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THE COMPLEX MOMENT PROBLEM: DETERMINACY
AND EXTENDIBILITY

DARIUSZ CICHON, JAN STOCHEL and FRANCISZEK HUGON SZAFRANIEC

Abstract

Complex moment sequences are exactly those which admit positive definite extensions on the
integer lattice points of the upper diagonal half-plane. Here we prove that the aforesaid extension
is unique provided the complex moment sequence is determinate and its only representing measure
has no atom at 0. The question of converting the relation is posed as an open problem. A partial
solution to this problem is established when at least one of representing measures is supported in
a plane algebraic curve whose intersection with every straight line passing through 0 is at most
one point set. Further study concerns representing measures whose supports are Zariski dense in
C as well as complex moment sequences which are constant on a family of parallel “Diophantine
lines”. All this is supported by a bunch of illustrative examples.

There are two ways of approaching the complex moment problem (see [3];
for a recent survey of the complex moment problem see also [21]). One fol-
lowing an idea due to Marcel Riesz (for continuation see [13], [14], [15]) and
the other via positive definite extendibility (see [28], [9]). As is well-known,
positive definiteness is not sufficient for solving the complex moment problem
(see [20], [3]). The present paper carries on with the study of [28] which char-
acterizes solving the complex moment problem by extending a given sequence
defined on the integer lattice points of the first quarter to a positive definite
sequence on the lattice points of the upper diagonal half-plane. One may ex-
pect a relationship between the uniqueness of extending sequence on one hand
and the determinacy of the resulting moment sequence. This question leads to
quite a number of interesting thoughts which are exposed in this paper. Our
results, which are diverse in nature, are supported by elucidative examples and
lead eventually to an open problem discussed on the final pages of the paper.

1. Introduction

In this paper B (Z) stands for the o -algebra of all Borel subsets of a topological
Hausdorff space Z. All measures considered in this paper are positive. We
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always tacitly assume that integrands are absolutely integrable wherever they
appear. With the notation
f .
N oo {(m, n): m, n are integers such that m > 0, n > 0},

N &of {(m, n): m, n are integers such that m +n > 0},

we say that a sequence Y = {Vu.n}m,men C Cis a complex moment sequence
if there exists a Borel measure  on C such that

Yimon = / "Z"dp(z),  (m,n) e (1)
C

recall that R and C stand for the fields of all real and complex numbers,
respectively. We call the measure u a representing measure for the sequence p .
If win (1) is unique, then the sequence y is said to be determinate (this is one of
the three determinacy notions considered in [12]). As is easily seen, a necessary
condition for y to be a complex moment sequence is that y is positive definite
on I, that is

Z )\m,n)\p,qym+q,n+p 2 0
(m,n),(p,q)eN

for every sequence {Ap ,}um.men C C vanishing off a finite set. The above
positive definiteness condition is in general not sufficient. However, it turns out
that complex moment sequences are exactly those which admit positive definite
extensions on Y4 (see [28, Theorem 1]). More precisely, ¥ = {Vm.n}m.men C
C is a complex moment sequence if and only if there exists a sequence I' =
{Lnn}onmen, C Cwhichis positive definite on )i, that is

Z )"m,n)"p,q Fm+q,n+p = 0
(m,n),(p,q)eNs

for every sequence {A .} (m.nen, C C vanishing off a finite set, and which

extends p, that is
Fm,n = VYm,n» (m9 I’l) e .

Using the notation

PDE(y) & {I: T is a positive definite extension of y on I},

we can simply rewrite [28, Theorem 1] as follows.

THEOREM 1. A sequence y = {Vmntmmen C Cis a complex moment
sequence if and only if PDE(y) # @.
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The main question of this paper concerns a connection between the follow-
ing two statements:

(i) y is a determinate complex moment sequence on Jt,

(i) PDE(p) is a singleton.

According to Proposition 5, if y has a representing measure p such that
w({0}) > 0, then PDE(y) is infinite. We will show that (i) implies (ii) provided
the representing measure of y vanishes at {0} (see Theorem 6). The implica-
tion (ii) = (i) holds when y has a representing measure supported in a real
algebraic set belonging to a distinguished class of plane algebraic curves (see
Theorem 22 and Corollary 23). It is an open problem whether (ii) implies (i)
in full generality (see Section 6).

We recall that in view of [28, Prop. 6] asequence I' = {5, »}(m.nyen, C Cis

positive definite if and only if there exist two Borel measures j on C* &f C\ {0}
and v on T (the unit circle centered at the origin) such that

T = [ 2240 + o [ 27 00 mm €N @)
* T
where &6, = 1 if k = £ and &, = O otherwise. If (2) holds, we say that
(u, v) is a representing pair for I'. If such a pair is unique, then I' is called
determinate. Depending on circumstances, we will identify a Borel measure
w on C* with a Borel one on C vanishing on {0}.

In this paper the notation ¥ = {¥.n}m.nen Will be used interchangeably
with y: 9t — C; the same applies to I" and i .

2. Determinacy from extendibility

In this section we investigate the interplay between the determinacy of a com-
plex moment sequence y and special properties of the set PDE(y) including
those related to its cardinality.

As shown in Lemma 2 a representing measure for a complex moment se-
quence can be retrieved from a representing pair for its positive definite ex-
tension. Below, §, stands for the Dirac measure at a understood as the Borel
measure on C of total mass 1 at the pointa € C.

LEMMA 2. Suppose y is a complex moment sequence. Then the following
assertions hold:
(1) if (u, v) is a representing pair for some I' € PDE(y), then u + v(T)d
is a representing measure for y,
(1) if u is a representing measure for y and n({0}) = 0, then (1, 0) is a
representing pair for some I' € PDE(y).
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ProOF. (i) Since for every (m,n) € 9, the second term in (2) coincides
with the integral of 77" over C with respect to the measure v(T)dg, we get (i).

(i1) Since, by our assumption, the function C* > 7z — 777" € Cis
absolutely integrable for every (m,n) € Jt;, we can define the sequence
I = {1} .} mmen, by (2) with v = 0. Then I' € PDE(y) and (i, 0) is a
representing pair for I'.

From now on ¢ will denote the continuous function
e:T—>T, ¢z =z zeT. (3)

If y is a complex moment sequence, then an extension I' € PDE(y) is called
quasi-determinate if for any two representing pairs (i1, vy) and (u2, vp) for
I' we have

pi=pr and viop '=wmog,

1

where v; o ¢ 7" is the transport of the measure v; via ¢ given by

o9 N0 E v (0), oeBM), j=12 )

This notion appears to be very natural as the following result shows.
Now we are ready to clarify the role played by determinacy in the question of
uniqueness of positive definite extensions. This is in a sense the basic statement.

THEOREM 3. Let y: 0t — C be a complex moment sequence. Then the
following conditions are equivalent:
(1) y is determinate;

@i1) if (u1, v1) and (uy, vo) are representing pairs for I't, I, € PDE(y),
respectively, then 1] = Lo,

@ii) if (w1, v1) and (ua, v2) are representing pairs for I'l, I, € PDE(p),
respectively, then () = o and vi(T) = vo(T).

Moreover, if (1) holds, then every I' € PDE(y) is quasi-determinate.

