preserving, positive homogeneous, and for any

vectors (x;)"_; C X,
(2l <

i=1

El

> i)
i=1

and the analogous statement holds for vectors in Y. To see the last statement,
for each i, let x; = (xij)j'il and note that 1 (x;) = (||x;;1)$2,. Then

(B (S5 S
i=1 j=1"i=1 i=1

p)wg <i(1 ||xi,-||)p)l/p -

j:l i=
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LEMMA 3.5. Let (x,),egwwE C By be an (A, 0)-tree. For any € > 0, there
exists a convex block tree (x;);e T of (x¢)ze T which is e-close.

ProOF. Seeking a contradiction, suppose that for some ¢ > 0, there is no
convex block tree of (x;);co " which is e-close. We define convex block trees
(xzi)fefwwé of (e . andwk,», ¢; € NU {0} such that foreachi =0, 1, .. .,

() ki+ 8 =1,

(i) (er . © (1—8)" By,
(i) (Ax))ier , C (1—8)"By,
where § = §,,(¢).

We let xto = x;. Next, suppose that (xf Ve has been defined and k;, ¢;
have been specified. Note that (x/);es , C (f — 8)%Bx and (Ax));e7 , C
(1-8)% By. This means that (1 (x}))se7 . C (1-8)% By, and (7(Ax)re7 , C

(1-=8)4 By,. Define the coloring f: 17 ¢ — {0, 1, 2} by letting f(s, ) =0
if ’

fGs, ) = 1if [[u(xg) — u(x)ll = e, and f(s, 1) =2if [[u(xg) —pn(xp)l < e
and ||n(Ax;) —n(Ax;)|| = . Then by Proposition 3.4, there exists a monotone
map ¢o: s — 7.+ such that f(¢o(-), ¢o(-)) is constant on T1F . Let
J be such that f(¢o(-), ¢o(-)) is constantly j. Note that j # 0, otherwise
(xé,o (z))te T is an e-close convex block of (x;),¢ T Foreacht € I ., let

[ = ), [|n(AxD — n(Ax) | < e,

e
Ve = x;o(t)' By Proposition 3.4, we may fix monotone maps ¢, ¢": s —
T .t such that for every t € T ¢, ¢p(t]1) < ¢'(t]1) < --- < ¢(t) < §'(1).

Note that 2(¢) = {¢ o po(t), @' o po(¢)} defines a block map. Let

i1 _ Yo T Vo)
X =
2
foreacht € 7 . If j = 1,letkiyy =1+ k and £, = ¢;. If j = 2, let
kiv1 =kiand £;1y = 1+ 4. If j = 1, then [[u(Yp)) — u(yp) |l = € and
e Il 1t (ga) | < (1 = 8), so that

I (Ypa) + m(ye )l .

(1 _ 8)1+k1 — (1 _ 6)ki+l.

2 X
Since
i)
< 180v0) +nGwo)ll _ (1 e,

2
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we reach the desired conclusion in the case that j = 1. If j = 2, the argument
is similar, only we deduce that

In(Ayp@y) + n(Ayge)ll <

| ax1e] = [nasi] < ! <),

This finishes the recursive con.struction.

Next, fix i such that (1 —68)" < 6/2. Then ky; + £5; = 2i, and either ky; > i
or by > i.Ifky > i, note that since (x*),co e Ccd= 8k By c (1-38)'By
and since [|All = 1, (Ax¥)ey , © (1= 8) By. It &y > i, (Ax¥),cy , C
(1—8)%By C (1—8) By. Thenforanys.t € 7, withs <1,

|Ax2 — Ax] | <201 —8) <@.

But since (x,fi VueT " is a convex block tree of an (A, 0)-tree, it must be an
(A, 0)-tree as well, and we reach a contradiction.

COROLLARY 3.6. Suppose that for some ordinal &, #(A) > 0", Then
there exist k, £ € N such that #(Q,AP;) > o

PrOOF. We may assume without loss of generality that || A|| = 1. Fix6 > 0
such that _#(A, 0) > w®" . We may fix a collection (x;);co e C Bx which
is (A, 0)-separated. By Lemma 3.5, we may assume that (x,),weg b is e-close,
where ¢ = 0/9. Fix any t € J ¢+ such that o( .6+ (1)) >w§, as we may,
since 0(J e+1) = o™, Fix any monotone ¥: J s —> {s € I 0 1t <
s}. Such a map exists, since we may first fix a monotone map ¥': s —
T .+ (t) simply by comparing orders of these trees, and let ¥ (s) =t~ y'(s).
Foreachs € 7 ., let 7y = xy ).

