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Abstract

We consider infinite weighted graphs G, i.e., sets of vertices V, and edges E assumed countably
infinite. An assignment of weights is a positive symmetric function c on E (the edge-set), conduct-
ance. From this, one naturally defines a reversible Markov process, and a corresponding Laplace
operator acting on functions on V, voltage distributions. The harmonic functions are of special
importance. We establish explicit boundary representations for the harmonic functions on G of
finite energy.

‘We compute a resistance metric d from a given conductance function. (The resistance distance
d(x,y) between two vertices x and y is the voltage drop from x to y, which is induced by the
given assignment of resistors when 1 amp is inserted at the vertex x, and then extracted again at
y)

We study the class of models where this resistance metric is bounded. We show that then the
finite-energy functions form an algebra of 1/2-Lipschitz-continuous and bounded functions on
V, relative to the metric d. We further show that, in this case, the metric completion M of (V, d)
is automatically compact, and that the vertex-set V is open in M. We obtain a Poisson boundary-
representation for the harmonic functions of finite energy, and an interpolation formula for every
function on V of finite energy. We further compare M to other compactifications; e.g., to certain
path-space models.

1. Introduction

Discrete analysis on infinite graphs (i.e., networks of resistors, (V, E, ¢), V for
vertices, E for edges, and ¢ for conductance function (see section 2)) is a sub-
ject where the applications and the examples (see the second half of the paper)
are at least as important as the pure theorems. While the discrete setting is sig-
nificant in its own right, it also makes intriguing connections to more classical
results in continuous potential theory; see e.g., sections 7.1 and 7.2 below.
For example, our present discrete graph Laplacians often serve as numerical
approximations, e.g., finite differences, for classical (continuous) Laplacians.
In section 7, we stress similarities and differences: for example when realized
as densely defined operators in suitable L? spaces, the classical Laplacians are
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unbounded. By contrast, the (discrete) graph Laplacians may be bounded or
not. This question, and a host of spectral theoretic properties, is decided by the
properties of the conductance function ¢ going into the definition of a particular
graph Laplacian; see sections 5 and 6. We shall also make direct comparisons
of the potential theoretic properties in the two contexts, discrete vs. continu-
ous. Especially we offer new results for the associated Green’s functions. The
Green’s function for the graph Laplacian is introduced first in Lemma 2.8 and
Corollary 9.5, below; and it is then revisited at several instances inside the pa-
per. In the classical case, a Green’s function may be realized as a fundamental
solution to a suitable Dirichlet problem. By contrast to the discrete case, if a
graph Laplacian is realized in matrix form as an oo x oo matrix, with rows
and columns indexed by the vertex set V, the corresponding Green’s function
is a matrix-inverse. With the use of our analysis in energy Hilbert space (sec-
tion 2.1), we show that we get an explicit formula for this Green’s function,
and our results on resistance metrics, and path-space analysis (section 8) are a
part of this.

We consider a certain class of infinite weighted graphs G. They are specified
by prescribed sets of vertices V, and edges E; assumed countably infinite. An
assignment of weights, is a positive symmetric function ¢ of E (the edge-set).
In electrical network models, the function ¢ represents conductance, and its
reciprocal resistance. So fixing a conductance function is then equivalent to
an assignment of resistors on the edges of G. From this, one naturally defines
a reversible Markov process, and a corresponding Laplace operator (called
graph Laplacian) acting on functions on V, the vertex-set. Functions on V
typically represent voltage distributions, and the harmonic functions are of
special importance. For list of explicit details required on (V, E, c¢), we refer
to the details in section 2.

We will be especially interested in boundary representations for harmonic
functions of finite energy. From a given conductance function, we compute
a resistance metric d (see Theorem 3.4). Intuitively, the resistance distance
d(x, y) between two vertices x and y is the voltage drop from x to y, which
is induced by the given assignment of resistors when 1 amp is inserted at
the vertex x, and then extracted again at y (see Figure 3.1). We study the
realistic class of models when this resistance metric is assumed bounded. In
this case the finite-energy functions form an algebra of continuous and bounded
functions on V/, relative to the metric d. We further show that, in this case, the
metric completion M of (V, d) is automatically compact. The vertex-set V is
open in M, and we obtain a Poisson boundary-representation for the harmonic
functions of finite energy. A number of additional properties are established
for M. In particular, we compare M to other compactifications in the literature;
e.g., to path-space models.
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There is a recent increased interest in analysis on large (infinite) networks,
motivated by a host of applications; see e.g., [26], [27], [5], [29], [1]. We shall
be citing standard facts from the general theory. In addition, we use facts from
analysis, Hilbert space geometry, potential theory, boundaries, and Markov
measures; see e.g., [35], [12], [34], [22], [16], [30], [8].

2. Basic setting

Let G = (V, E, ¢) be a weighted graph, where ¢ = conductance function
(see Definition 2.1), V = vertex-set (countably infinite), and the edges E C
V x V \ {diagonal} such that:

Gl) (x,y) € E < (y,x) € E;x,yeV;
(G2) 0 <#{yeV |(x,y) e E} <oo,forallx € V;

(G3) The function c is strictly positive on E, and zero on its complement

(VxV)\E;
(G4) Connectedness: 30 € V s.t. forall y € V I xg, xq,...,x, € V with
Xo=0,X, =Y, (xi_1,%x;) € E,¥Vi=1,...,n.

Notational convention

Pairs (x, y) with comma may refer to an edge linking two neighbor vertices.
On occasion, we shall use the letter e to denote an edge. This choice is handy in
cases when it is not important to identify the corresponding neighbor vertices
of an edge. We further stress that our edges are not directed; and that neighbor
vertices are distinct. These definitions are motivated in part by standard con-
ventions from electrical network models. See Definition 2.1 and Remark 2.2
below.

When an arbitrary pair of two vertices w and z occurs, we shall use the
notation wz; typically as a subscript notation. Because of our connectedness
assumption (G4), any pair of vertices w and z may be “connected” with a finite
set of edges, one starting at w, and the last edge ending at z. But we stress
that, in general, there are many possible choices of finite edges accomplishing
the linking from w to z (see Figure 2.1). In electric network models, current
is traveling along paths between pairs of vertices. Following the accepted
conventions in the subject, we shall often denote a function on the set of edges
with a subscript, without the comma and parenthesis.

DEeFINITION 2.1. A functionc: V x V. — R U {0} is called a conductance
function if
(1) c(e) > 0,Ve € E; and
(2) givenx € V,cyy = cyy, forall (x,y) € E.
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Also
3) if x € V, we set

c) =Yy, where x~y &5 (r,y) € E. @.1)

yx

(We shall assume that (G2) holds, i.e.,#{y € V | y ~ x} < oo, forallx € V.)

Examples of networks (V, E), vertices vs. edges

1. Lattices. Fix d € N, and set V; := Z¢. Then every x = (xq,...,Xg) € 74,
x; € 7, has 2d neighbors, i.e., N (x) consists of the following points y € Z¢:

y € N(x) iff (Def.) 3i s.t. y; € {x; £ 1}, and y; = x;, when j #i.

Hence the corresponding set of edges E; C V; x V; \ (diagonal) is the set of
unordered pairs (x, y) € Vg x Vg s.t. 3i with [y; —x;| = 1, and y; = x;, for
J#Fi
2. Binary trees. The set of vertices V is as follows:

If d > 0, then each x = (x1, X2, ..., xg) € {0, 1} has three neighbors:

N(x) = {(-xlvx27 '--vxd’y) | y € {0» 1}} U{(x17x27 ""xd—l)}-

We denote the base-point of the binary tree to be ¢ (the empty word), and
N () = the set of two vertices, 0 and 1. Note that the binary tree is one of the
simplest Bratteli diagrams; see section 7.3.