PrOOF. (i) = (iii). The determinacy of y and Lemma 2 yield
pr+v1(Mdo = pa + v2(T)do.

By the definition of arepresenting pair for an element of PDE(y ), both measures
w1 and u, have no atom at 0. Hence, it follows that u; = @, and v (T) =
1% (—ﬂ—)

(iii) = (ii). Obvious.
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(i) = (i). Suppose that A; and X, are representing measures for y. Note
that the measures A and X, have the following unique decompositions

A =p1+18 and Ay = us + 1o, (5

where ©; and p, are Borel measures on C* and ¢, , are nonnegative real
numbers. Then one can verify that (i, #;6;) and (i, 8;) are representing
pairs forsome I'y, I, € PDE(p), respectively. It follows from (ii) that ;t; = o,
and thus

4 2350 — 1y (C) = yoo — (€, j=1,2,
which, by (5) again, implies that A, = A,.

To prove the “moreover” part, assume that (i) holds. Let (u;, v;) and
(u2, v2) be representing pairs for the same positive definite extension of y
on Yi.. Then, by (ii), £ = u,, and consequently, by (2) with m +n = 0, we
have
/ 22" dv(2) = / 2"dv(z), m=0,+1,42,....

T T

Applying the measure transport theorem yields

/zmdvlogo_l(z)=/z’”dv20(p_1(z), m=0,+1,+2,....
T T

Hence, by the determinacy of Herglotz moment problem (see Section 3), v; o

¢! =1, 0 ¢!, which completes the proof.

COROLLARY 4. Let y: N — C be a determinate complex moment sequence.
Then for every nonzero finite Borel measure v on T, there exists a unique triplet
(u, s, I') such that u is a Borel measure on C*, s is a nonnegative real number,
I' € PDE(y) and (u, sv) is a representing pair for I'.

PRrROOF. Let g be a representing measure for y. Set s = o({0})/v(T) and
=0 —o({0})do. It is easily seen that (i, sv) is a representing pair for some
I' € PDE(yp), cf. (2). The uniqueness is a direct consequence of Theorem 3.

One may illustrate Corollary 4 by considering particular choices, extreme
in a sense, of the measure v: v being the Lebesgue measure on T or with v
being the Dirac measure §; on T at 1.

PROPOSITION 5. Let y: 0t — C be a complex moment sequence which has
a representing measure | such that

w{0}) > 0. (6)

Then the cardinality of PDE(y) is equal to c.



268 D. CICHON, J. STOCHEL AND F. H. SZAFRANIEC

ProoOF. Seta = w({0}). Itis a simple matter to verify that the sequences I'y
and I; on ¥t defined via (2) by the pairs (u — @dp, @d1) and (u — ady, «d;),
respectively, are both in PDE(y); herei = +/—1. Then any convex combination
of It and I, is in PDE(y). Using (2) with m + n = 0, where m is odd, we
deduce that It # I';. As a consequence, the cardinality of PDE(y) is at least
¢. On the other hand, because PDE(y) C C*+ and the cardinality of C¥+ is c,
we conclude that the cardinality of PDE(y) is equal to c.

It is clear that in the case of a determinate complex moment sequence the
Zero may or may not be an atom of its representing measure and both instances
can occur (e.g., the sequences (1,0, 0, ...) and (1, 1, 1, .. .) are complex mo-
ment sequences with the representing measures §p and &, respectively). One
can ask whether the same is true for indeterminate complex moment sequences.
This question is answered in the affirmative in Section 3 (see Proposition 9
and the subsequent parts).

If y: 9t — Cis determinate complex moment sequence and j is its repres-
enting measure such that w({0}) = 0, then PDE(p) is a single point set, as the
following Theorem shows.

THEOREM 6. Let y be a complex sequence defined on 9i. Then the following
statements are equivalent:

(1) p is a determinate complex moment sequence with a representing meas-
ure | such that u({0}) = 0;

(i) PDE(y) = {I'} and I' has the property that | = [, whenever (i1, 0)
and (12, 0) are representing pairs for I';

(iii) PDE(y) = {I'} and T is determinate.
Moreover, if T is as in (iii), then (u, Q) is its representing pair, where [ is as
in (1).
ProOF. (i) = (iii) Note that PDE(y) # & because, by Lemma 2, (u, 0) is
a representing pair for some I' € PDE(y). Let (w1, v1) and (uo, v2) be rep-

resenting pairs for some extensions I't, I, € PDE(y), respectively. It follows
from Theorem 3 that ;; = w,. In turn, Lemma 2 yields

u= 1+ v1(MNd = p2 + v2(T)do,

which by our assumption n({0}) = 0 gives v;(T) = vo(T) = 0. Thus the pairs
(w1, vy) and (w3, v) are equal to (u, 0). As a consequence, PDE(y) = {I'},
the extension I' is determinate and (i, 0) is a representing pair for I.

(iii) = (ii) Obvious.

(i1) = (i) It follows from Theorem 1 that y is a complex moment sequence.
According to Proposition 5, if y is a representing measure for y, then ({0}) =
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0, and consequently, by Lemma 2, (i, 0) is a representing pair for I'. Hence,
by the property of I' assumed in (ii), the complex moment sequence y is
determinate. This completes the proof.

3. Special classes of complex moment sequences

In the previous section the question of the cardinality of PDE(y) was suc-
cessfully answered except for the case of an indeterminate complex moment
sequence y which has no representing measure with atom at 0. The question
arises as to whether such a y may exist. It is well-known that every indeterm-
inate Hamburger moment sequence has a representing measure with an atom
at 0 (see [22, Theorem 2.13]). It turns out that in the case of complex moment
sequences this does not have to be the case (see Example 12).

We begin by stating a well-known fact on supports of representing meas-
ures of a complex moment sequence having at least one representing measure
supported in a real algebraic set. In what follows, supp u stands for the closed
support of a finite Borel measure on a metric space (see [17, Theorem I1.2.1]).
In this paper, by “support” we always mean “closed support”. Recall that a set
A C Cis called a real algebraic set if A = &%, for some p € C[z, z], where

%, (€ Cp(z.2) =0}

and C|[z, z] stands as usual for the ring of all polynomials in two indeterminates
with complex coefficients.

PROPOSITION 7. If a complex moment sequence y has a representing meas-
ure supported in a real algebraic subset A of C, then all the other representing
measures for y are also supported in A.

ProoF. If A = &, where p € C[z, Z], 1 and i, are representing measures
for y and u is supported in A, then

/IP(Z,Z)IZduz(Z)Z/Ip(z,Z)Izdm(z)Z/ 1p(z, D)1*dui(z) =0,
C C A

which implies that > (C \ A) = 0. This completes the proof.

Necessary and sufficient conditions for a complex moment sequence to have
a representing measure supported in a given plane algebraic curve were given
in [25], [27]. Below we discuss the interplay between a linear Diophantine
relation imposed on indices of a complex moment sequence and supports of
its representing measures. Given integers k and £ such that £ > 0, a sequence
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Y = Vmantmmen C Cis called (k, £)-flat if the following condition holds

Yman = Ymw.w Whenever (m, n), (m’,n’) € N
and km + ¢n = km' + ¢n’. (7

Intuitively speaking, the (k, £)-flatness of y means that the sequence p is
constant on each “Diophantine line” {(m, n) € Z*:km + €n = c} withc € Z
(as usual Z stands for the set of all integers).