Fix some n € N such that || Py 00X/]| < € and ||Qn.c0)AX:|| < €. Let
m:l, — £, denote the tail projection 7 Y >, aje; = Y .-, . a;e; and note
that ;£ o P00y = o prand o Qu,00) = o . Then forany s € 7 ¢,

1Pin.oo)zs Il = Nl peze) || = llw s ey )l
S Gl 4 TG = ny) < 1 Paooyill + & < 2e.

Similarly,
1Q.c0)Azs |l < Q00 AXe || + & < 2e.

From this we deduce that
lAzs— Orm AP mzs | < I1AzZs— O m Az |1+ Qi mAllllzs — Primzs |l < 4e.

From this it follows that (z5)sco e isa (Qn AP, 0/9)-tree, which yields
F(OnmAPi ) > " In order to see that this is a (Qr1.n AP, 0/9)-tree,
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we first note that it is an (A, 0)-tree. Fix 59, 51 € .7(0,,,5 with 5o < s; and fix
X = a2 €co(zgis Xso),andy =D a;z; €co(zs S0 <5 =
s1). Then

1 On,mAPH X — O APyl

> ||[Ax — Ayl = ) as| Az — QAP mll

550

— Y asllAzy — QumAP |

S0 <8581
>0—4e—4e=60-80/9=06/9.
Since QAP = Zk,zgn Q¢AP; and # .+ is closed under finite
sums, we deduce the result.
4. E'i spreading models and £-Banach-Saks operators

For an ordinal 0 < § < w;, a bounded sequence (x,) in the Banach space X
is said to be an Zf spreading model if there exists K > 0 such that for every
E € Y% and every set of scalars (a;);ck,

K™Y lail <

icE

E a; X;

ieE

For every 0 < £ < wy, we let SEIRE denote those operators A: X — Y such
that for any Ef -spreading model (x;) C X, (Ax;) is not an Ef -spreading model.
We deduce that 62176? is injective and surjective in a way similar to that of the
weakly compact operators.

The main result of this section is the Theorem A from the introduction.
Before providing the proof we introduce new classes of operators which we
call the £-Banach Saks operators. These classes naturally generalize the well-
known class of Banach-Saks operators and coincide with to two other classes
of operators studied in [3], [4].

In [3] it is shown that for each 0 < & < wy, the class WEE .= @EDE"’I Ny
coincides with the classes of % -weakly compact operators from [4]. We now
define the class of £-Banach-Saks operators for 0 < § < w.

Fix an operator A: X — Y and suppose that (x,) is abounded sequence in X .
We may define BS((x,), A) to be the smallest countable ordinal £ (if any such
exists) such that (Ax,) is £-convergent to a member of Y. If no such countable
ordinal exists, we write BS((x,), A) = w;. It is shown in [2] that such a
countable ordinal exists provided (Ax,) has a weakly convergent subsequence.
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Conversely, if (Ax,) is £-convergent, it has a subsequence with convex blocks
(the coefficients of which are given by (§M) for some M) converging in norm
to some vector y € Y, and therefore this subsequence converges weakly to y.
Thus there exists some countable & such that (Ax,,) is £-convergent if and only
if (Ax,) has a weakly convergent subsequence. This motivates the following
definition which was not isolated in [3] but was implicitly contained.

DEFINITION4.1. For§ < wi,wesay A: X — Y is&-Banach-Saks provided
that for every bounded sequence (x,) in X, BS((x,), A) < &. Let B&; denote
the class of £-Banach-Saks operators.

For completeness we recall the definition of .#;-weakly compact.

DEFINITION 4.2. For £ < w;, we say an operator A: X — Y is S -weakly
compact if it fails to have the following property: there exists a constant K > 0
and a seminormalized basic sequence (x,) C X such that for every E € %%
and all scalars (a,)neg, || pcp GnAXn H > K“ Y nck AnSn || Here (s,) is the
summing basis, the norm of which is given by

In summary, we have following theorem whose proof can be found in [3].

THEOREM 4.3. Let & be an ordinal with 0 < & < w,. The following classes
of operators are the same.