REMARK 2.2. After areduction to the case of connected networks (V, E, ¢),
we may assume that, for every vertex x € V, there is a finite number of edges,
connecting to what are called neighbors of x (see (G4)). So when x is fixed,
its set of neighbors N (x) is indexed by edges e = (x, y), for y in N (x). First
we consider c(-, -) to be a symmetric function on V x V, but it is supported
on the set E of all edges, so c(x,y) = 0if (x,y) ¢ E, see (G3). We may
therefore also consider ¢ as a positive function on E. Note that the total set
E of all edges is the union of the sets N (x), as x ranges over V. Pairs of sets
N (x) and N(x’) in general overlap of course.

In more detail: for every x, the conductance c(x, y) is positive only on
edges e = (x, y) where y is one of the neighbors, so y in N (x). The symmetry
of ¢ allows us to identify (x, y) and (y, x) for any pair of neighbors; the two
represent the same edge, say e. In many computations, we also use c(x) :=
the sum over c(x, y) for y in the finite set of neighbors N (x); we write y ~ x
(see (3) in Definition 2.1). For some formulas it is useful for us to write c(x, y)
for all points in V x V, but then it is understood that ¢ is supported on the set
E, so the union of neighbors. The finiteness assumption on N (x) is realistic
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FIGURE 2.1. V = 7? and neighbors: given distant pairs x and y in V, we sketch some
examples of paths in E(x, y). Note that when distant vertices x and y are picked, then each
element in the set E (x, y) (= paths from x to y) is made up of a finite set of edges (elements in
E), linked together and forming a path from x to y. But the set E (x, y) is generally infinite.

in electric network applications (see (G2)). It could be relaxed of course, but
then we would have to assume instead that c¢(x) := the sum over c(x, y) for y
in the set N (x) of neighbors be convergent; see (2.1). Here we stick with finite
neighbors.

Since c(-, -) represents conductance = 1/resistance, the symmetry condi-
tion is realistic for computation of the resistance distance; see section 3 below.
The resistance distance (see Theorem 3.4) refers to a pair of distant vertices,
i.e., points x and y from V that are not neighbors; and computation of the
resistance distance will then involve path-space analysis (see section 8); in
this case when distant vertices x and y are fixed, the set E(x, y) consists of
all finite paths from x to y (see Figure 3.1). Fix distant vertices x and y. A
finite path connecting them is made up of a finite set of edges, so elements in
E(x, ), and of course each e in an element of E(x, y) will link neighbors.
The connectedness assumption states that for every pair of points from V, the
set E(x, y) := {all finite paths from x to y} is non-empty (see Figure 2.1).

Now pick a path from the set E(x, y): the first edge e in such a path will
start at x, and the last e in it will end in y. Since for distant pairs of vertices x
and y, the set E(x, y) can be quite complicated, path space analysis is one of
the useful tools (see Figure 2.1).
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2.1. The energy Hilbert space
Let G = (V, E, c) be a connected graph as above. Set

Hg :={u:V — C| llullw, <oo},

where

1 -
W), =5 Y co(u) —u()) @@ —v). @)

(x,y)eE
1

lullde, == 5 D cwlut) —u)P. (2.3)
(x,y)eE

Then #%, modulo constants, is a Hilbert space of functions on V [26]. (#&
is known to be bigger than the #z-norm completion of the finitely supported
functions on V. For electrical networks, the expression in (2.3) represents
energy; see e.g. [26]. The non-constant harmonic functions on V are not in the
Hg-completion of the finitely supported functions.)

DEeriNITION 2.3. Fix a weighted graph (connected), set the graph Laplacian
A = A., where

Q) = Y ey @) —u(y)) = c@ux) = Y cxpu(y),

y~x y~x

is defined for all functions # on V. It passes to the quotient modulo the constant
functions.

LEmMMA 2.4 ([26]). (i) For every pair of vertices x,y € V, there is a
Vyy € Hg, unique up to an additive constant, such that

f) = () = (vay, oy, VI € Hk. (2.4)
(ii) The vector v, in (2.4) satisfies
Avyy, =8, — 8y, (2.5)

where (Af)(u) := 3, cuy(f () — f (V).

REMARK 2.5. The solution to (2.5) is not unique: if v, satisfies (2.5), and
if h € 9 satisfies Ah = 0 (harmonic), then v,, + & also satisfies (2.5); but
generally not (2.4).

Let V' := V \ {0}, and set

Uy 1= Uy, Vx eV (2.6)
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COROLLARY 2.6. For all x,y € V, there is a unique real-valued dipole
vector vy, € Hg such that

(Vxy, W, = u(x) —u(y), Yue Hg. 2.7

Moreover, vyy — v, = Uy, VX, y,2 € V.

DEFINITION 2.7. Let (V, E, c¢) and A be as outlined, and let #% be the
corresponding energy Hilbert space; see (2.3). Let ¢£> = ¢2(V) denote the
usual £2-space.

We shall need the subspace &, C €2 (dense in the £2-norm):

D, :==span{é, | x € V}.

If {v, | x € V’'} denotes a system of dipoles (see (2.6)), we set D C HEg
(dense in #z-norm):

g :=span{v, |x € V'}. (2.8)

In both cases “span” means all finite linear combinations.

We show in section 8 that £2(V) contains no non-constant harmonic func-
tions; but #¢ generally does.

LeEMMA 2.8. The following hold:

(1) (Au, v)ee = (u, Av)e, Yu,v € &,

(2) (Au, v)g, = (u, Av)gy,, Yu,v € Dg;

(3) (u, Au)p >0, Vu € @5, and

4) (u, Au)gr, = 0, Yu € Dg.
As a densely defined operator in €>(V), A is essentially selfadjoint; but, as an
operator with dense domain in Hg, A is generally not essentially selfadjoint.

Moreover, we have 8, € Hg, x € V, where 8, denotes Dirac’s function;
and

(5) (0x, u)or, = (Au)(x), Vx € V, Yu € g,

(6) Avyy, = 8, — 8y, Vx,y € V, where vy, € Hg; in particular, Av, =
8y — 85, x €V =V \ {o};

(7) 8x() = c()vx () = 32y Cxy¥y (+), Yx € Vs

()

AB)() = A@Gy)(x)
cx)=Y cu, ify=x

t~x

= <8X7 (Sy)%E = _ny’ if(x, y) € E’ (29)
0, if (x,y) ¢ E.
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PrOOF. See [26], [27], [24]. For the selfadjointness of the graph Laplacian
in £2(V), see Theorem 2.9 below.

THEOREM 2.9 ([24], [26], [27], [36], [28]). Let G = (E, V, ¢) be aweighted
graph as specified above, so with a given conductance function ¢ defined on
the set of edges E of G, and let A be the corresponding Laplace operator.
Then, as an operator in £>(V) with domain consisting of finitely supported
functions, A is essentially selfadjoint.

ProoF. Below we give a new proof of this essential selfadjointness. One
advantage with the proof below is its use of different properties of the operator
A than in earlier approaches. We also believe that the idea used here has wider
use—that it is applicable to other operators in analysis and potential theory,
both discrete and continuous.