THEOREM 8. If ¥ = {Vm.n}on.men is a (k, £)-flat complex moment sequence
for some (k, £) and 1 is its representing measure, then one of the following
conditions holds:

(1) supp u C {0}UG, for someintegerr > 1, where G, = {z € C: 7" = 1};
(i) supppu C T;
(iii) suppu C R.
Moreover, if k # |€] (resp., k = —£, k = £), then the condition (i) (resp., (ii),
(ii1)) holds. If additionally k # |€| and £ < 0, then 0 ¢ supp .
Conversely, if y is a complex moment sequence with a representing measure
W satisfying one of the conditions (1)—(iii), then y is (k, €)-flat, where

1, 1), if (i) holds andr = 1,

k. 0) = (I r =1, lf(l) holds and r > 1, ®
(1,=1),  if (ii) holds,
(1, 1), if (iii) holds.

PrOOF. Assume that y is a (k, £)-flat complex moment sequence for some
(k, £) and p is its representing measure. In the case of k = £ = 0 the measure
0,001 is a (necessarily unique) representing measure for y. Hence, its support
satisfies the conditions (i)—(iii).

Suppose £ > 0. Note that the pairs (m, n) = (¢, £) and (m’, n") = (0, k+¥£)
satisfy (7). The same is true for the pairs (k + ¢, 0) and (k, k). Hence, by the
(k, £)-flatness of y, we have

/ 128 = 2" di2) = Yo — Vireo — Yorre + vik =0,
C

and so . '
suppu C %, with p(z,z) =z" — 7" )

If k # ¢, then the equality z° = z* implies that |z| = 1 for z # 0 and,
consequently, z¥+¢ = 1. This shows that %, \ {0} C Gi¢. Therefore,
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satisfies (i). In turn, if k = £, then p is (1, 1)-flat. Applying 9 tok =£ =1,
we see that supp u C Z, = R, which means that u obeys (iii).

Now consider the case £ < 0. Note that the pairs (m,n) = (k — £,k — £)
and (m’, n") = (k, —¢£) satisfy (7). The same is true for the pairs (—¢, k) and
(0, 0). Then the (k, £)-flatness of y implies that

./c 12725 = 117 dp(2) = Vet k-t — Y=tk — Vimt + Y0.0 =0,
which means that supp 4 C &, with p(z, z) = z7°zZF — 1. As a consequence,
%, C T, which shows that 1 satisfies (ii) (observe thatif z € &, andk+£ # 0,
then z € G|k+g|).

In the remaining case of £ = 0, which is analogous to that of k = 0,
satisfies the condition (ii) (in fact, supp u C Gy).

To prove the reverse implication, assume that p is a complex moment se-
quence with a representing measure p satisfying one the conditions (i)—(iii).
First, we consider the case (i), that is suppu C {0} U G, for some integer
r > 1. Then

r—1
Vi = €8m0+ Y @I n ) € 9,
j=0

where ¢ = u({0}) and a; = w{e*™ iy for j =0,...,r — 1.If r = 1, then
Yman = COmin.0 + ao for (m, n) € N, which means that y is (1, 1)-flat. This
covers the first choice in (8). It is a matter of routine to verify that if » > 1,
then y is (1, r — 1)-flat. This covers the second choice in (8). It is easily seen
that if (ii) holds, then

_no0, Iifm >n,
Vi = ! Vin=n.0 - (m,n) e N,

Yon—-m, Otherwise,
which implies that y,, , depends on m — n. This covers the third case in (8).

Finally, if (iii) holds, then ¥, , = Vmn.0 for all (m, n) € N, which covers the
fourth case in (8). This completes the proof.

We now proceed to complex moment sequences induced by Hamburger
moment sequences. We say that a sequence s = {s,,},>, C R is a Hamburger
moment sequence if there exists a Borel measure t on R such that

Sn :/x" dt(x), n=0; (10)
R

such a measure is called a representing measure for s. If T in (10) is unique,
then s is called a determinate Hamburger moment sequence.
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PROPOSITION 9. Let s = {s,}.2, be a sequence of real numbers. Define
Yy = {Vm,n}(m,n)e‘)? by

Ymn = Smin, (m,n) € N. (11)

Then for y given by (11) the following assertions hold:

(1) s is a Hamburger moment sequence if and only if y is a complex moment
sequence, or equivalently, if and only if y is a complex moment sequence
whose every representing measure is supported in R;

(i1) s is a determinate Hamburger moment sequence if and only if y is a
determinate complex moment sequence;

(iii) if's is an indeterminate Hamburger moment sequence and xy € R, then
Y is an indeterminate complex moment sequence which has infinitely
many representing measures [ such that u({xo}) > 0, moreover, the
cardinality of PDE(y) is equal to c.

PrOOF. (i) Suppose that s is a Hamburger moment sequence with a rep-
resenting measure 7. It is easily seen that the Borel measure o on C defined

by
u() =t(c NR), o e B(O), (12)

is a representing measure for y supported in R. Suppose now that y is a
complex moment sequence with a representing measure . Since y is (1, 1)-
flat, Theorem 8 implies that o is supported in R. As a consequence, § is a
Hamburger moment sequence with the representing measure t defined by

7(0) =0(0), o € B(R). (13)

The above argument concerning the support of o also establishes the second
equivalence in (i).

(i1) This is a direct consequence of (12) and (13) and the fact that each
representing measure for y is supported in R as shown in (i).

(iii) Suppose s is an indeterminate Hamburger moment sequence. Then,
by [22, Theorem 2.13] (see also [23, Theorem 5]), there exist two representing
measures 7y and t; of s such that tp({xo}) = 0 and 7;({x0}) > 0. Taking

convex combinations o at+(1—a)ry fora € (0, 1), we get representing
measures for s such that 7, ({xo}) > Oforall¢ € (0, 1]. Itis easily seen that the
corresponding representing measures (i, of p given by (12) have the property
that py ({x0}) > O for oo € (0, 1] and o # g forall o, B € (0, 1] such that
o # B. The “moreover” part follows from Proposition 5.

Regarding Proposition 9, one should provide an example of an indetermin-
ate Hamburger moment sequence. One of the possible choices is the famous
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example (et D/ 412, due to Stieltjes (see [24]). Below, we present a class of
indeterminate Hamburger moment sequences introduced recently in [8].

ExaMmpLE 10. Fix a nonzero complex function w on R of class €*° whose
support is compact and define the sequence {a;}> , by

a, = (—i)”/
R

This is an indeterminate Hamburger moment sequence with striking properties.
Namely, one can find continuum explicitly described representing measures
for {a?}°° , such that

d"w
dx”

xX)wkx)dx, n=0,1,2,...

e the support of each of them is in arithmetic progression,
o the supports of all these measures together partition R,
o all of them are of infinite order,

where the latter means that for any such measure t, the codimension of polyno-
mials in L?(7) is infinite. All these three conditions hold under the assumption
that the Fourier transform of @ does not vanish on R (such w always exists!).
Hence, for any xo € R, there exists a representing measure 7 of {a;)}7° , in the
above mentioned family such that t({x¢}) > O.