(1) The &-Banach-Saks operators B&;.
(ii) The class WE* = SM; N 2.
(iii) The S¢-weakly compact operators.

Our previous discussion guarantees that if A is £-Banach-Saks, it is weakly
compact. A standard “overspill” argument guarantees that if X is separable,
then the converse is also true. That is, if A: X — Y is weakly compact and X
is separable, then there exists £ < w; such that A is £-Banach-Saks. However,
there are examples of operators on non-separable domains which are weakly
compact but not §-Banach-Saks for any £ < ;.

We summarize this discussion in the following. Items (iii) and (iv) follow
from our description of the level (1/) of the repeated averages hierarchy.

PrROPOSITION 4.4. Fix an operator A: X — Y.

(1) If A is £-Banach-Saks for some & < wy, A is weakly compact.



310 K. BEANLAND AND R. M. CAUSEY

(i) If A has separable range and is weakly compact, there exists £ < w
such that A is &-Banach-Saks.

(iii) BS, coincides with the class of Banach-Saks operators.
Below we restate Theorem A.

THEOREM 4.5. Let € with 0 < & < w;. Then G, and BS; have the
factorization property.

The fact that 85&; has the factorization property is due to Beauzamy [6].
We make one final remark before presenting the proof of Theorem A.

REMARK 4.6. Fix n € N and let M = (in);2,. Then an easy proof by
induction yields that % [.%/,](M) C Y% and if (x;) is an Z? spreading model
with constant K, and if E; < E, < --- are subsets of M with |E;| = n,
then the blocking (n~! Yic E x;); of (x;) is also an Zf spreading model with
constant K. Here

k
yg[&fn] = {UE, 1k e N, E; EJmeEl < e < Ek,(mil‘lEi)i-;l € yg}
i=1

and
Sl (M) = {(mi)ieE (E e yg[&fn]}-

ProOF OF THEOREM A. To prove the theorem we will again apply The-
orem 2.1. That is, we must show that (&I, @) is a X,-pair for any
l < p <ooand 0 < £ < w;. Combining this with the fact that (£, #)
is a X,-pair for any 1 < p < oo (which is a consequence of Theorem 3.2)
yields that forany 1 < p < coand 0 < & < w, (VSg, BS;) is a X,-pair,
since BS; = # N SM;.

Suppose that A: (@n X”) 0 ™ (EBn Y,,) ¢ is an operator which preserves
an E‘i{ spreading model. The fact that (S0, ©IN;) is a X ,-pair is implied by
the following three items:

(i) there exists m € N such that A Py ,,,] preserves an ES spreading model;
[1,m] P 1 SP g

(i1) there exists n € N such that QO 1A preserves an ¢¢ spreadin model;
[L.n]A P 1 SP g

(ii1) there exist i, j € N such that Q; A P; preserves an ¢ spreading model.
J J P 1 5P g

Assume without loss of generality that ||A|| = 1. In the proof, let X =
(B, Xu), and Y = (6, Yn)gy. As in the previous section, let u: X — ¢,
denote thé function w1 ((x,)) = (Ilx, 1) and n:Y — £, denote the function
n((yu)) = Ulyull). Assume 0 < £ < wy, (x;) C By, and € > 0 are such that
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for every E € % and all scalars (a;);ck, | Y ek GiAX; H > 4e ), g lai|. For
m € N, let pi,o0): £p — £, denote the tail projection in £,.

Write X; = (xij)]qil with Xij € Xj and Ax; = (yij);il’ Yij € YJ By passing
to a subsequence, we may assume that p(x;) —w> o and n(y;) —w> no. Fix

m,n € N such that || pon.coyitoll < € and || p.ooynoll < €. By passing to a
subsequence once more, we may assume there exist block sequences (u;), (v;)
in By, such that

(1) foreveryi € N, ||u(x;) — (1o +u)ll <e,

(i) foreveryi € N, [In(y;) — (no + vl <e,

(i) min supp(u;) > m,

(iv) minsupp(vy) > n.
Fix a natural number k such that 1/k'/¢ < e, where 1/p 4+ 1/q = 1. Fix
M = (ik){2, and recall that %[/ (M) C % and B; < B, < --- such that

|Bil =kand B; C M. Let g, = % jeB Xj- Of course, g; € By. Note that
since Sz [ (M) C S, for any E € S and any scalars (a;);ck.,

D aiAgi| =48 lail.

ieE ieE

CLAIM. Foreveryi € N, ||gi—Pj1m&ill <3ecand|Agi—QOn.nmAgill < 3e.

