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ON SOME TRIGONOMETRICAL POLYNOMIALS

MASAKO IZUMI and SHIN-ICHI IZUMI

1. Introduction.
Let ny,n,,. . .,n; be distinet integers in increasing order and let

k
M(k) = inf ( > cosnmx).
0SSR \mm=l

N. C. Ankeny and S. Chowla [1] have made the following conjecture:
For any K >0, there is an N such that M (k)< — K for any k>N and
for any sequence (n,,).
This was solved by M. and S. Uchiyama [4]. One of us [3] proved the
following

TaroREM 1. Let O<ax<}. Then
M) = —k*  for all sufficiently large k ,
if the number of solutions (1, j, k) of the equation
n+ 1y = ny, i<j<kzmn,
18 less than (1 — e)n®= for an &> 0.

Recently, S. Chowla [2] has proved the following theorem.

TeEOREM C. If n,=0(ml+), ¢>0, then

(1) lim sup(—M(K)[k?) > 0  for B<a,

k—>c0
oy being the root in the interval (0,1) of the equation in «:

3n/2
(2) f cosz-x~*dx = 0.
0

The value of «, ts 0.30844 ... .

The proof of Theorem C depends on a theorem of A. Selberg which is
stated and proved in [2], i.e.

Received December 6, 1966.



ON SOME TRIGONOMETRICAL POLYNOMIALS 39

TaeoreM S. If (a,,) is any sequence of non-negative numbers such that

k
(3) Sancosmx 20 forallzand all k20,

m=0
then the series

o <]
2 ay[m=*
m=1

converges for B <.

We can prove that the theorem does not hold for f =« (in Section 4).

2. Theorems.
In this paper we shall prove the following theorems.

TrrEorEM 1. Let (a,,) be a sequence of positive numbers such that

(o]
zlam/nml—ﬁ = oo forsomef 0=f<a,
M=

o being the root of the equation (2). Then, for any e> 0,

N
(4) min Y a, cosn,z < —(A(B)—¢)sy  for infinitely many N ,
0Szsn m=1
where
N
SN = Z Ay, 5
m=1
that s
1 N
(5) lim sup { — min (— S a, cosnmx)} 2 AB),
N-—>oo 0sz=n \SN m=1
where

8n/2

AB) = — ;! cosz -z Pdx-(1-0) (527—!)1‘3 >0.

In the particular case §=0, we get

Cororrary 1. If (a,,) is a positive sequence such that

(=]

Z am/nm = 00,
mm=1

then
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. . 1 X )
(6) lim sup { — min (-—- > ay, cosnmx) >,
N-—>oo 0<z<n SN m=1 37

If a,=1 and (n,) is an arithmetic sequence, then the left side of (6)
is 2/(3n). Therefore, (6), and then (5), is best possible.
If we take a,,=1/logm, then we get

CoroLLARY 2. If

oo

> 1/(n, logm) = oo,
m=2
then, for an ¢>0,
N 9 N
min ( > cosnmx) £ - (—— —8) for infinitely many N .
0szsn \me2 1087 3n logN

The final corollary of Theorem 1 is

CoROLLARY 3. If
o]
> 1/n,l P =00  for some f, 0=Zf<ax,
m=1
oy being the root of the equation (2), then

1 N
lim sup { — min (— > cosnmx)} > 0.

N->oo 0zn m=1

This contains Theorem C as a particular case.

For the proof of Theorem 1, we don’t use Theorem S, but the idea of
its proof is used. By our method we can give a slightly different proof of
Theorem S (see Section 4). Both of Theorem 1 and Theorem S are
easily derived from the identity (8) which is proved in the next section.
Furthermore, we can generalize Theorem S in the following form.

THEOREM 2. Let 0=f<wy. If (a,) is any sequence of non-negative
numbers, for which there are A and A such that

N
() A4>0, 0=<i<1-8, 3 a,cosmx 2z —AN? forall N,
m=1
then the series
o
2 Qy[mF
m=1

converges.
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If (7) holds and

Sp =01+ 0ay+...+a, 20  forallm,

then the series
oo

S o fmt-s

m=1
converges.
Theorem 2 does not hold for f=«, and Theorem S is the special case
2.=0 of Theorem 2.
As a corollary of Theorem 2, we get

COROLLARY 4. For any sequence (a,,) satisfying the condition (3), the

series
o0

2 splm*

m=1
converges, where

Sy = O+ A+ ... +a,.

3. Proof of Theorem 1.

For 0 <y, let B(B) be defined by
8n/2

Bp) = J cosz-xzFdx < 0.
Then

3n/2n;
cosn,,r

dx

8
- X
™ 3a/3nj41

If we put s;=37,_,a,, and suppose that

9 M(j) = min ( 2;: a,, cosnmx) z —0A4(B)s;

Oszsn \m=1
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for all j, 1<j<N, and for a §, 0<d <1, then (8) gives

N1 3n/2n; d 8n/2ny dx

Bp) 3 2252 —odp (2 3,,,2,,,.+1§+8N ] 7)
e g
- aB(ﬁ)E1 R : 1
50 3 2L,

since B(f)<0. This is a contradiction, by 0<d<1. Hence, for any
8, 0<d<1, there is a;, 1 £j £ N, such that the relation (9) does not hold.
By the divergence of the series
z a/m/nmlup >
m=1
M(j) < —0A(B)s
for infinitely many j and some §, 0<d <1, that is

lim sup {— M(N)/sy} 2 SA(p) -
N>

we have

Since 4 is any positive number <1, we get the required relation (5).

4. Proof of Theorems S and 2.
In the relation (8), we take n,,=m and suppose (7), then

¥ N 80 p i
) z f ( > ap, cosmx) — +
ma1 M = 31',2 G+ me=1 P
3n/2N
p N dz
+ f > a, cosmx) 7
0

m=1

3n/25 32N

fa“ Ze [ 5)

v
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N
,
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since 1—pf—1>0, where 4 denotes a positive constant different in dif-
ferent occurrences. Hence we have

N a, A 3w\ 1A cosx
<= (= —
mz.lml—ﬁ_l—ﬂ—l(.‘z) /( f dx) i

Thus, if a,,2 0 for all m, then

-]

2 aymi=*

Mme=1
converges.
If s, 2 0 for all m, then we have the identity

N-1
z 1 Sy
ml—ﬂ 2 °m (ml‘ﬂ  (m+ 1)1—3) T

m

where all terms on the righi; side are non-negative, and thus the series

oo
2 Smlm**

m=1
converges.
We shall prove that Theorem S (and hence Theorem 2) does not hold

for f=0u,. We put

k
a, = —inf 3 m™% cosmzx ,
kx m=1
a,=m* for mx1.
Then
k
> a,cosmxz =20 forallkand allx
m=0

(see [5, p. 191]), but the series

3 apfmin = 3 1m = co.

m=1 m=1

Finally we want to thank Prof. J.-P. Kahane for his kind advice and
the referee for his valuable remarks. Especially Theorem 1 was originally
stated in the less general form.
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