Instead of Hamburger moment sequences we may consider Herglotz mo-
ment sequences and the complex moment sequences induced by them. We say
that a sequence s = {s,}°° __ of complex numbers is a Herglotz (trigonomet-
ric) moment sequence if there exists a Borel measure ¢ on T such that

S =/z”dQ(z), n=0,+1,+2,...; (14)
T

such a measure is called a representing measure for s. Every Herglotz moment
sequence is determinate, that is the measure o in (14) is unique (see [ 1, Theorem
5.1.2]; see also [4, Theorem 1.7.2]). It is worth mentioning that a Herglotz
moment sequence § has the following Hermitian symmetry property:

Sy =5_, n=0,£1,£2,....

This means that such s is uniquely determined by its entries s, with n =
0,1,2,....

PROPOSITION 11. Let s = {s,}.2_ be a sequence of complex numbers.
Deﬁne Yy = {Vm,n}(m,n)e‘ﬁ by

Ymn = Sm—n> (m,n) € N.
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Then s is a Herglotz moment sequence if and only if y is a complex moment se-
quence. Moreover, if s is a Herglotz moment sequence, then y is a determinate
complex moment sequence whose unique representing measure is supported
in T, PDE(y) = {I'} and I is determinate.

Proor. If s is a Herglotz moment sequence with a representing measure o,
then p is a complex moment sequence with the representing measure p given

by
() =p(cNT), o eBO).

Suppose that p is a complex moment sequence with a representing measure v.
Since y is (1, —1)-flat, Theorem 8 ensures us that the support of v is contained
in T. Thus the Borel measure o on T given by

0(@) =v(o), o €B(),
is a representing measure for s. The “moreover” part follows from the determ-
inacy of Herglotz moment sequences, the fact that v({0}) = 0 and Theorem 6.

Regarding Proposition 5, we show that it may happen that a complex mo-
ment sequence is indeterminate and that none of its representing measures
satisfies (6).

ExampPLE 12. Consider an indeterminate Hamburger moment sequence s =
{s.152, (see e.g., Example 10). Let = be a representing measure for s. Define
the Borel measure 1 on C by

u)=1t((oc —1) NR), o e BO). (15)

Define the complex moment sequence ¥ = {Vin.n}m.nyen by

Vin.n =/Zm2" du(z), m,n>0.
C

It follows from (15) and the indeterminacy of s that y is indeterminate. By (15)
again, the measure u is supported in R +i. Since R +i = Z,, with p(z,2) =
7z — z — 2i, we infer from Proposition 7 that each representing measure for y
is supported in R 4 i, and consequently none of them satisfies (6).

4. Representing measures whose support is Zariski dense

Our goal in this section is to establish a wide class of complex moment se-
quences, each of which has the following properties:

1° it is indeterminate;

2° none of its representing measures has an atom at 0;
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3° all its representing measures have supports dense in C with respect to
the Zariski topology.

Let us recall that the Zariski topology on C consists of all the sets of the form
C\Z,, where p € C[z, z], and it satisfies the T separation axiom. We refer the
reader to [2], [5] for more information on the Zariski topology. The property 3°
means that the support of any representing measure for the complex moment
sequence under consideration is not contained in a proper real algebraic set
%,, as opposed to Example 12.

For a technical reason, it is much simpler to state and prove our result
in terms of two-dimensional Hamburger moment problem; afterwards we will
turn back to complex moment sequences. We say thata = {ay .}, ,—o C Risa
two-dimensional Hamburger moment sequence if there exists a Borel measure
o on R?, called a representing measure for a, such that

Am.n :/ x"y"do(x,y), m,n>0.
RZ

If such g is unique, a is called determinate.

We begin with recalling a known fact which is indispensable in this section.
For the reader’s convenience, we include its simple proof (see [18] for more
on this topic).

LEMMA 13. If @ = {amn},, ,—o is a two-dimensional Hamburger moment
sequence and @ its representing measure, then {a,, o},,_q (resp., {aon}oe ) is
a Hamburger moment sequence with the representing measure ¢ o 7, ! (resp.,
oom, ]), and

suppo o ;| = mi(suppe) (resp., suppo o, ' = m(suppo)), (16)
where 7;: R? — R, j = 1,2, are mappings given by

m(x,y) =xand my(x,y) =y for (x,y) € R2. 17

Proofr. The equalities in (16) follow from [26, Lemma 3.2]. Using the
measure transport theorem, we get

Amo = / x"do(x,y) = / x"dp o nl_l(x), m > 0.
R? R

A similar argument applies to {ag , }o .

The following shows that in some cases supports of representing measures
can be localized in non-algebraic subsets of C (cf. Proposition 7; see also
Proposition 25).
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PROPOSITION 14. Let @ = {ap.n};, ,—o be a two-dimensional Hamburger
moment sequence and o its representing measure. Then the following asser-
tions hold:

(i) if the set wi(supp ) (resp., mo(supp o)) is bounded, then {ay o}o_
(resp., {ao.n)ie ) is a determinate Hamburger moment sequence;

(i1) if {am,o},y—o (resp., {aon}ney) is a determinfzte Hamburger moment se-
quence, then for any representing measure Q for a,

supp 0 C mi(suppo) x R (resp., suppo C R x ma(suppe)), (18)

mi(supp @) = mi(suppo) (resp., ma(supp @) = ma(suppo)). (19)

ProoOF. By symmetry, it suffices to consider the case of {a o}5-

(i) If 7 (supp o) is bounded, then by Lemma 13 and (16) the Hamburger
moment sequence {a, o}, has a compactly supported representing measure
and as such is determinate (see [12, p. 50]).

(ii) Suppose {au 0}o is a determinate Hamburger moment sequence and
0 is a representing measure for a. By Lemma 13, 9 o 7‘[1_1 =po nl_l. This
together with (16) implies the first equality in (19). Set S = suppo o 7 L
Then the equality ¢ o 7, '=po T !yields

0=gom '(R\S)=0(R*\ (S xR)).

Since R? \ (S x R) is an open subset of R?, we see that suppp C S x R.
Combined with (16), this gives the first inclusion in (18).

‘We now turn to the main result of this section.

THEOREM 15. Let s = {s}5_ be a determinate Hamburger moment se-
quence such that its unique representing measure (L has infinite support and
w({0}) = 0, and let t = {t,},2, be an indeterminate Hamburger moment
sequence. Then the sequence s @ t = {(s & t)m.n},, ,—o defined by

(S ® t)m,n = Sply, m,n > 07

is a two-dimensional Hamburger moment sequence satisfying the conditions
1°, 2° and 3° of page 274 with R? in place of C.

ProoF. With no loss of generality, we can assume that 5 = 1. The inde-
terminacy of ¢ implies that

the support of any representing measure for ¢ is infinite. (20)
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It follows from the Fubini theorem that the mapping v — © ® v acts between
the set of all representing measures for £ and the set of all representing measures
for s ®¢, where  ® v stands for the product measure of  and v. Since u(R) #
0, the mapping is easily seen to be injective. Hence, by the indeterminacy of
t, the sequence s ® ¢ is indeterminate. This shows 1°.