In order to see the claim, recall that x; = (x;; )J?’i]. Then

llgi — Prim&ill
1 00 pN\ 1/p 1 00 PN\ /P
X1z ) < (X (Zwen) )
j=m+1"LeB; j=m+1 MeB;

1
= Z P(m.o0) H(Xe)

LeB;
Z Py (4 Cxe) = (0 + uedll + 7 Z Pm,oo) (1o + 140)
ZeB LeB;

1 1

< ¢ elBilH Ipmsonoll + | Y ue

EEB,‘

<2+ - (Z ||ug||1’) < 3e.

LeB;
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The proof that || Ag; — O1.,jAgill < 3¢ is similar, and we deduce the claim.
Then for any E € %; and any scalars (a;)cE,

> @ AP g ' > ZaiAgi' — Y lailllgi = Prmgil
i€k i€k i€k
>4e) lal =3¢ lal =Y la.
icE icE icE
Similarly,
ZaiQ[l,n]Agi = ZaiAgi ' - Z lailllAgi — QnmAgill
i€E i€k i€E
>4e) lail =36 ) lal=¢)  lail.
i€eE i€eE i€eE

This means that (g;), (AP;1.m&i). and (Q1.,1Ag) are all K? spreading
models, yielding (i) and (ii).

For (iii), first suppose that A preserves an E? spreading model. Then by (i),
there exists m € N such that A Py ,,) preserves an Z? spreading model. By (ii)
applied to A Py1 ), there exists n € N such that Q1 A Pj1.m) preserves an Ef
spreading model. But

n m

OnnmAPum = ZZ Q:AP;.

i=1 j=I

Since this is a finite sum, we know that if foreach 1 < i < mand 1 <
J < m, if Q;AP; fails to preserve an K? spreading model, then Q1 ;1A Pp1
fails to preserve an Z? spreading model. Thus if Oy ,,;A Pj1,m] preserves an K?
spreading model, there exists (i, j) € {1,...,n} x {1,...m} such that Q; A P;
preserves an E? spreading model.

5. Rosenthal operators

5.1. Factorization of Rosenthal operators

Given an operator A: X — Y and K > 0, we let T1(A, K) denote the set
consisting of the empty sequence and those sequences (x;)?_, C Bx such that
for all scalars (a;){_,, K| Y/_, aiAx;| = DI, la;|. We then let NP (A) =
supg.oo(Ti(A, K)), where o(T) denotes the order of a tree. The operator A
is a Rosenthal operator if and only if NP;(A) is an ordinal. Given an ordinal
&, we let SJEQS? denote the class of operators A such that NP;(A) < k. It was
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shown in [3] that for every ordinal &, t* “1"5 is a closed operator ideal. The class
corresponding to § = 0 is class of super Rosenthal operators. Moreover, there
exist Rosenthal operators with arbitrarily large NP; index, and there exist
Rosenthal operators on separable domains with arbitrarily large, countable
NP, index. Injectivity and surjectivity of these classes are easily established.
The main result of this section is the following theorem, which is a restatement
of Theorem B item (i) from the introduction.

THEOREM 5.1. .
(i) Forevery ordinal &, 08" has the 9?513“’5“ factorization property.

(ii) 92513‘1“& has the factorization property if and only if & has uncountable
cofinality.

As is now routine, we only need to show the following in order to deduce
Theorem 5.1(1).

PROPOSITION 5.2. Suppose that for everym,n € N, if NP, (Q,AP,) < w”,
then NP (A) < 0+,

PROOF. Again, assume ||A|| = 1. We will show something stronger than
what is stated under slightly different assumptions. Assume that forany m, n €
N, NPl(Q[l,n]AP[Lm]) < f. We will show that NP, (A) < wft1. This will
imply the proposition as stated. Indeed, since 9’2“‘1"5 is closed under finite
sums, it follows that if NP{(Q,AP,) < o for every m,n € N, then
NP (Qn.mAP1,m) < a)“’E, for every m,n € N.