Note the following are equivalent:

(i) f € £*(V)isa A-defect vector;
(i) (¢ + Ag, f)e =0, Ve € span{d,};
(i) (I+c(x)f(x) =3 ey f(y) =0,¥x € V;
iv) (1 +c(x) f(x) —c(x)(Pf)x) =0, Vx € V, where pyy = cyy/c(x),
and (Pf)(x) =3, Poy f(V)s
V) (PfHx) =1+ ﬁ)f(x), Vx e V.

With the splitting f = Re{f} 4+ i Im{f}, it is enough to consider the case
when f is real valued.

Since f € £2(V), it has a maximum, i.e., 3xg € V s.t. f(-) < f(xo) in V.
Assume f(xg) > 0 (otherwise replace f by — f). Now, if f is a defect vector,
we have

(by (v))

(I+c) ™) fxg) =" (Pf)(xo) < f(xo) = c(xo)”' f(x0) <0,
which contradicts the assumption that f(xp) > 0.

THEOREM 2.10. Let (V, E, c, A, E) be as above, and fix a base-point
o€ V.SetV' :=V\{o}. Fix adipole vy := vy, x € V'. Set

(A Dy = (0 v, (L y) eV x V.

Then A is not essentially selfadjoint on D = span{v, | x € V'} if and only
if there is a non-zero function f € Hg such that

h(x) == f() + D> (A ey F() (2.10)

yev’

is harmonic.
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Proor. By general operator theory (see [14]), the essential selfadjointness
assertion holds if and only if the following implication holds:

[f €, and(p+ Ag, fla, =0, Vo e D] = [f=0]. (21D

Taking ¢ = v,, and modulo an additive constant, we see that a possible solution
f € I to (2.11) will satisfy

PHE) =(1+c@x) ) fx), VxeV, (2.12)

where (Pf)(x) = 3., Pry [ (V) Pay = Cay/c(x).
An iteration of (2.12) yields

P ) = F@) + Y PO x). (2.13)

k=0

But we have pointwise convergence on the right-hand side in (2.13), and
(1 =P = A/, s0 (1 = P)7(f/e)(x) = A~ (diag(e))(f/o)(x) =
(AT Hx) = Zy(A*‘)xyf(y). Hence the left-hand side in (2.13) must con-
verge pointwise; but it is clear that 4 = lim,, P" f is harmonic.

Finally, it is clear that every solution f € # to (2.10) will satisfy (2.11);
which in turn is the equation which decides non-essential selfadjointness, by
general theory.

REMARK 2.11. We introduce the Markov measure ;1 ™Ma%") on the space Q
ofall G = (V, E)-paths, and the Markov-walk process 7, (w) := w,, Yo € €,
n € No, where w = (wp, 1, w2, ...),w; € V, (0, wj+1) € E,Vj € No. Then
the matrix product P¥ in (2.13) is Prob({mr, 4k = ¥ | mn = x}) = (PY),,. We
shall return to this Markov process in section 8 below.

3. From conductance to current flow

Let G = (V, E, ¢) be an infinite weighted graph (connected, see (G4) before
Definition 2.1). As before, V = vertex set, E = edges, and c: E — R, is
a fixed conductance function, so that ¢ = (cyy), (x,y) € E. Let #f be the
corresponding energy Hilbert space (see (2.2)—(2.3)).

Set the current flow /() := dw, where

Iy = (Qw)(x,y) = cry(w(x) —w(y), VY(x,y)€E, wed, (3.1)
and set

Dissp = {0w | w & %, 9wl =33 12 /ey < o0

as a weighted ¢-space on E, where 1/c,, = resistance.
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1 amp out

FIGURE 3.1. The convex set Wy, ,. On edges (1, v) € E from xq to yg in V, the
current is I, = ¢,y (f(u) — f(v)), and f denotes a voltage-distribution.

As an illustration, Figure 3.1 shows a vertex set W, ,,, where current flows
from vertex x to vertex yp; with a given conductance function c.

LEMMA 3.1. The operator 3: # g — Dissp is isometric; but generally not
onto Dissp.

ProoOF. One checks that

1
lwilf, =5 D colw() —wy)I*  (energy)

1
= > Z 1 xzy /Cxy (dissipation)
where I, = (Qw)yy = cxy(w(x) — w(y)), 1/cy, = resistance on the edge
(x,y), and where the summations are over the prescribed set E of edges;
see (3.1) and the lemma follows.

DEFINITION 3.2. Set dyes (X0, Yo) = distance xo — yo = voltage drop from
Xo to yp when current [ satisfies I = 1 at x¢o “in” and current I = —1 at y
“out.

ER)

THEOREM 3.3. There is a unique current flow such that

dres (X0, Y0) = inf {11135 : I lixg. 30y = 1 amp in, and 1 out} (3.2)

Proor. Recall that by Lemma 2.6, 3lv,, s.t.
(Vey, Nlae, = fFX) = f(y), Y, y) eV XV, Vfedg. 3.3)
Set I = dvyy, then

dres(xO’ yO) = inf ||I||2Diss = ||8vxoyo||2Diss
(3.4)

= [[Vxpyo ”éfg (= resistance distance);

i.e., the infimum in (3.2) is obtained at the flow I = 9v,,,, see (3.3)—(3.4).
For a proof, see [26], [27].
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)

FIGURE 3.2. Example of resistor configuration in a network:
configuration of three resistors, having values ry, r2, r3 Ohm.

The infimum in (3.2) and (3.4) is justified with the following Hilbert space
geometry applied to the energy Hilbert space #%: the infimum in (3.2) is
attained when Iy = dv,,,,. We use that Iy is the vector in the convex set W,
of minimum norm. Since d from Lemma 3.1 is isometric, we see that W, ,, is
both closed and convex. From Hilbert space geometry, see e.g. [32], we know
that W,,,, contains a vector of smallest norm. From the definition of W,
(see e.g., Figure 3.1), we conclude that the minimum must be Iy = dv,,,,; see
also [27].

Below, we offer five different, but equivalent, formulas for the resistance
metric dpes(x, y):

THEOREM 3.4 ([27]). Let V, E, ¢, A, and d..s be as above; let x,y € V,
and let Wy, denote the set of all paths between a pair of vertices designated
vertices, x and y (see Figure 3.1). Then

dres(x, y) = [[vxy 1, = min{[[7|[By : 1 € Wiy}
=wll3,  when Aw =26, —38,
= 1/min{|[wl3, : w € Hz, lwx) —w(y)| =1}

= sup{|w(x) —w)I* : w € X, |wllw, < 1}.
EXAMPLE 3.5 (see Figure 3.2). dies(x, y) =11 + (5" +r5") .

4. The metric boundary

DerINITION 4.1. By M we mean the set of equivalence classes of sequences
(x;) C V of vertices such that lim; ;_, d(x;, x;) = 0 (Cauchy) under the
relation (x;) ~ (y;) iff (Def.) lim; , o, d(x;, y;) = 0. Here,d (x, y) = des(x, y)
is the resistance metric in equation (3.2).

The vertex-set V is identified with a subset of M via the mapping y: V —
M,V 5 x+—— y(x) =class(x, x, x,...). Hence b € M\ V (the boundary of
V)ift b = (y;) € M satisfies the following: Vx € V,3e € Ry, 3 (yi,) C (3i).
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s.t. d(x, y;,) > €, Yk € N. Note that the assertion states that d(y (x), b) > 0,
VxeV.

