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HOMOGENEOUS UNIVERSAL RELATIONAL SYSTEMS

B. JONSSON

In [5] it was proved that under suitable conditions on the class K of
relational systems, and under the assumption that the Generalized Con-
tinuum Hypothesis holds, there exists for each ordinal x>0 an (x,, K)
universal system 2. This system U is in general not unique up to iso-
morphism, and R. Baer raised the question whether it is possible to
impose additional conditions upon % which would make it unique. In
this note we shall show that if x is not a limit ordinal, then the condition
of homogeneity introduced below will serve this purpose. We also take
this opportunity to point out two ways in which the principal results in
[56] can be generalized: by allowing the relational systems to consist of
denumerably many relations, and by replacing the amalgamation prop-
erty IV in [5] by a somewhat weaker, but closely related, property.
Both these generalizations were discovered independently by R. Vought.

The changes needed in the arguments of [5] in order to obtain the
principal results of that paper under the modified conditions in K, for
the case when « >0, are of a very trivial nature and will be left to the
reader. Only where the condition of homogeneity is involved will we
therefore give the arguments in detail.

As indicated, we shall be concerned with classes of relational systems,
A=CA4,R,Ry, ..., R, ... 0,

where A is a non-empty set, » is a finite or denumerable ordinal, and
each R, with v<x is a relation of some finite rank u, over A4, that is
R_c A%, The weakened form of the amalgamation property IV is:

IV'. If f, and f; are isomorphisms of AcK into BycK and B,eK
respectively, then there exist isomorphisms g, and g, of B, and B, respectively
into some system CeK, such that gofy(x)=g.f1(x) for all elements x of A.
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This condition, as well as IV, seems to have been first considered by
Fraissé (cf. [1] and [2]). There is only one argument in [5] where the con-
dition IV cannot be replaced by IV’ (with some very minor changes in
reasoning), this is in the proof of Lemma 2.4. We cannot conclude on
the basis of the conditions I, IT, III, IV’, V and VI_,, that there exists
AeK with *A=r,. We therefore replace I by a somewhat stronger
condition:

I'. For each ordinal & there exists UK with *A 2 R,.

The condition of homogeneity, mentioned above, can be stated as
follows:

DerFmNiTION. Given a class K of relational systems, a system U is said to
be K homogeneous if and only if AeK and, for any subsystem BeK of A
with *B < *W, every isomorphism of B into N can be extended to an
automorphism of .

It is interesting to note that Hausdorff’s generalizations of the rational
numbers, the 7-types considered in [3, chapter 6] are precisely the X,
universal, homogeneous simply ordered systems. Another special case
of this concept was considered by Fraissé in [2], namely the case when K
has the property that every subsystem of a member of K is again a
member of K.

We now prove the existence and the uniqueness of (X,, K) universal K
homogeneous systems.

THEOREM A. Let x be a positive ordinal with the following two properties:

(i) If A<w, and if n, <R, whenever v <A, then X, _,n,<N,.

(i) If n<x,, then 2" < R,.
If K is a class of systems which satisfies the conditions 1', II, III, IV’, V,
and VI, then there exists an (R,, K) universal K homogeneous system.

Proor. By trivial changes in the proof of Theorem 2.9 of [5] we ob-
tain, as there, systems 9,9, ,€K, associated with all the ordinals
é<w, and 7 < w,, satisfying the following conditions:

(1) *A, <R, forall {<w, and n<o,

(2) %A,,<Ugy, whenever <& <w, and 77’ <w,.

@ %A=U,_, %, forali<o,.

(4) A, is an (R,, K) universal extension of ¥, . for all { < w,.
Letting

(5) o =U

<oy
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we infer as in [5] that U is (X,, K) universal. We shall prove that U is
also K homogeneous.