To obtain a contradiction, suppose that NP;(A) > o' and
NPI(Q[l,n]AP[l,m]) < a)s for every m,n < N. Fix K > 1 such that
o(T\(A,K)) > oL WefixneNandl =rg < -+ <1y, l =50 < 51 <

- < sp, and a member (y;)?_, of 71 (A, K) such that foreach 1 <i <n,

(i) 1/n'7 < 1/5K,

(D) N1 Qrso.si- 1A Pirg,ri1yill < 1/5K,
(i) || Py,.00)ill < 1/5K,

(V) 195,000 A Prrg.rinill < 1/5K.

We first finish the proof, and then show how to choose the y; vectors. Let
u; = Pyyri1Yis Vi = Por1Vis and w; = P, 00) Vi Furthermore, let l/t; =
Oso.si AU, U] = Q. snAu;i, and u!” = Q. 00)Au;. Then Ay, = Av; +
Aw;+u+u!+u!". Note that the vectors vy, . .., v, are successively supported
in (@l X l-) ¢ and have norm at most 1, since each y; has norm at most 1, so that
LY v <n'P/n=1/n"4 < 1/5K. Since Al = 1, |1 37 Avi|| <
1/5K.
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"

. are successively supported, so that

Slmllarly, the vectors uf,...,u
|£>0 ]| < 1/5K.

Furthermore, by our choices, [lu}ll, [|lw;l, 4] < 1/5K, so that

X il 5w

n
i=1

X

1 n
p ;A)’i‘

1 n
< ; ;AU,‘

1 n
+ E ;21 Awi‘
n 1 n

2 :u;/ 4 - 2 :M;//
n

i=1 i=1

n

!
Ui

i=1

1 1
+ - + -
n n

< 1/K.

But this is a contradiction, since (y;)?_

and this contradiction yields the desired conclusion.

Ay = /K,

lln

We return to the choice of the vectors y;. Let us recall some notation and
facts mentioned above. Given a tree T and an ordinal ¢, T* will denote the
gth derived tree. Given a sequence ¢t € T, we let T'(¢) denote those non-empty
sequences s such that the concatenation t~s € T, which is a B-tree. We note
thatif r € T, € T¢ if and only if o(T (¢)) > ¢. Moreover, T*(t) = (T (1))*
for any ¢ € T and any ordinal ¢. We also note that for any r, s € N, if T is a
B-tree in By with o(T) > of, then there exist (x,) _1 € T and scalars (g; )
such that Zi:l la;| = I ai QAP i || < 1/5K. Indeed, if 1t
were not so, then o(7T1(Qp1. A P, 5K)) 2 o(T U{D}) > o, contradicting
the hypothesis that NP (Q1. A Pj1,r)) < wf.

First fix n € N such that 1/n'/9 < 1/5K. Let ry = sy = 1. Fix any
y1 such that the length one sequence (y;) is a member of 71(A, K )mé (n=1),
We may do this, since w®(n — 1) < **'. Next, assume that (y;, ..., y) €
Ti(A, K)* @R o < ... <, and so < - - - < s have been chosen for some
k <nlett = (y,...,n) and let T = Tj(A, K)*®*=D(z). Note that
o(T) > w® by our remarks above. Then there exist (x,»){:1 € T and scalars
(@), such that 3/ |a;| = 1 and | Y°7_, @ Qi s APy i || < 1/5K. Let
Yer1 = D1y aix;. Choose ryt > ri such that || Py, ooy Vk+1ll < 1/5K and
Sk+1 > Sk such that | Q. .000APi1rYk+1ll < 1/5K. This completes the
recursive construction, since (y;)! € Ty (A, K) =%,

REMARK. Forany 1 < p < oo and an operator A: X — Y, we may define
the index NP, (A) to be the supremum over all K > 0 of the orders of the trees
T,(A, K) consisting of the empty sequences together with those sequences
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(x;);—; such that for every (a;){_, € Se:,

n n
E a; xX; E al-Axi
i=1 i=1

We define %*Bf, to be the class of those operators A such that NP,(A) < .

Arguing as in the previous proof, we may deduce that for any 1 < p <

g < oo, if A:(B,X,), — (D,Y), is such that for all m,n € N,
q q

NP, (QimAP1m) < o, then NP,(A) < »t!. However, this does not
yield a factorization result, since the class %%i is not surjective. Indeed, the
first step of the proof of Theorem 2.1 is to pass from an operator A: X — Y
to the induced operator B: X/ ker(A) — Y, and the estimate we used was
actually on the NPy index of B. For 1 < p < oo, if A:{; — ¢, is a quotient
map, NP,(A) <NP,(¢;) < w? [9], while the induced operator is the identity
on £, and therefore has NP, index oo.