We now show that if d := d,. is bounded, then every function f € g ex-
tends by closureto M: ifb € M,and {x;} C V,aresuch thatlim,_)oo d (x,~, b) =
0, we set f (b) = hmHoo f(x; ) It is then immediate that | f b)—f (b’ )\2
d(b, D) f1I5, - We set g = \f | [ € He).

AN

THEOREM 4.2. If the resistance metric d = dye is bounded on 'V x V, then
e C V), and Hp C C(M); 4.1)

i.e., every energy function w on V is bounded, and F is an algebra under
pointwise product.

Proor. The containment in (4.1) follows from the estimate (5.1).
We proceed to show that % is an algebra when (V, d) is assumed bounded.
Letu, w € #k, then (uw)(x) ;== u(x)w(x), Vx € V, satisfies

luwllZ, < uliZ, + lwliz) QullZ, + lwliZ,). (4.2)

Since u, w € £°(V), it follows that uw € #%, i.e., |[uw| s, < oo. The proof
of (4.2) is as follows:

D oy l@w)(x) — w)(y)?
E
= Zcxym(x)(w(x) —w() + w) ) —u(y)

(Schwarz)

Zcm(lu(x)l + lw P (ux) = u)? + wx) — wy))

< (lullZ, + ||w||§o><2cxy|u<x> —uMP+ ) erylwix) — w<y>|2),
E

E
which is the desired estimate.

COROLLARY 4.3. Let V, E, c,d = d.s be as above, i.e., assume that d is
bounded, and that M is compact. Then when the constant function 1 on M is
adjoined % £ is a dense subalgebra, dense in the uniform norm on C(M).

ProOOF. We already proved that 9 r 1s an algebra of continuous functions on
M (the metric completion of (V, di)), sO we onbl need to shovyv that it is dense
in the || - |oo-norm on M. Since M is compact, || f|l = max{| f(b)| : b € M}.
It is clear that 7% is closed under complex conjugation; so, by the Stone-
Weierstrass theorem, we only need to prove that it separates points. We will
prove thatif b # b in M then there is a vertex x € V such that U, (b) # U, (V).
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Since M is the metric completion of (V, d), it is enough to show that ?NfE
separates points in V. Assume the contrary: that there are vertices y,z €
V, y # z such that v,(y) = v,(z) holds for all x € V; in other words,
(vx, vy — V)9, = 0 holds for all x € V. But span{v, | x € V}is dense in
H; and so vy, — v, = 0, contradicting d(y, z) = [lvy — vzll(z% > 0.

5. Discrete resistance metric-metric completions

Set d := d, the resistance metric, see (3.4). Let (M, d ) be the metric comple-
tionof (V, d),i.e., V consists of a metric space M with the metric dyes(x, y) =
lvey ||§KE, where vy, is the dipole vector in (2.7). Now assume that d = dy is
bounded.

Below we discuss compactness of the metric boundary. There are two main
points. (i) We identify a setting where compactness does hold. (ii) In this
setting, we prepare the ground for an application of the Arzela-Ascoli Theorem.
Caution, point (i) is subtle, as we illustrate in Example 5.6.

DEFINITION 5.1. We say that a system (V, E, ¢, dies) 1S type A if whenever
lim; v,; exists in C(V, d) then (x;) is a Cauchy sequence in (V, d).

THEOREM 5.2. If dreS~ is bounded on 'V x V, and if the system (V, E, ¢, dhes)
is of type A, then (M, d) is a compact metric space.

PRrOOF. Fix a base-point 0 € V, and set vy = vy,, x € V \ {0}, then
Vyy = Uy — V,, see Lemma 2.6. By Schwarz, applied to the energy Hilbert
space (X, {-, -)a,), we get the following Lipschitz-estimate:

1f) = fFDIP <d@, DIfI%, Yfe€He, x,yeV. (3.1

Consequences:

(1) Every f € Hg extends to a uniformly continuous function f on M;
extension by metric limits.
(2) Ifx; € V,and d(x;, x;) — 0,fori, j — oo, then f(x;) has alimitin C
(or R). Setx € M, X = lim; x;. If (x;), (y;) C V are Cauchy sequences,
set d(X,y) = lim; .o d(x;, x;), i.e., the extended metric; then by (5.1),
we get _ _ _
1F&) = FO) <d@ DS, (5.2)

The assertion in the theorem follows from the considerations below.

LEMMA 5.3. An application of Arzela-Ascoli shows that

[fccwy | fede N fllw, <1) (5.3)
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is relatively compact in C (M), in the Montel topology of uniform convergence
on compact sets.

ProoF. We refer to [31, Thm 11.28], combined with the results from sec-
tion 4 above, especially Theorem 4.2. But if d is bounded on V x V, then
lvg, lse, < A - K4, where A is a fixed global constant, since d(x;, x;) =

2
”vxi - ij ”%E
Hence by (5.3) with K, in place of 1, we get that:

COROLLARY 5.4. Assume type A (see Definition 5.1). Then for every se-
quence x1, X3, X3, ... in V, the is a subsequence (x;, ) such that

(1) limg oo x;, =b € M; and
(ii) for fim € C(M) the limit of the subsequence {vy,} C C(M), we have

Jim vy, (0) = fim (D).

Proor. To see that b € M, note that

2 ~ ~ k,4— 00 .
d(xik5 xi() = ”vx,-k - Ux,-[ ||%E = |Uikig (xik) - Uiki( (xl'g)l 0’

since by (5.2), the functions vj,;, () are uniformly bounded, and equicontinuous
on M. As we assume the system (V, E, ¢, dies) is of type A, it follows that
every sequence Xy, Xz, . . . in V has a convergence subsequence with limitin M.
By the definition of M, the same is true for M, and so M is compact: Every

sequence by, by, - - - C M contains a convergent subsequence.

REMARK 5.5. The following example from [18] shows that our assumed
condition “type A” in Theorem 5.2 and Corollary 5.4 cannot be omitted. There
are bounded resistance metrics (non-type A) for which the corresponding com-
pletions are non-compact. We learned from D. Lenz that the boundedness of
the resistance metric does not imply the completion (M, d) is compact [18].
Indeed, the type A assumption for the system (V, E, ¢, dys) is required. (See
Definition 5.1.)

ExAaMPLE 5.6 (Example 8.6 in [18]). Figure 5.1ais a tree-like graph with
many ends all of which have bounded distance to the root (making the resistance
metric bounded) but at the same time being too far apart from each other to
be covered by finitely many balls of an fixed but arbitrarily small size. Thus,
the weighted graph in this case is bounded with respect to d,.s metric and the
completion is not compact with respect to the resistance metric.

The graph basically consists of a copy of the natural numbers with the
property that each natural number has a ray emanating from it and this ray
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X0,5¢ X1,5¢ X2,5¢ X35t X45¢ X5.5¢ t t 4 4 4 t
I I I I I I e 251 251 251 251 251 25|

X0,4¢ X144 X2,4¢ X344 X444 X544 t t 1 1 1 t
\ \ \ \ \ \ 241 24 24 24 2Y 24
-’COA3T me x2.3T /\"3.3T x4'3T X5'3T LI 1 1 1 1 1 1
T R 2 2 2 2 2y 2
XOAZ-‘ XLZT x2.2" X3.2" X4.2" XS,Z‘ ‘ ‘ ‘ ‘ ‘ T
22, 22, 22 22, 22 22
A R LT T
\ \ \ \ \ ol ol ol il ol Sl
e e ) S Y R (S (U
X0,0 X1,0 X2,0 X3,0 X4,0 X50 2l 22 93 24 5

Xo X1 X2 X3 Xi4 Xs

(a) An infinitely long comb as an infinite (b) The conductance function c(yy).
array of teeth, each tooth infinitely long.