. def .

For 2°, take any representing measure o for a = s ® t. Since a0 = Sp
for all integers m > 0 and s is determinate, we infer from Lemma 13 that
w=90om !, which implies that

0= pn({0}) = o({0} x R).

This yields 2°.
It remains to prove 3°. Take any representing measure v for ¢. It is a well-
known and easy to prove fact that

supp 4 ® v = supp i X supp v. (21)

Suppose that a polynomial p € Cl[x, y] vanishes on suppu ® v. We will
show that p = 0. Indeed, if x € supp u, then by (20) and (21), the polynomial
y = p(x, y) vanishes on an infinite subset of R, and consequently p(x, y) =0
for all x € suppu and y € R. Hence, for every y € R, the polynomial
x +— p(x,y) vanishes on an infinite subset of R, and thus p(x, y) = 0 for
all x € R. As a consequence, p = 0. Suppose, contrary to 3°, that there
exists a representing measure o for s ® ¢ such the Zariski closure of supp o
is a proper subset of R2. This means that there exists a nonzero polynomial
g € C[x, y] such that the measure o is supported in the real algebraic set
S = {(x,y) € R*:¢g(x,y) = 0}. Since Proposition 7 remains valid for the
two-dimensional Hamburger moment problem, we infer that any representing
measure for s ® ¢ must be supported in S. In particular, this should hold for
1 ® v, which is a contradiction. This yields 3° and completes the proof.

Now, we turn back to the complex case. Recall that there is a one-to-one
correspondence between the set of all two-dimensional Hamburger moment
sequences @ = {amn}, ,—o and the set of all complex moment sequences

Yy = {Vm,n}fno,nzo given by

Ymn = /2(x+1)7)m(x_1y)n dQ(x’ y) = Z O[]T,’[nak,e’ (mvn) S %a (22)
R k.£>0

m,n

where @ is a representing measure for @ and {«; ;" }75,_, (m, n) € N, are sys-
tems of complex numbers (each with finitely many nonzero entries) uniquely
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determined by the equations

(x +iy)"(x —iy)' = Z a,':f’l"xkye, x,y € R.
k.0

Moreover, the sets of all representing measures for a and the corresponding
y coincide. We refer the reader to [10, Appendix A] for more details. As a
consequence, if @ = s ® ¢, where s and ¢ are as in Theorem 15, then the
corresponding y satisfies the conditions 1°, 2° and 3° on page 274.

5. Representing measures on real algebraic sets

In contrast to the previous section, we will now focus on the complex moment
sequences having representing measures on real algebraic sets that are different
from C. The most satisfactory result establishes a one-to-one correspondence
between representing measures for a complex moment sequence and its posit-
ive definite extensions on 3t in the case when the mapping C* >z~ £ €T
restricted to the algebraic set in question is injective (see Theorem 22(v)). In
Example 24 we gather some classes of real algebraic sets meeting this re-
quirement. After examining the Witch of Agnesi (one of these examples) we
conclude that there is no complex moment counterpart of the partitioning prop-
erty of the family of N-extremal measures as in one-dimensional Hamburger
moment problem (see Proposition 26 and the discussion preceding it).

It is a well-known fact that a mapping f: X — Y between nonempty sets
X and Y is injective if and only if the mapping 2¥ 5 o0 — f~!(0) € 2% is
surjective. Following this, we say that a Borel mapping f: X — Y between
topological Hausdorff spaces X and Y (i.e., a mapping such that f~'(0) €
B(X) forall o € B(Y)) is Borel injective if the related inverse image mapping
BY) 30— f (o) € B(X) is surjective. Below, we show that the notions
of injectivity and Borel injectivity coincide for continuous mappings f defined
on o -compact topological Hausdorff spaces.

PROPOSITION 16. Let f: X — Y be a mapping between topological Haus-
dorff spaces X and Y. Then the following assertions hold:
(1) if f is Borel injective, then f is injective;
(11) if f is continuous and X is o-compact, then f is Borel injective if and

PrOOF. (i) Suppose that, contrary to our claim, f(x;) = f(x) for some
distinct points x; and x; of X. Then the singleton {x;} is closed and so there
exists o’ € B(Y) such that {x;} = f~!(¢’). However, x, € f~!(¢"), which is
a contradiction.
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(i1) Suppose f is continuous and X is o-compact. Clearly, f is a Borel
mapping. In view of (i), it suffices to prove the “if” part. Assume that f is
injective. First, we show that

if F is a closed subset of X, then f(F) € B(Y). (23)

Indeed, by o-compactness of X, there exists a sequence {K,};2, of compact
subsets of X such that X = UZ’;] K,. Since each K, N F is compact and
consequently, by the continuity of f, each f(K, N F) is compact, we see that

fF) = f(U K, N F) =JrK.nF) eB(Y),
n=1 n=1

which completes the proof of (23). Set
A ={o € B(X): f(o) e BY)}.

It follows from (23) that X € ./;. Since f is injective and f(X) € B(Y), we
deduce that X \ o € &/; whenever o € &/;. Clearly, | -, 0, € &/; whenever
{on}o2, C y. This means that .o/, is a o-subalgebra of B(X), which, by (23),
contains all the open subsets of X. Hence, «/; = B(X), thatis f (o) € B(Y)
for every 0 € B(X). To prove the Borel injectivity of f, take o € B(X).
Since @/ = B(X), we see that o’ =) f(o) € B(Y). By the injectivity of f,
we deduce that o = f~'(¢’), which completes the proof of Borel injectivity

of f.

REMARK 17. Note that in general injective (or even bijective) continuous
mappings between topological Hausdorff spaces may not be Borel injective.
Indeed, the mapping f: X — Y, where X is the real line equipped with the
discrete topology and Y is the real line equipped with the Euclidean topology,
defined by f(x) = x for x € X, is bijective and continuous, but not Borel
injective because B(Y) & 2% (see [19, Remarks 2.21]).

In this section we will focus on restrictions of the continuous mapping

2
:C =T, Y@= % = (é—|) , ze€C (24)

For a given Borel measure ¢ on C and a nonempty Borel subset Z of C*, we
denote by 1o (]7) ! the transport of the Borel measure Wz viay|z: Z —
T given by

def

(mo (¥l2)"H(0) = m((Wlz) "' (0), o B, (25)
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In the context of restrictions of ¥, Proposition 16 can be specified as follows.

COROLLARY 18. If Z is a o-compact subset of C such that 0 ¢ Z, then the

Proposition 16 enables us to formulate a geometric criterion for Borel in-
jectivity of restrictions of .

PROPOSITION 19. Let Z be a nonempty subset of C*. Then the mapping V|7
is injective if and only if the intersection of Z and any straight line passing
through the origin contains at most one point.

PRrOOF. Suppose the intersection of Z and any straight line passing through
the origin contains at most one point. Take z1, 7o € Z suchthaty(z) = ¥ (z2).
Note that there exist 7,7, € R, such that |t; — f;| < 7, z; = |z;|e? and
75 = |z2le'”. Since Z C C*, we see that e?" = %", which gives 1, = t,
or |[t; — tz] = m. In both cases z; and z, are points of a straight line passing
through the origin, so, by our assumption, z; = z,. This proves the injectivity
of ¥|z. The converse implication follows easily from the fact that ¥ is constant
on any straight line {re'’: € R} intersected with C*, where ¢ € [0, 7). This
completes the proof.