<1 K > 1.

PrOOF OF THEOREM 5.1(i1). If NP;(A) < o and & has uncountable
cofinality, then the inequality must be strict [3], and there exists { < & such
that NP;(A) < »® . Then A factors through a Banach space Z such that
NP, (Z) < 0 < 0.

Next, suppose that & has countable cofinality. If & is a limit ordinal, it
was shown in [3] that there exists an operator A with NP;(A) = w® . Tt
was shown in [9] that there is no Banach space with this NP; index. Thus
any Z through which A factors must satisfy NP (Z) > w® . We must consider
the cases that & = 0 and & is a successor. First assume that £ = ¢ + 1.
It was shown in [3] that for every n, there exists a Banach space X, with
o(Ty(X,, 1)) > 0”?" and NP, (X,) = w®?"t1 Moreover, it was shown there
that the operator A: (6D, X,,)e2 - (B, X,,)[2 suchthat A, := Aly, = 27"Ix,

satisfies NP (A) = w®" . Tt follows from the construction that o(T1(A,2") >
o(Ty(X,, 1)) > »”?". We will show that this A does not factor through any
Banach space Z withNP(Z) = ®" . To that end, note thatif A factors through
Z, there exists a constant C such that o(T1(A, K)) < o(T\(Z, CK)) for all
K > 0. Suppose that NP (Z) < ", which implies that o(T}(Z, 2)) < &®".
Since sup,), w?"m = w”’é, there exists m € N such that o(T1(Z, 2)) < @™ 1t
was shown in [9] that for any n € N,

O(Tl(Z, 211)) < O(TI(Z, 2))n < (a)w:m)n — ww‘mn.
There exist n, ny € N such that 2" > C and 2" > m(n 4 ng). Then

o(Ti(A,2Y) > 0% > @@ metno)

> o(Ty(Z,2")) > o(T1(Z, C2™)) > o(T)(A,2")), acontradiction.
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For the £ = 0 case, we may appeal to our compact diagonal operator A on
co having no non-trivial Rademacher cotype. Since this operator is compact
and not finite rank, NP{(A) = w. However, ¢y, and therefore ¢, is finitely
representable in any Banach space through which A factors, whence the NP,
index of any space through which A factors exceeds w.

We now prove restate and prove the second part of Theorem C from the
introduction.

THEOREM 5.3. For every countable ordinal &, there exists a separable

Banach space S containing no copy of £, such that every member of %*B‘]"s nx
factors through a quotient of S.

ProoF. By Theorem 5.1, every operator A: X — Y lying in 9%, N X
factors through a separable Banach space Z, with NP (Z4) < Wt = y.
By a result of Dodos [13], there exists a separable Banach space S containing
no copy of £; such that every Banach space Z with NP, (Z) < y is isomorphic
to a quotient of S. In particular, every member of {Z4 : A € NL; N X} is
isomorphic to a quotient of S.

REMARK. We note that a universality result analogous to Theorem C is not
possible for Sﬂﬁf or BE&; for any ordinal 0 < £ < ;. Indeed, in [3], for
every countable ordinal £, an example was given of a Banach-Saks operator
P from a separable Banach space into itself such that NP (Pg) > §. If Sis a
separable Banach space such that P¢ factors through a quotient of a subspace
of §, then NP (S) > &. From this it follows that if S is any separable Banach
space such that every Banach-Saks operator factors through a quotient of a
subspace of S, then § contains a copy of ¢;.

6. Relationship between the ¢; and Szlenk indices

The factorization result of Theorem 5.1 can be improved for operators mapping
into Banach spaces with an unconditional basis. It was shown in [8] that for
any operator A: X — Y, NP;(A) < wSz(A) (where we obey the convention
that woo = o0). It was also shown in [8] that if Y has an unconditional
basis, Sz(A) < NP;(A). It follows that if ¥ has an unconditional basis and
NP, (A) < o, then Sz(A) < *, and A factors through a Banach space Z with
Szlenk index not exceeding w®*! by [7]. Then NP (Z) < wSz(Z) < o'+,
It follows that if £ is infinite and A: X — Y is an operator into a space with
unconditional basis such that NP;(A) < f, then A factors through a Banach
space Z with NP (Z) < o5*!. We collect this in the following theorem.