FIGURES.1. A doublely infinite planar graph, V = | Jp2 ) Xn, Xn = {xuk : k =0,1,2,.. .}
and its conductance function.

being again the natural numbers. There are weights (Figure 5.1b) on the graph
making each of these copies of the natural numbers of bounded diameter in
the resistance metric. This makes the resistance metric on this graph bounded.
On the other hand, a point far out in one of the emanating rays has a uniform
distance to any point far out in any other emanating ray. This makes the example
non-totally bounded. Hence, the example has the mentioned properties.

LEMMA 5.7. Let G = (V, E, ¢) be the weighted graph in Example 5.6. Fix
a base-point o € V, and set Y = span{vx | x e V\ {0}} (see (2.8)). Then
A\g,, as a densely defined Hermitian operator in the energy Hilbert space K,
is not essentially selfadjoint. Moreover, the deficiency indices are (00, 00).

Proor. Let ¢ be the conductance function as specified in Figuress 5.1a—
5.1b. Suppose f is a defect vector for A. Since A is positive, it suffices to
consider Af = —f.Notethat Af = —f <— c(I -P)f = —f <—
Pf = (1 +c') f. We proceed to show that f is in #%, i.e., || flls, < 0o.

Let V = {x, «} be the vertex-set as specified in Figure 5.1a. Then, we have

c(xp ) = 28 42K (5.4)
2k 1

P ioxnss = m = § (5.5
2k+1 2

PxuiXnirn = W = g (5.6)

and so 1 2
(Pf)(xnx) = gf(xn,k—l) + gf(xn,k+l),
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and

)f (Xn,1); see (5.4)—(5.6).

_ 1
(1™ fGn) = (1 + 33

Thus, the defect vector f satisfies Af = — f <—

)f(xn,k)-

1 2 1
gf(xn,kfl) + gf(xn,kﬂ) = (1 BT

Set £y := €, x = f(x,); then we get the following recursive equation:

16 +2E = 1—|—1 7%
o=t b = TR AL

i.e.,

14 _3 I+ 1 14 lﬂ = 3—!— : 14 16
k1= 5 o3 )t T 3| =5t g )i S

Or, using matrix notation, we have

3, 1 1
(5k+1) _ (3 + e —§> ( £k ) 5.7)
ﬁk 1 0 Zkfl

The asymptotic estimate of the sequence (¢;) can be derived from the ei-
genvalues of the coefficient matrix in (5.7). Note the eigenvalues are given
by

1 3 1 )\2
— g V(G —g) -2
X4+ = ~

ol

1
2

[NS1{9%}

+ :
7 asymptotically.

[\

Conclusion. The root x_ = 1/2 shows that £, ~ 1/2% so f(x,x) ~ 1/2*
asymptotically. Consequently,

5 1 1 \? e 1 \?
£ 15, ~ D2 % T ok + 2 o T
k n
1 1

Therefore, the corresponding defect vector f is in #g, and so A| P is not
essentially selfadjoint.
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5.1. The Gelfand space
Set the Gelfand space G to be the set of 8: #r — C (or R) such that

Bluw) = Bw)p(w), Vu,w € H; (5.8)

i.e., multiplicative functionals. (See [32].)

DEFINITION 5.8. Let M := metric completion of (V, dy). Set

Def
(xi) ~ () = dres(xi, 7)) = 0
for all Cauchy sequences (x;), (y;) C V.

THEOREM 5.9. M C G, see (5.8). (The metric completion is contained in
the Gelfand space.)

ProOOF. Note that every w € H extends by closure to M, by w(X) =
lim;_, oo w(x;), where dyes(x;, x;) — 0. To see this, use the estimate |w(x) —
w(y)? <d(x, y)||w||§fE»Vw € Hk; see (5.1).

Now, set Bz(w) = w(X), and note that (5.8) is then immediate. (In fact, M
is a compact metric space if d;.s is bounded.)

REMARK 5.10. It was proved in [18] that the Gelfand space is the Royden
compactification; see [18] for details.

TEEOREM 5.11. Assume that dyes is type A and bounded on V x V (thus
(M, dies) is compact by Theorem 5.2), and that v = (x;)iez € 2. Then
there exists a subsequence {x; , xi,,...} C o, and an X € M such that

~ ~ k—o00
dres(xika )C) — 0.

PrOOF (Application of Arzela-Ascoli). Recall that v; := vy, ,, where
i (> = |(vi,v.)]> < d(i,0)d(z,0) < K; which implies that |v;(z) —

v;(z)|? < K d(z, 7). By Arzela-Ascoli, 3 a subsequence s.t. v;, — v;, — 0 in

k,£— o0
%E, as d(xik, .X,'Z) — 0.

14

6. Poisson-representations

Let G = (V, E) be as above, and let c: E — R, be a fixed conductance
function. Let d = di be the corresponding resistance metric.
Our standard assumptions on G and c¢ are as outlined in section 2 above.
We assume in addition that

(1) dyesisboundedon V x V,

(2) for all x € V, there exists € = &, such that

{yeV|dx,y) < e} ={x}, the singleton. 6.1)
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We shall denote by M the metric completion of (V, dys), and identify V as a
subset of M in the usual way, where x € V <— class(x, x,x,...) € M (00
repetition of vertex x).

PROPOSITION 6.1. Forn € N, setw = (z1, ..., 2,) where z; € V (vertices),
a finite word, and denote by (wx) the concatenation sequence (21,22, - - - » Zns
X, X, X,...); wesetx = (x,x,x,...), then y(x) = {x} U {wx}, as w ranges
over all finite words.

Proor. If (y;)72, is a sequence of vertices such that lim;_, o, d(y;, x) =0,

then, since x is isolated by (2), see (6.1), there mustbean € {0, 1, 2, ...} such
that y; = x for all i > n; and the desired conclusion follows.

THEOREM 6.2. Let G = (V, E), ¢, dys satisfy the conditions above, includ-
ing (1)—(2) (5o des is bounded). Then

B:=M\V (6.2)

is closed in M; and for every x € V, there is a Borel probability measure
Uy on B, ie., uy € M{(B) such that, for all harmonic functions h on V with
|hllge, < o0, we have

mm=fﬁ@mmm 63)
B

where T is the extension € C (M) of h, obtained by metric completion, and
where the function on the right-hand side in (6.3) is h|p.

_ Proor. By Corollary 4.3, every f € 7 has a unique continuous extension
ftoM;and | f(b) — f(B)* < d(b,b)| f3, holds for Vb, b" € M. By (2),
section 5, V identifies as an open subset in M, and so B = M \ V is closed;
and therefore compact. Recall M is compact by Theorem 5.2.
Recall from section 2, that a function 4 on V is harmonic if and only if
Ph = h, where
(Ph)(x) =Y payh(y) (6.4)

yx

and pyy 1= ¢xy/c(x), forV(x, y) € E. Alsorecall, (Af)(x) = > ¢y (f(x) —

F ). T
Hence the harmonic functions % in #z(C C(M)) satisfy

%Wm=mﬂw 6.5)

This is an application of (6.4) and a simple maximum principle.
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Now set &/ C C(B) as follows: ./ = {ZIB :Ph=h, he %E}, where
g’ denotes restriction; then, for every x € V, the point-evaluation mapping:

3 h|p — h(x) (6.6)

“l

defines a positive linear functional. Since P(T) = 1 where T is the constant one
function, it follows that 1 € &/, and that 1 +— 1 in (6.6) (i.e., the functional
in (6.6) attains value 1 on the constant function “one”).