Suppose ByeK is a subsystem of A with *B, <K,, and assume that f,
is an isomorphism of %, onto another subsystem €, of %A. Consider any
positive ordinal 4 < w,, and suppose we have associated with each ordinal
&< two subsystems %B,,8,cK of A with *B,<R,, as well as a function
fe mapping B, isomorphically onto €,, in such a way that the following
conditions are satisfied:

(6) ?Be< 58,7, 915’5'< 58,,, @5<(€,7 and m5,6<@ﬂ Whenever 5 < n < 2..
(7)  fdx)=f,(x) whenever & < <A and « is a member of B,.

If A is a limit ordinal we let

%;':U%e and (&l:U@f’
§<a é<i
and observe that there exists a unique function f; mapping 8, isomorph-
ically onto €, in such a way that

fix) = fe(x)  whenever & < A and x is a member of B, .

If 2 is not a limit ordinal, say A=»+1, we observe that there exists
{ <w, such that B,, €, and ¥, , are subsystems of %, .. Since %,,, is an
(X,, K) universal extension of ¥, ,, it is also an (X,, K) universal extension
of €,. Consequently there exists a function g which maps the extension
A, . of €, isomorphically onto a subsystem B,’ of U, in such a way that
g(x)=f,"(x) whenever x is a member of €, Next we choose {'<w, s0
that %, , and B,’ are subsystems of ¥, ,, and infer that there exists a
function f, which maps %, , isomorphically onto a subsystem €, of
Ap.,, in such a way that fi(x)=g~1(x) whenever = is a member of B,.
We let 8B,=U, ,, and it is easy to check that (6) and (7) hold with 4
replaced by A+1.

Having shown that we can always continue the process of picking out
the systems B, and €,, and the functions f;, we conclude that we can so
choose B,, €, and f, for all £ <w, that (6) and (7) hold with A=w,. It

clearly follows that
Y a=Us.=Ug,,

§<wy E<wy
and that there exists a unique automorphism f of A such that f(x)=f,(x)

whenever & < w, and z is a member of B,. In particular, f is an extension
of the isomorphism f, of B, into A. Thus U is K homogeneous.

TueorEM B. If « is any ordinal and if K is a class of systems which
satisfies the conditions II, V and VI,, then any two (R,, K) universal, K
homogeneous systems are isomorphic.
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Proor. We first observe that if U is an (X,, K) universal, K homo-
geneous system, and if BeK is a subsystem of A with *B <N, then A
is an (X,, K) universal extension of 8. In fact, suppose B<EecK and
*€ <R,. Then there exists a function f which maps € isomorphically
onto a subsystem €’ of 9. Since f maps B isomorphically onto a sub-
system of Y, there exists an automorphism g of U such that g(x)=f(x)
for all  in B. It follows that the function g-f maps € isomorphically
into 9, and that g-'f (x) =« for all  in B.

Now suppose U and B are (x,, K) universal, K homogeneous systems.
If g is the smallest ordinal such that w, is cofinal with w,, then we can
associate with each ordinal { <w; a subsystem U.eK of U and a sub-
system B,cK of B in such a way that

(1) *A,<x, and *B, <K, for all & <w,.
(2) A~<UA, and B, <B, whenever & < < wp.
(3) A= U5<wﬂﬁte and B = Uk,,,ﬂ B,

Since U is (X,, K) universal, B is isomorphic to a subsystem of %,
and in particular there exists a function g, which maps B, isomorphically
onto a subsystem €, of %. By VI, there exists a subsystem 2, €K of %A
such that A, < A,’, €, <Ay, and *Ay’ <X,. Since B is an (X,, K) universal
extension of B,, there exists a function f, mapping U," isomorphically
onto a subsystem B, of ¥ in such a way that fy(x) =g,(x) for all x in €.

Suppose 0<A<w,; and assume that we have associated with each
ordinal & <4 a subsystem U,eK of U, a subsystem B, €K of B, and a
function f, mapping %, isomorphically onto B,’, in such a way that the
following conditions are satisfied:

(4) *A/<x, and *B,' <r, for all §<A.

(5) A<, and B, <B,” whenever & <y <Ai.

(6) A~<A and B,<B,’ for all £<A.