THEOREM 6.1. For any ordinal &, if A: X — Y is a member ofﬂiiﬁf and if Y

has an unconditional basis, A factors through a member of Space(?l%}JréJrl).
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The assumption of some form of unconditionality is necessary in order to
guarantee that Sz(A) < NP;(A). For example, the James tree JT space fails
to be Asplund, so Sz(JT) = oo, while NP;(JT) is countable, since JT is
separable and does not contain an isomorph of £;. Moreover, we conclude by
presenting a more interesting class of examples demonstrating the lack of a
general relationship between the Szlenk and NP, indices.

PROPOSITION 6.2. There exists a countable ordinal vy such that for any
ordinal €, there exists an Asplund space Z such thatNP(Z) < y and Sz(Z) >
£.

ProoF. Given a set A, let JT, denote the completion of coo(A=") under
the norm

E ai€;

teA=N

2\ 12
) 1 (8;)7_, are disjoint segments}.

i=1

>

i=1

2 a

tes;

Here, a segment is a subset of A<N of the form {u : s < u < t} for some
s,t € A<N. Welet (e})ren<~ denote the coordinate functionals on J T, noting
that these functionals all have norm 1. We claim the following facts.

(i) Any separable subspace X of J T, is isometrically isomorphic to a sub-
space of J Ty.

(i1) For any set A, NP (JTp) < NP;(JTy) < w;.
(i) If T is a well-founded B-tree on A, JTA(T) := [e; : t € T]is Asplund.

(iv) For any &, there exists a set A and a B-tree T on A such that
Sz(JTA(T)) > &.

These facts complete the theorem with y = NP (J Tyy). We remark that J T{g, 1
is the usual James tree space defined in [18] and J Ty is the variant of the James
tree space defined in [16].

(1) By the definition of JT,, for any x € JT,, there exists a countable
subset S(x) of A<N such that x € [e; : t € S(x)]. From this it follows that
there exists a countable subset A(x) such that x € JTyn) C JTx. Hence
for any separable subspace X of JT,, there exists a countable subset Ag
of A such that X C JT,, C JTx. Fix an injection ¢: A — N and define
@: AgN — NNby¢(2) = Fandp((A)_,) = (¢ (%)™, Then the operator
®: JTp, — J Ty which is the linear extension of the function e¢; > e is an
isometric embedding of J T, into J Ty.

(i1) That NP (J Ty) < w; follows from the fact that J Ty is separable and
contains no copy of £;. The fact that for any A, NP (JT,) < NP, (JTy) fol-
lows from the fact that if NP{(JT,) > NP;(JTy), then since NP, (JTy)
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is countable, exists a separable subspace X of JT, such that NP;(X) >
NP, (JTy), contradicting (i).

(iii)) We prove by induction on & that if T is a well-founded B-tree on A
with o(B) < &, JTA(T) is Asplund. If § =0, T = & and J T, () is the zero
vector space. Next, assume 7 is a tree on the set A with o(T) = & > 0 and
JTx(S) is Asplund whenever S is a B-tree on A with o(S§) < &. Let R denote
the set of members A of A such that (A) € T, noting that since o(T) > 0,
R # . For every A € R, let T (A) denote the set of non-empty sequences s
in A<N such (A\)"s € T. Then JTA(T) = (@AER span(eq,)) ® [ep)~: : t €
T()‘)])ez' Moreover, since o(T (1)) < o(T) and for each A € R, ¢, — ¢y~
extends to an isometric isomorphism of JTx (T'(A)) with [e)~, : t € T(A)],
[eay~+ : t € T(A)] is Asplund. From this we easily deduce that JT(T) is
Asplund.

(iv) Fix an ordinal £ and let A = [0, £] x N. Let T denote the B-tree on A
consisting of all sequences (¢;, k;)7_, suchthatn e Nand ¢; > --- > £,. One
can easily check by induction that for any ordinal 0 < ¢ < &, T¢ consists of
all sequences (¢;, k;)}_, suchthatn € Nand ¢; > --- > ¢, > ¢. In particular,
o(T) = &€+ 1. Moreover, it is easy to see that forevery 0 < ¢ < §,0 < e < 1,

andr € T, Y, (., €|y, (r) lies in the {th g-Szlenk derivation of B, 1y,
which shows that Sz(JTA(T)) > &.
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