COROLLARY 20. Let Z C C* be a nonempty set. Suppose A is a subset of R
such that |ty — to| < w forallt;, tp € A, andr: A — (0, 00) is a function for
which the mapping ¢: A > t — r(t)e'" € Z is surjective. Then ¢ and |z
are injective.

Before formulating the main result of this section, we state a crucial lemma
which is in the spirit of quasi-determinacy (cf. Theorem 3).

LEMMA 21. If y: N — C is a complex moment sequence and (1, vy) and
(12, va) are representing pairs for some I' € PDE(y), then

proy ' +viop T = oy 07!, (26)

1

where ¢ and yr are given by (3) and (24), respectively, whereas v o ¢~ and

;o Y~ are Borel measures on T given by (4) and (25), respectively.

ProoF. It follows from the measure transport theorem that

(24)

/ 7 d D2 [ v d @
* (C*

=/Zmd(,uj01/f_l)(z), m=0,%+1,+2,..., j=1,2,
T
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and similarly

/sz_mdvj(z) :/zmd(vjogp_l)(z), m=0,%+1,42,..., j=1,2,
T T

which implies that

@

) g /Zmd(ujowl +viop @), m=0%1,4£2,..., j=12.
T

Hence, by the determinacy of the Herglotz moment problem (see Section 3),
the condition (26) holds. This completes the proof.

In what follows:

oY, o V|7, whenever p € C[z, z] is such that &, # @ and 0 ¢ Z),;

e M (y) stands for the set of all representing measures for a complex
moment sequence y on .

We are now in a position to prove the main result of this section.

THEOREM 22. Let p € Clz, z] be a polynomial such that &, # @ and
0 ¢ Z,. Assume that y: %t — C is a complex moment sequence which has a
representing measure supported in Z,. Then the following assertions hold.:

() if u € M(y), then suppu C Zp, T'(10) = {Tn.n (1) }n.nyen, € PDE(Y)
and (., 0) is a representing pair for I' (i), where

Lyn(u) =/ 7"7"du(z), (m,n) € N;

(1) if (i, v) is a representing pair for some I' € PDE(y), then u € M (y)
andv = 0;

(ii1) if (w1, 0) and (w2, 0) are representing pairs for some I' € PDE(y), then
pioy, ! =paoy, s 27)

(iv) if Z is a nonempty closed subset of %, such that |z is injective, then
the mapping Mz(y) > u —> I'(u) € PDE(y) is injective, where
Mz(y) ={n € M(y):suppu C Z};

(v) if ¥, is injective, then

o the mapping M(y) > u ——> I' () € PDE(y) is bijective,
e every I' € PDE(y) is determinate,
e PDE(y) is of cardinality continuum whenever y is indeterminate.
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ProoOF. (i) Suppose u € . (y). By Proposition 7, u is supported in Z,.
Since, by our assumption 0 ¢ Z,,, we deduce that I' (1) € PDE(y) and (u, 0)
is a representing pair for I' (i) (see Lemma 2).

(i1) Assume that (u, v) is a representing pair for some I' € PDE(yp). It
follows from Lemma 2 that u + v(T)8y € #(y), and consequently by (i) and
the assumption that 0 ¢ &, we have

V() = (u +v(Ndo) ({0} = 0.

This implies that v = 0 and thus, by (2), u € ().

(iii) Assume that (¢, 0) and (u,, 0) are representing pairs for some I' €
PDE(y). Then, by Lemma 21, u; o ¥ ' = us o ¥ ~'. By (i) and (ii), the
measures /1 and u, are supported in &Z,. Therefore, u; o Yl = wjoy, ! for
Jj = 1,2, which yields (27).

(iv) Assume that Z is a nonempty closed subset of &, such that v/| is
injective. Since Z is o-compact and 0 ¢ Z, we infer from Corollary 18 that
the mapping |7 is Borel injective. First note that by (i), I' (1) € PDE(y) for
every w € M(y). If wy, uo € Mz (y) are such that I'(u;) = I'(u3), then
by (i) and (iii), w1 o ¥, '= po v, ! Since the measures | and u, are
supported in Z, we deduce that uj o ¥, = ;0 (¥|z)~" for j = 1, 2. Hence,
w1 o (Wlz)~™! =y o (¥]z)~", which by the Borel injectivity of 1| leads to
11 = po. As a consequence, the mapping #z(y) > u —> I'(i) € PDE(y)
is injective.

(v) Assume that v, is injective. It follows from (i) and (iv) that the mapping
M(y) > u —> I'(u) € PDE(p) is injective. On the other hand, by (ii),
the second term in (2) must be zero whenever I' € PDE(y) and (u, v) is a
representing pair for I'. This yields the surjectivity of the mapping 4 (y) >
w +—> I'(n) € PDE(y). Therefore, it is a bijection. This together with (ii)
implies that every I' € PDE(y) is determinate. To prove the last assertion in
(v) assume that yp is indeterminate. Since the set .4 (y) is a convex subset of
the set of all Borel measures on C and .4 (y) is not a one point set, we see that
the cardinality of .4 (y) is at least continuum. Combined with the injectivity
of M(y) > u —> I'(u) € PDE(y), this implies that the set PDE(y) is of
cardinality at least c. Since PDE(y) C C¥+ and the cardinality of C¥+ is c, the
proof is complete.

CorOLLARY 23. Let p € Clz,z] be a polynomial such that %, # @,
0 ¢ &, and y, is injective. Suppose y: t — Cis a complex moment sequence
having a representing measure supported in &%,. If PDE(y) = {I'}, then y is
determinate.

Regarding assertion (v) of Theorem 22, it is advisable to know for which
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polynomials p, the mapping v, is injective. It is easily seen that the injectiv-
ity property of v, fails to hold for most plane algebraic curves, including
circles, ellipses, hyperbolas, parabolas, lemniscates, etc. However, we may
indicate several polynomials p for which v, is injective. For convenience, in
Example 24 below we use the two real variable description of real algebraic
sets.

ExAMPLE 24. The mapping v, is injective in any of the following cases:

(1) p(x,y) =ax +by —c, wherea, b, c € R,a?+b* > 0andc #0(a
straight line which does not contain the origin);

(2) p(x,y) = (y — yo)* —ax?*, where k is a nonnegative integer, £ > 2k is
an odd integer, a > 0 and yp > O (for k = 1 and ¢ = 3 this is a shifted
Neil’s semicubical parabola, cf. [6, p. 93], [16, p. 5));

(3) p(x,y) = y(x*>+a) —b, where a, b > 0 (a generalized Witch of Agnesi,
cf. [6, p. 94));

@) p(x,y) = (x —x0)> + ¥y (x — x0) — 2ay?, where a > 0 and xg > 0
(a shifted cissoid of Diocles, cf. [6, p. 95], [16, p. 5]);

3) p(x,y) = y'x* — a, where k is a nonnegative integer, £ is an odd
positive integer and a € R \ {0}.