(7) fix)=f,(x) whenever £ <7 <A and z is a member of A’

Then the subsystems
91;." — U ﬂel and %1,’ - U %51

<a E<d
of % and B are members of K with *9,”’ <, and *B,"” <X,. Furthermore,
there exists a unique function A, mapping %, isomorphically onto %8,
in such a way that k,(x) =f.(x) whenever £ <1 and z is a member of U,’.
By VI, there exists a subsystem D,eK of B such that B,"<9D,,
B, <9D,;, and *D, <R,. There exists a function g, mapping D, isomorph-
ically onto a subsystem €, of % in such a way that g,(x) =h,~(x) when-
ever « is a member of %B,”. We can then find a subsystem U,;'eK of A



HOMOGENEOUS UNIVERSAL RELATIONAL SYSTEMS 141

such that €, <,’, A, <A,’, and *A," <K, and there exists a function f,
mapping A, isomorphically onto a subsystem B,” of B in such a way
that f,(x)=g,(xr) whenever = is a member of €, It readily follows
that (5)-(7) hold with A replaced by 4+1. We conclude that we can
choose U, B, and f, for all § <w, in such a way that (5)-(7) hold with
A=w; In view of (6) we have

A=Ua, ad B=US3%,
f<wp é<awp
and because of (7) there eixts a function f mapping U isomorphically

onto B in such a way that f(x) =f,(x) whenever £ < wz and x is a member
of A,'.

In conclusion three remarks are in order.

REMARK 1. Under the assumption that the Generalized Continuum
Hypothesis holds, it was shown in [5] that if K satisfies the conditions
I-V and VI,, then there exists an (X,, K) universal system for every
ordinal x > 0, and of course the same is true if K satisfies I’, IT, ITI, IV’,
V and VI,. It is interesting to observe that neither set of conditions
implies the existence of an (X,, K) universal, K homogeneous system.
In fact, these conditions are clearly satisfied if K is the class of all
simply ordered systems, and it is easy to show that the existence of an
R, universal, homogeneous, simply ordered system UA={4, <) implies
that « satisfies the condition (i) in Theorem A. To show this, assume that
(i) fails. Then A must be cofinal with a well-ordered subsystem B of
type w, where f <x. Now take a well-ordered subsystem € of % of the
type ws+1, and let D be the initial segment of € of type ws. Then B
and ® are isomorphic, but this isomorphism cannot be extended to an
automorphism of U because D is not cofinal with . Clearly, similar
remarks apply to any class of partially ordered sets which includes the
class of all well-ordered sets, e.g. to the class of all partially ordered sets,
the class of all lattices, the class of all modular lattices, and the class of
all distributive lattices.

REeMARK 2. In [5] it was observed that when the results of that paper
are applied to various familiar classes of algebraic systems, condition IV
is usually the only one whose verification causes difficulties. While IV’
is a weaker and in some respects a more natural condition than IV, it
appears to be equally difficult to apply as IV. Thus we do not know
whether IV’ holds in the class of all demi-groups (systems with an asso-
ciative binary operation and an identity element), the class of all dis-
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tributive lattices, or the class of all modular lattices. As was shown in
[5], the first two of these classes do not satisfy IV.

RemArK 3. R. Vought has announced in [6] certain far-reaching ex-
tensions of the principal results of [5]. Roughly speaking, under the
assumption of the Generalized Continuum Hypothesis these results are
extended to all classes K which can be characterized by first order sen-
tences, and for which the conditions I' and III hold. However, it is not
known whether similar generalizations can be found for the stronger
results given here. For instance, it follows from Vought’s theorem that
if the Generalized Continuum Hypothesis holds, then there exists for
each ordinal & an R, universal distributive lattice, but we do not know
whether there exists (even when « is not a limit ordinal) an R, universal,
homogeneous, distributive lattice.

ADDED IN PROOFS: Professor Vought has informed me of certain un-
published results by Mr. Michael Morley concerning the existence of
homogeneous universal systems. Like Vought, Morley is concerned with
the class K of all models of a consistent set of well-formed formulas in
a countable first order language. Except for this, the conditions which
he imposes upon K are similar to the ones used here. His principal
result is therefore closely related to Theorem A above.
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