By the extension theorem of Banach and Krein, there is a positive linear
functional on all of C(B) which extends (6.6) from /. By Riesz’ theorem, it
is given by a unique probability measure p, € M, (B). Restricting to .2/, and
using (6.5), we get the desired formula (6.3); i.e., i, is the Poisson-kernel,
and B is a Poisson-boundary, i.e., it reproduces the harmonic functions in #%.

7. Continuous vs. discrete: examples

Below we discuss examples which illustrate features of network models and
the associated different energy spaces that arise.

7.1. Continuous models
ExamPLE 7.1. Consider the standard Sobolev space,

X' ={f:R — C|measurable, f e L? f eL?}, (7.1)

1
£ 12 =§</R|f|2+/w|f’|2), (72)

where f’in (7.1) denotes the weak-derivative of f.

with

(i) Then ! is a reproducing kernel Hilbert space (RKHS) consisting of
bounded continuous functions. The corresponding reproducing kernel is
given by K (x, y) = e W1,

(i) Moreover, ' is an algebra under pointwise product with || fg|lg1 <
Clifllgelgllser, Yf, g € ', for some constant C > 0.

PrOOE. See, e.g., [23].

The resistance distance in this case is
d(x,y) = Ky — Kyll5 =2(1 —e "), (7.3)

and

sup d(x,y) < 2.

x,yeR
Hence the resistance metric d in (7.3) is bounded on R, and the completion
of R with respect to d is the one-point compactification of R, but for discrete
models:
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7.2. Discrete models

Let G = (V, E, ¢) be a discrete weighted graph, with vertex-set V, edges FE,
and a fixed conductance function c. Let d = d,s be the resistance metric, and
we study the metric completion of G.

For functions on the Z-lattice L, := Z¢,d > 1; see Figure 2.1. Set

1
113, =5 e 0 = FOIP,

X~y

where x = (x1, x2, ..., x4) € Z%. (See also Example 1 after Definition 2.1,
i.e., the set of edges and the nearest neighbors, #N (x) = 2d, Vx € 7%.) Let
He ={fonz?| | flls, < oo}.

REMARK. In (7.5) and (7.6) below, we have two versions of the graph
Laplacian with different conductance functions; see Definition 2.3.

LEMMA 7.2. For all x € 7¢, we have the following: 3K = K, < 00 s.t.

|f(x) = fO)P? < K.l fl3, (seeTheorem 3.4.) (7.4)

Proor. Note that3!i s.t. |x; —y;| = 1,s0x; —y; = 0for j # i. The proof
of (7.4) is standard.

Set
(AHE) =Y e " N(f) = ), VS €He. (7.5)

y~x

ExamPLE 7.3. V = Z, E = nearest neighbor edges, i.e., forx € Z, N(x) =
{x £ 1}. Set

(ANHE) =Y (fE) =GN =2f(X) = fx—1) = flx+1).  (7.6)

y~x

As an operator on £2(V) (= £*(Z)), one checks that the spectrum of A is
continuous and equals the closed interval [0, 4]; so there is no gap in the bottom
of the spectrum. As a result, the inverse matrix A~! = K is unbounded. The
two 0o x oo matrices, A and K, are listed in Figure 7.1.

In detail, we have:

K = (K,,), Kiy,=xAy(=minimum), x,yé€/Z,

is the 0o x oo matrix with Z as row and column indices. The matrix inversion
formulas (see (9.7)—(9.9)) are sketched in Figure 7.1.
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The matrix A The matrix K
~N
e L QN S/
e i T e B e i M 1
0 0 [ W N, Rt Sy f R R R, R M
RIS S | L i S B N e R B
pt . 4131 2111 0 0 0 0 0 0
S0 -1 41 e : [ ! ! I N P
: e R R I R U U N R R T
- - —+— : > }74}73}72}71}0}1}\z¥277777g77277
- -1 0 0 4t-3t2opto b 2 T3 3 3
-1 -1 \74\73\72\71\0\1\2\3\\4\4 4
: =431 -2,-1,0,1 23,4 5 5
I_, 31 _ 1! I I I I ..
4l3lalo1to 234 s \6\
+ N N : : N N : : N N N N
(a) The oo x oo matrix A (see (7.6)). (b) The oo x oo Green’s function matrix K.
The number “2” in the diagonal. The integers Z down the diagonal.

FIGURE 7.1. Tllustration of the co x oo matrices (7.7)—(7.10), V = Z, nearest neighbors, unit
conductance. Note that both matrices are positive definite (p.d.) So both the matrix-Laplacian A,
and its inverse K, are p.d.; see also Lemma 2.8, and Corollary 9.5.

ExAmPLE 7.4. For d = 1, consider Z, (see Figure 7.2), and

e _ 1
P+ = 1 +‘€, P 1 +e
erfl e
x—1 X x+1

FIGURE 7.2. Z. conductance functionc, ¢, 41 = €*,x € Z,.

A function u on Z is harmonic if and only if I, := e*(u,4| — uy) is constant;
and

12
2 _ X _ 2 72 —x _ 1
lull%, = Ex e (Uyy1 —Uuy) =1, Ex et = S 1 < 00.
Fix 0 < x < y, then vy, = vy, (¢) — vx0(?), where
0, if0 <t <ux,

e, ift <y,

t
i<y Yooel, ifx <t <y,
Uyo(t) = y ) ) ny(t) =3 i=x+1
e, ift >y, Y S
; Y Yooet, ify<ttrezy
i=x+1
and y N .
e ¥ —e
dres(x7y): Z e :T;

i=x+1
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level; level, levels level, level,;
FIGURE 7.3. Binary tree with conductance.

and so di is clearly bounded.
But in this case the metric compactification is just the one-point compacti-
fication: x

e
dres(x, 00) = 1; xXelz,.

It follows, in these examples, that B = M \ V is a singleton; so M is the
one-point compactification.

ExAMPLE 7.5. Let V = the binary tree, see Figure 7.3. If a vertex x in the
tree is at level n, set c(x x+) = c4(n), ¢(x,x—) = c—(n). Then the arguments
from above show thatif ) - | f(n) < 00, then B := M\ V is a Cantor-space.

7.3. Bratteli diagrams

In our present paper, we considered networks as weighted graphs
G = (V, E, ¢), vertices, edges and a weight (conductance) function. A Brat-
teli diagram is a special case of this, but the weighting usually doesn’t refer to
a conductance, but rather some kind of counting. In detail, if G is a Bratteli
diagram, then its vertex set is stratified, by finite subsets V,,, called levels.
While V is infinite, the sets V,, are finite. Then the requirement on G to be a
Bratteli diagram is that the edges (lines in E’) connect vertices from V,, to those
at different levels; the nearest neighbor vertices are from level n — 1, and level
n + 1. See [9].

Related to our present results are more recent applications to symbolic
dynamics, see the papers in the bibliography, for example [21], and to measures
on infinite path spaces obtained from “infinite strings of edges” from the given
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Bratteli diagram. The papers [10] and [11] deal with the stationary case and
classification up to order isomorphism. The questions we consider here are
different as they do not restrict the focus to stationary diagrams; our present
results even apply to graphs G which are not Bratteli diagrams.