The injectivity of y, will be deduced from Proposition 19 by verifying that
the intersection of Z,, and any straight line passing through the origin contains
at most one point.

The case (1) is obvious. Let p be as in (2). Then Z, is located in the
upper half-plane. The case of the line x = 0 is plain. Since the set Z, N {z €
C:Re(z) = 0} is the graph of a strictly increasing concave function on the
interval [0, co) whose value at O is positive, it intersects the line y = cx in
exactly one point whenever ¢ > 0. The case ¢ < 0 follows by the symmetry
of %, with respect to the reflection across the line x = 0.

Suppose p is as in (3). Then Z, is contained in the upper half-plane. The
case of the line x = 0 is trivial. Since the set Z, N {z € C:Re(z) > 0} is
the graph of a strictly decreasing positive function on the interval [0, 00), it
intersects the line y = cx in exactly one point whenever ¢ > 0. As above, the
case ¢ < 0 follows by the symmetry of &, with respect to the reflection across
the line x = 0.

Let p be as in (4). This time Z), is a subset of the right half-plane. Again,
the case of the line y = 0 is obvious. Since the set Z, N {z € C:Im(z) > 0} is
the graph of a strictly increasing convex function on the interval [xg, xo + 2a)
that vanishes at xy, it intersects the line y = cx in exactly one point whenever
¢ > 0. The case ¢ < 0 follows by the symmetry of &, with respect to the
reflection across the line y = 0.
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Finally, the case when p is as in (5) is straightforward.

Regarding Theorem 22(iv), we note that though in general the mapping
given by (24) is not injective on plane algebraic curves, it becomes such on
appropriately chosen parts of them, e.g., one branch of a hyperbola, an arc of
a parabola, etc. In turn, Proposition 7 which helps to localize the supports of
representing measures of a complex moment sequence on a real algebraic set
can be enforced with the help of Proposition 14 as follows (cf. Remark 28).

PROPOSITION 25. If ¥ = {¥Vu.n} m.nyen IS a complex moment sequence which
has a representing measure |4 supported in a real algebraic set Z such that
the set i (supp ) (resp., mo(supp w)) is bounded, then

suppit C ZN (m(supp nw) X [Ri) (resp., suppit C Z N ([R X 1 (supp i) ))
Sfor any representing measure i for y, where wy and 7w, are as in (17).

Proposition 25 can be applied e.g. to the Witch of Agnesi (see Exam-
ple 24(3)). We will show that for such a plane algebraic curve there is no
analogue of an N-extremal measure in the following sense. Recall that a rep-
resenting measure w of an indeterminate Hamburger moment sequence is said
to be N-extremal if complex polynomials are dense in L2(u). The supports of
N-extremal measures of an indeterminate Hamburger moment sequence have
remarkable properties, namely they are infinite, have no accumulation points
in R and form a partition of R (see [22, Theorem 2.13]; see also [23]). As
shown in Proposition 26 below, this is no longer true for supports of repres-
enting measures of a complex moment sequence provided at least one of them
is contained in the Witch of Agnesi and has no accumulation point therein. An
analogue of Proposition 26 can also be formulated and proved for a shifted
cissoid of Diocles (see Example 24(4)). We leave the details to the reader.

Below, for brevity, we write x,, /' 00 (resp., x,, ~\ 0) if {x,}52, is a strictly
increasing (resp., strictly decreasing) sequence in R which converges to co
(resp., 0).

PROPOSITION 26. Let Y = {Vi.n}im.n)en be a complex moment sequence with
a representing measure [ supported in %,, where p is as in Example 24(3).
Assume that supp  is infinite and has no accumulation points in Z,. Then
there exists a sequence {z,},>, C %, such that

(1) 0 < Re(zy) /o0,
(1) for any representing measure i of y,

ﬁ({zn» _Zn}) = /’L({Zna _Zn}) > 0, nz 1, (28)

supp it C {zp:n = 1} U {=Z,:n > 1} (29)
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PrROOF. Since supp w is infinite and has no accumulation points in &), one
can show that there exists a sequence {z,},>, C &, such that

0 < Re(z,) / oo, (30)
n{zn, =22} >0, n =1, (3D
suppu C {zp:n = 13U {=2z,:n > 1}. (32)

In fact, the set {z,:n > 1} U {—Z,:n > 1} is the smallest subset of &, that
contains supp u and is symmetric with respect to the reflection across the line
x = 0. It follows from (31) and (32) that

b
my(supp u) = {Im(z,):n > 1} C [0, 5]

Since, by (30), Im(z,) \, 0, we see that 7, (supp n) = {0} U {Im(z,):n > 1}.
This implies that

Z,N ([R X nz(supp,u)) ={z;:n>=21}U{-Zz,:n > 1}. (33)

Let 1 be any representing measure for . In view of (33) and Proposition 25,
the measure [ satisfies (29). It follows from Lemma 13 and Proposition 14
that ft o w5 "'=uo T, !, Since p and 1 are supported in &), and

%, Ny ' {Im(z))) = {20, —Za}, 121,

we conclude that (28) holds. This completes the proof.

REMARK 27. We conclude this section by examining Borel injectivity of 1,
after transformation by polynomial automorphism. For simplicity of presenta-
tion we treat C as R?. Let us consider a polynomial automorphism @: R? — R?
given by

Q(x,y)=(x,y+ f(x), x,y€eR,

where f € R[x] (see [11] for fundamentals of the theory of polynomial auto-
morphisms). Clearly, the inverse of @ is given by

?7 ', y) =, y—-f&x), x,yeR

Though polynomial automorphisms preserve many properties of moment se-
quences (see e.g., [28, Sec. 21] or [7, Proposition 46]), they fail to preserve in-
jectivity of v,,. Indeed, if p(x, y) = y—1forx, y € R, then v, is injective (see
Example 24(1)). Note that @ (%)) = Z,.¢-1 and po®l(x,y) =y—f(x)—1
forx,y € R.Let f(x) = x*forx € R. Then ®(Z,) isthe parabolay = x>+1,
which means that v/,,.¢-1 is not injective.
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6. An open problem

The following question, partially answered in Theorem 6 and Corollary 23,
needs to be solved in full generality.

QUESTION. Assume that y: 9t — C is a complex moment sequence such
that PDE(y) = {I'}. Does it follow that y is determinate?

In view of this question itis legitimate to make sure that none of the examples
given in this paper solves it in the negative.

REMARK 28. The sequence y from Example 12 is indeterminate and, by
Theorem 22(v) and Example 24(1), the set PDE(p) is infinite.