We should add that compactifications of Bratteli diagrams (including binary
trees) are studied in dynamics; see e.g., [1], [10], [12], [16], [21], [27], [28],
[29], [34].

LEMMA 7.6. If A = C — E as an 0o x 0o matrix, where C = diag(c(x))xey
and E consists of the off-diagonal terms, i.e., symmetric, cxy, > 0, then

A=(Ay)=C—-E (7.7)

where A,y is as in (2.9)~9.7), and we get the Green’s function K as follows:

K = (Ux’ vy)%[f7 (78)
the Green’s function of A satisfies
D Ak =6y, (7.9)
Z

and
A= -E)'=(1-CcTE)'c!
o0
= Z(C“E)"C—l =GpC!, (7.10)
n=0

where G p is the Green’s function of a Markov transition (see Figure 7.4). Note
that C~" is diagonal.

An example is (see Figures 7.4-7.5)

c(n) =c, +cpr1, cp>0. (7.11)

LemMmA 7.7. If (V, E, c) is constructed from a Bratteli diagram with levels
Vi, Va, ..., then the Green’s function K for A satisfies

K =GpC!,

where G p is the random-walk Green’s function associated with a £ Markov
random walk, see Figure 7.4.

For Bratteli diagrams, see e.g., [11], [10], [9], [19], [21]; and for random
walks, see e.g., [20].
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p-()  pr() p-3) pr(3) p-(n)  py(n)

0 1 2 3 4 n—1 n n+1

I @ @ pei=1)  p_(n+1)

FIGURE 7.4. Transition probabilities p(n),n =0, 1,2, ....

Vi V2 V3 Vi1 Vi Van

FIGURE 7.5. A Bratteli diagram, formula (7.11) with vertex-set V = {f}U V; UV, U ---
and transition between neighboring levels.

ProoF oF LEMMA 7.7 (sketch). Let (p_(n)) and (p(n)) be the transition
matrices:
(p—(n))xy: x € V,, y € V,_y, transition from vertex on V,, to V,,_y,

(p+())y;: y € Vi, 2 € Vyyy, transition from vertex on V,, to V4,

see Figure 7.6, with row/column index picked from vertices in the respective
levels.

FIGURE 7.6

The product of C~'E in (7.10) is then

(C -'E ) = Prob(transition from vertex x to vertex y in time m). (7.12)

xy

REMARK 7.8. Under the assumption in Theorem 5.11 and Theorem 6.2 one
may show that in fact B (see (6.2)) is Martin-boundary (see [33], [17]) for the
random walk on V defined by py, 1= cyy/c(x), (x,y) € E.
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ProoF (sketch). Let G p be the random-walk Green’s function from (7.10)
and Lemma 7.7. Set

KMarin(x, ¥) == Gp(x,y)/Gp(o, y).

Then the argument from Theorem 5.11 shows that Kypin(x, -) extends to B,
and that

) = [ ) Krtain (5,5 A4 )
B
holds forall h € Harm = #x N{h : Ah =0} = Hg N {h : Ph = h}.

ExAMPLE 7.9. For the transition matrix C"'E = P, computed with the
system in Figure 7.3 of transition probabilities, we get the following:

pii =0, piiv1=p+@) and p;; = p_(i), VielZ,
with the remaining matrix-entries zero. For the computation of the matrix
powers P, m =1, 2, .. ., we make the following simplification: p, (i) = p,
and p_(i) = p_.

Below we include a sample of matrix-entries for this binomial model.
Even powers of the transition-matrix P:

2m 2m
Pi?t"tli-Zk = < )PTLI(PT_I( and Pi?im—Zk = (m )pgn—_kpzﬁk’

m—k —k
where k =0,1,...,m.
0dd powers of the transition-matrix P:
2m + 1 _
Pi?t"ﬁj}i-Zk = < —k >p$+k+1prf ¢
and

2m + 1 _
Pi,tm—JEI—Zk = (m —k )pﬁ Eprrrl,

So for the co x co matrix Gp in (7.10) we get:

- 2m m+k _m—k
(Gpiivor = Z m— k)P P-

m=0

and

oo
2m + 1\ , m—
(Gpliitok+1 = Z ( )P++k+l mk,

o m—k
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As aresult, (7.10) yields an explicit formula for K; ; = (v;, v;)%,; see (7.10)
and (7.8).

THEOREM 7.10. The A-Green’s function K in (7.13) has an explicit (and
closed form) expression; for example, its diagonal entries are:

1
M ()T =4p (= pp)

1
when py # 3

Proor. The infinite sums used in computation of (G p);, ;, and therefore of
Ki;=(Gpij/c(j), (7.13)

can be computed with the use of generating functions for the associated bino-
mial coefficients. For example,

nd 1

m [ 2m )
E A = —, setting A := pyp_;
= m 1 —4A

and so we get

1
Gpij = —FF————; (7.14)
vI—4pip_
and therefore
1 .
Ki,i = = (vi’ vi)%g = res(07 l)’ (715)

c(i)/1 —4pi(1—py)
which is the desired conclusion.

Note that to get absolute convergence in these series the requirement on p_.
isthat py € (0,1/2)U(1/2, 1). (In this case, the resistance metric is bounded.
We have Zj 1/c(j) < 00.) The degenerate case is p. = p— = 1/2. However
the latter degenerate case can easily be computed by hand. It is the case of
constant conductance function, ¢; ;41 = 1.

For more details on this and related binomial models, see [2], [4], [7].

REMARK 7.11 (On general Bratteli diagrams). While the formulas (7.12)—
(7.15) are derived subject to rather restricting assumptions, an inspection of
the arguments shows that the ideas work for general Bratteli-diagrams; but
then with modifications, as we now explain.

Given a Bratteli diagram with vertex-set V = {#}U (U:ozl V,,), and vertices
V. corresponding to levels n = 1,2, ... (see Figure 7.6), we then have the
following transition matrices:

Jr
pT(M)yy, x €Vyy€Vyy and
{P_(n)x,z, xeV,zeV,,. (7.16)
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FIGURE 7.7. N-ary tree; the vertices at level n are denoted V,,, n =
0,1,..., Vo = {0}, the empty word.

Therefore, in computing transition-probabilities, Prob(x — y in 2m itera-
tions), we specialize to x € V,,, and y € V,»,,. Rather than the easy formulas
(,jf:k) P p™=* from the proof in Example 7.9, we now instead get a sum of
products of non-commutative matrices:

Pwlpwz"'szm

where w = (wy, w, ..., Wy,) is a finite word in the two-letter alphabet {+},
i.e., w; € {£}; but the estimates from before carry over; and we again arrive at
an expression for the Green’s function (G p)y ,, x, y € V, analogous to (7.12)—
(7.15).

ExampLE 7.12 (The N-ary tree). Fix N > 1. Letb € Ry, b > 1, be
fixed, and set c(n) := 0", x € V,, y € V,41; then (see 7.16), we have (see
Figure 7.7):

T (n) -
Py = T N
1
), = q
P =1 an

c(n), =b"'(1+ Nb)

wherex € V,, y € V11,2 € V1.

Generalizing (7.14), we get (Gp)x »» = (Nb+1)(Nb— D~ forallx, x’ e
Vs and des (@, %) = [(1 4+ Nb)b"']™"; and des (x, B) < 00.