We will show that the same conclusion holds for the indeterminate com-
plex moment sequence ¥ = {V.n}(m.nen coming from the two-dimensional
Hamburger moment sequence s ® ¢ appearing in Theorem 15 if

d < supsuppp € (0,00) and  suppu C [0, d], (34

where p is as in Theorem 15. The following argument can be applied to the
case when supp w is any compact set, but the assumption (34) allows us to
avoid some technical details. In our settings, the complex moment sequence
y is defined by (cf. (22))

yﬂ’hl’l:/ (x‘i‘ly)m(x_l)’)ndé?(xv)’), m9n‘>07
R2

where g is any representing measure for s ®¢. The definition of y is independent
of the choice of o, and, after identifying C with R?, representing measures of
s ®t and y coincide (see [10, Appendix A]). We will indicate two representing
measures 9 and @, for y (equivalently for s ® ¢) such that

010y # ooyl (35)
For this, we first observe that if A C (0, &) is an open interval and

E, déf{:l:rei’:r > 0,1t e Al

then )
Ex=vy"'({e*":1 € A)). (36)

Next, we notice that it is possible to find two representing measures v; and v,
for ¢t for which there exist by, b, € R such that

by >b; >0, by esuppv; and v((0, b)) = 0. (37
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Indeed, this is always true for any two distinct N-extremal measures of #
having atoms in (0, co) (up to rearrangement), because supports of N-extremal
measures of ¢ form the partition of R and each of them has no accumulation
points in R (see [22, Theorem 2.13]). Set o) = © ® v; and 0, = u ® v,. Then
oi1and g; are representing measures for y (see the proof of Proposition 15).
Moreover, by (34), (37) and 1 ({0}) = 0, we have

02(£2) =0, (38)
where
2 = ((—00,0] x R) U ([0, d] x (0, b)) U ((d, o0) x R),

and
(d, by) € supp i X supp v; = supp Q- 39)

Plainly, we can choose a set E,, where A C (0, ) is an open interval, so
that Eo C £2 and (d, by) € E 4. This combined with (38), (39) and the fact
that E, is an open neighbourhood of (d, b;) implies that o;(E,) = 0 and
01(E4) > 0. Hence, by (36), we get (35). Since, by Theorem 15, none of
representing measures of y has an atom at 0, we infer from Lemma 2(ii) that
(01, 0) and (o3, 0) are representing pairs for some extensions in PDE(y). It
follows from Lemma 21 and (35) that they cannot be representing pairs for the
same I' € PDE(y). This implies that the set PDE(y) is infinite (see the proof
of Proposition 5).

ACKNOWLEDGEMENTS. The authors are grateful to the referee for sugges-
tions that helped to improve the final version of the paper.

REFERENCES

1. Akhiezer, N. I, The classical moment problem and some related questions in analysis, Trans-
lated by N. Kemmer, Hafner Publishing Co., New York, 1965.

2. Benedetti, R. and Risler, J.-J., Real algebraic and semi-algebraic sets, Actualités Math-
ématiques, Hermann, Paris, 1990.

3. Berg, C., Christensen, J. P. R., and Ressel, P., Harmonic analysis on semigroups: theory of
positive definite and related functions, Graduate Texts in Mathematics, vol. 100, Springer-
Verlag, New York, 1984.

4. Bisgaard, T. M. and Sasvari, Z., Characteristic functions and moment sequences: positive
definiteness in probability, Nova Science Publishers, Inc., Huntington, NY, 2000.

5. Bochnak, J., Coste, M., and Roy, M.-F., Real algebraic geometry, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), vol. 36, Springer-Verlag, Berlin, 1998.

6. Bronshtein, I. N., Semendyayev, K. A., Musiol, G., and Muehlig, H., Handbook of mathem-
atics, fifth ed., Springer, Berlin, 2007.



288 D. CICHON, J. STOCHEL AND F. H. SZAFRANIEC

7.

10.

11.

12.

13.

14.

16.
17.

18.

19.
20.

21.

22.

23.

24.

25.
26.

217.

28.

Cichon, D., Stochel, J., and Szafraniec, F. H., Three term recurrence relation modulo ideal and
orthogonality of polynomials of several variables, J. Approx. Theory 134 (2005), no. 1,
11-64.

Cichoni, D., Stochel, J., and Szafraniec, F. H., Naimark extensions for indeterminacy in the
moment problem. An example, Indiana Univ. Math. J. 59 (2010), no. 6, 1947-1970.

Cichon, D., Stochel, J., and Szafraniec, F. H., Extending positive definiteness, Trans. Amer.
Math. Soc. 363 (2011), no. 1, 545-577.

Cichon, D., Stochel, J., and Szafraniec, F. H., Riesz-Haviland criterion for incomplete data,
J. Math. Anal. Appl. 380 (2011), no. 1, 94-104.

van den Essen, A., Polynomial automorphisms and the Jacobian conjecture, Progress in
Mathematics, vol. 190, Birkhéuser Verlag, Basel, 2000.

Fuglede, B., The multidimensional moment problem, Exposition. Math. 1 (1983), no. 1, 47—
65.

Haviland, E. K., On the Momentum Problem for Distribution Functions in More than One
Dimension, Amer. J. Math. 57 (1935), no. 3, 562-568.

Haviland, E. K., On the Momentum Problem for Distribution Functions in More Than One
Dimension. II, Amer. J. Math. 58 (1936), no. 1, 164-168.

. Kilpi, Y., Uber das komplexe Momentenproblem, Ann. Acad. Sci. Fenn. Ser. A. 1. no. 236

(1957), 32.

Kunz, E., Introduction to plane algebraic curves, Birkhduser Boston, Inc., Boston, MA, 2005.

Parthasarathy, K. R., Probability measures on metric spaces, Probability and Mathematical
Statistics, No. 3, Academic Press, Inc., New York-London, 1967.

Petersen, L. C., On the relation between the multidimensional moment problem and the one-
dimensional moment problem, Math. Scand. 51 (1982), no. 2, 361-366.

Rudin, W., Real and complex analysis, third ed., McGraw-Hill Book Co., New York, 1987.

Schmiidgen, K., An example of a positive polynomial which is not a sum of squares of polyno-
mials. A positive, but not strongly positive functional, Math. Nachr. 88 (1979), 385-390.

Schmiidgen, K., The moment problem, Graduate Texts in Mathematics, vol. 277, Springer,
Cham, 2017.

Shohat, J. A. and Tamarkin, J. D., The Problem of Moments, American Mathematical Society
Mathematical surveys, vol. I, American Mathematical Society, New York, 1943.

Simon, B., The classical moment problem as a self-adjoint finite difference operator, Adv.
Math. 137 (1998), no. 1, 82-203.

Stieltjes, T.-J., Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse Sci. Math.
Sci. Phys. 8 (1894), no. 4, J1-J122.

Stochel, J., Moment functions on real algebraic sets, Ark. Mat. 30 (1992), no. 1, 133-148.

Stochel, J. and Stochel, J. B., On the «th root of a Stieltjes moment sequence, J. Math. Anal.
Appl. 396 (2012), no. 2, 786-800.

Stochel, J. and Szafraniec, F. H., Algebraic operators and moments on algebraic sets, Portugal.
Math. 51 (1994), no. 1, 25-45.

Stochel, J. and Szafraniec, F. H., The complex moment problem and subnormality: a polar
decomposition approach, J. Funct. Anal. 159 (1998), no. 2, 432-491.

WYDZIAL MATEMATYKI I INFORMATYKI

UNIWERSYTET JAGIELLONSKI

UL. LOJASIEWICZA 6

PL-30348 KRAKOW

E-mail: Dariusz.Cichon@im.uj.edu.pl, Jan.Stochel @im.uj.edu.pl, umszafra@cyfronet.pl