One can show that, if #V| < #V, < ... (strictly increasing), then dim{ f :
Af =0} = oo0.
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8. The path-space Markov measure vs. the Poisson-measure on B
Here, we consider a class of models (V, E, ¢):
(i) B =M\ V, where M is the metric completion;
(i1) path space Q = {w = (wy) ] w; €V, (w;,wiy1) € E, Vi € N};
(ii1) set w;(w) = w; € V (vertex attime i), =0, 1,2, ..., and

Q= {w e Q | mo(w) =x};
(iv) set pxy = cxy/c(x), (x,y) € E;
(v) u™: Markov measure on €2,, x € V with transition
uM (cylinder) = pro, Poyw, - - - - 8.1

In more detail, a cylinder set C 2 is specified by a finite word (xx;x; ... x,)
of vertices such that (x, x;), (x1, x2), ... are edges (i.e., in E). Then set

Cixoox, = {a) e Q | mo(w) =x, mi(w) =x; 1 <i < n}.
Formula (8.1) then reads as follows:

/L,((M) (Cxxlxgu.xn) = DPxx; Pxixy + -+ Px,_1 Px,
The following is known, see e.g., [13], [15]:

LEMMA 8.1. There is a one-to-one correspondence between harmonic func-
tions h on V, on the one hand, and shift-invariant Ll—functions F on Q, on
the other. It is given as follows:

Let [ denote the expectation computed with respect to the Markov-measure

on Q. Then
hix)=E(F |mp=x), x€eV, (8.2)

is harmonic of finite energy iff there is a shift-invariant L'-function F on Q
such that (8.2) holds. (In (8.2), the symbol E(- | my = x) refers to conditional
expectation.)

PrOOFE. We use the formula (Ah)(x) = c(x)(h(x) — (Ph)(x)), x € V.
Also see [15].

DEeFINITION 8.2. (V, E, ¢, dy;) is of class A if

Jm dieg (74 (@), Te (@) = 0 (8.3)

for all w € 2, or in a subset of Q.
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REMARK 8.3. A large subset of Bratteli diagram will be of class A, i.e.,
that (8.3) holds; for example, if

> rn) < o0 (8.4)

n

where r(n) denotes the resistance V,, — V, | between vertices of level n and
level n + 1. So (8.4)==(8.3); but (8.3) holds much more generally.

ProrosiTiON 8.4. Assume (8.3). Then there is a well defined mapping:
Q-2 B, given by Q — (Cauchy — sequences) — (Cauchy — sequences/~),
o +—— V(w) = class(my(w), m1(w), m(w), ...) (8.5)

where ~ on Cauchy-sequences (xX) ~ (y) JLEN lim; , o0 dres (x;, yi) = 0.

THEOREM 8.5. Let (V, E, ¢), with pyy = cyy/c(x) and Markov measure
w™ and let W: Q — B be the mapping in (8.5) of Proposition 8.4. Then

(M ow oy (8.6)

constitutes the Poisson-measure on B in Theorem 6.2; i.e., if S € B(B), S C B
is a given Borel subset, then the measure in (8.6) is ™ (W ~1(S)).

X

PROOF (sketch). Set pu, := u™ o W', we then need to prove that

h(x) = / hdu, (8.7)
B

holds for all harmonic function & € g, i.e., ||kl < 0o, Ah =0 ( <
Ph = h), and where h € C(B) is the restriction to B of the extension from

V—M—B
h h hl

With this, we can check directly that p, satisfies (8.7), and so w, must be the
Poisson-measure by uniqueness.

9. Boundary and interpolation

THEOREM 9.1. Let V, E, ¢, A, dyes, # g, and B be as above. We pick a base-
point o € V, and dipoles v, = vy, such that vy (o) = 0, and we set

K(x,y) = (v, vy)a, = v (y) = vy (x), 9.1
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the Green’s function for A. Finally, set Q := Quam denote the projection of
Hg onto the subspace Harm = {h € g | Ah = 0}. Forx € V, let u, denote
the Poisson-measure.

Then we have the following interpolation/boundary formula:

F =Y K@ )@H) + f @B du ), (92)
B

yeVi{o}
valid for all f € g, andall x € V.
ProoF. From [3], [25], we have that the projection O+ = Iy, — Q is given

by
Q) =Y (A = Z ) @,1 (£ 9.3)

eV
M DlrdC notation

or equivalently,

@' Hm = > K@ »NANH(G). VxeV.

yeVi{o}

Since f = (Q* f)+(Qf) with Qf € Harm(C %), the desired formula (9.2)
follows from the Poisson-representation:

(0F)(x) = f (OF)(b) s (B).
B

We have used the following:

LEMMA 9.2. The operator A = Q+ in (9.3) indeed is a projection in ¥, i.e.,
A? = A = A* where the adjoint x is computed with respect to the Hg-inner
product.

PrOOF. We have A = ) |v,) (8|, and so

Zuvx VS D(vy) (8y]) = D (82, vy) 7, [v6) (8

X,y

= Zaxvm }8y] = Z v) (8] = A

But we also have for f, g € #, that

(f, Ag) Zf(x)(Ag)(x) Y (ANHK) gx) = (Af, &)te.

X

where we use Lemma 2.8(1), so A = A*.
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From this, we get the operator-norm ||A|l%, %, = 1. It is immediate
from (9.3) that Ah = O for all 4 € Harm, and further that A is projection onto
HE © Harm. Recall /¢ © Harm is the #-norm closure of {5, | x € V}.

REMARK 9.3. Note that the function K (-, -) from (9.1)—(9.2) is a Green’s
function of the Laplacian A. Recall A from Lemma 2.8 has the following
00 X 00 matrix-representation; see (2.9) & (9.7).

One checks from Lemma 2.8, that Green’s inversion then holds:

D AKG@Y) =8y, Y.y eV xV, (9.4)

zeV’

where K (-, -) in (9.4) is the 0o x oo matrix introduced in (9.1). So information
about the resistance metric results from an inversion of the matrix (A,,) in (2.9)
above.

COROLLARY 9.4. For every f € Jg with f(0) = 0, we have the following

representation:

IF12, = (f, Af>gz+/ 1G7 [ dpuMarkon, ©5)

Bwmarkov

where (f, Af)e = Y .oy F(X)(Af)(x), and where pMarkov) i the Markov
measure from Theorem 8.5.

PRrOOF. First, by Theorem 9.1 we have f = Q1 f + Qf as an orthogonal
splitting, relative to the #g-inner product. Hence

1£1I3, = 10" flZ, +1Qf 1%, (9.6)

For the first term in (9.6), we have
0% 1%, =(f. 0" fly,
=Y (AN f e, by (93)

=Y FE® (ANH@) = (f. Af)e.
For the second term in (9.6), we get, using Proposition 8.4 and Theorem 8.5,

”Qf”é{/E =/ }@7”}2du(Markov);

Bwmarkov

see also [6]. The desired conclusion (9.5) now follows.
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COROLLARY 9.5. The two 00 X 00 matrices

Axy = (8x,8y),,  (see (8)); 9.7

and
ny = <U)ﬁ vy)%g

are formal inverses; more precisely, for any x, y € V, the following oo x 0o
matrix-products, AK and K A are well defined; and

D Ak =6, (9.8)
zeV’

and
D KAy =6, 9.9)
zeV’

both hold. However, the operator theoretic interpretation of the two, (9.8) vs.
(9.9), is different.

PrOOF. See Lemma 7.6 and the discussion above. (Explicit formulas are
illustrated in Example 7.3 and Figure 7.1.)
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