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HARDY INEQUALITIES FOR LANDAU
HAMILTONIAN AND FOR BAOUENDI-GRUSHIN
OPERATOR WITH AHARONOV-BOHM TYPE
MAGNETIC FIELD. PART I

ARI LAPTEV, MICHAEL RUZHANSKY and NURGISSA YESSIRKEGENOV

Abstract

In this paper we prove the Hardy inequalities for the quadratic form of the Laplacian with the
Landau Hamiltonian type magnetic field. Moreover, we obtain a Poincaré type inequality and
inequalities with more general families of weights. Furthermore, we establish weighted Hardy
inequalities for the quadratic form of the magnetic Baouendi-Grushin operator for the magnetic
field of Aharonov-Bohm type. For these, we show refinements of the known Hardy inequalities
for the Baouendi-Grushin operator involving radial derivatives in some of the variables. The
corresponding uncertainty type principles are also obtained.

1. Introduction

The purpose of this paper is to prove the weighted Hardy inequality for the
quadratic form of the Landau Hamiltonian type and for the magnetic Baouendi-
Grushin operator with Aharonov-Bohm type magnetic field. In Part II of this
paper we investigate and present the corresponding Caffarelli-Kohn-Nirenberg
inequalities for the Landau Hamiltonian and for the Baouendi-Grushin oper-
ator, with and without magnetic fields.

The classical Hardy inequality for functions f € Cg°(R" \ {0}) is

—_9\2 2
/IVf(w)lzdwz(n22> / |f|i;u|2| dw, n>3, (1)

where the constant ((n — 2)/2)? is sharp but not attained. There exists a large
literature concerning different versions of Hardy’s inequalities and their ap-
plications. However, since we are interested in the inequalities associated with
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the Landau Hamiltonian and with the Baouendi-Grushin operator, let us only
recall known results in these directions.

1.1. Baouendi-Grushin operator

The Hardy inequality (1) has been generalised for Baouendi-Grushin vector
fields by Garofalo [10],

5 IV fI? + x|V, fI*dx dy

=\ 2 ) L\ s a+pnre e

wherex € R™,y e R, withn =m+k,m,k>1,y >0, 0 =m+(1+y)k
and f € CP(R™ x R¥\ {(0,0)}). Here, V, f and V, f are the gradients of
f in the variables x and y, respectively. The inequality (2) recovers (1) when
y =0.

Let us put this result in perspective. Let z = (x, ..., Xm, Y1, ..., Vk) =
(x,y) € R" x RFwithk,m > 1,k +m = n and y > 0. Let us consider the
vector fields

. 0 .
i=1,...,m, Yi=xI"—, j=1,... k.

X; ,
ay;

ax,’ ’

The corresponding sub-elliptic gradient, which is the n-dimensional vector
field, is then defined as

Vy = (Xla'“aXWHYla'-'aYk):(an|x|yvy)~ (3)

The Baouendi-Grushin operator on R”** is defined by
m k
Ay = ZXIZ + ZYJ’Z = A+ Ay =V, -V,
i=1 j=1

where A, and A are the Laplace operators in the variables x € R" and y € R¥,
respectively. The Baouendi-Grushin operator for an even positive integer y is
a sum of squares of C* vector fields satisfying the Hormander condition

rank Lie[ Xy, ..., X, Y1, ..., Yl =n.
We can define on R”** the anisotropic dilation attached to A, as

8, (x,y) = (Ax, A7 y)



HARDY INEQUALITIES FOR MAGNETIC OPERATORS 241

for A > 0, and the homogeneous dimension with respect to this dilation is
O=m+ 1+ yk. @)
A change of variables formula for the Lebesgue measure implies that
dod,(x,y)=21%dxdy.
It is easy to check that
Xi(5) = 20 (Xi),  Yi(8,) = A8, (Y)),

and hence
Vy o (SA = )uSkVy.

Let p(z) be the corresponding distance function from the origin for z =
(x,y) € R" x Rk:

p=p@) = (x4 (L )y e, )

By a direct calculation one obtains

xy
9,01 = EL. ©)

pY
The described setup may be thought of as a special case of the setting of
homogeneous groups, see e.g. [8].
The weighted L?”-versions of (2) have been obtained by D’ Ambrosio [5]: let
Q CR"beanopenset. Let p > 1,k,m > 1,a, B € R be such that m + (1 +
y)k > a—pBandm > yp—pB.Thenforevery f € D)l,’p(SZ, |x|B=vp pHyIp—ary,
we have

_ p B
/ |Vyf|p|x|ﬂfypp(l+y)pfa dxdy > (M) / | 17 |xL dxdy,
Q p Q Y
(7

where D,l,’p (2, w) denotes the closure of C3°(£2) in the norm

1/p
(/ |Vyf|pwdzdy)
Q

for w € L}, () withw > 0 a.e. on Q.
If 0 € €, then the constant (w)p in (7) is sharp. The inequality (7)
has also been established in [15], and in [26] for 2 = R" with sharp constant.
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Moreover, in [26], a Hardy-Rellich type inequality for the Baouendi-Grushin
operator is obtained in L? with sharp constant:

O—a—2 2 o _
(T IV, f170* / 1A, fI20“ T2V, p| 72,
[Rn

where p > 1,22 <o < Q0 —2and f € C(R"\ {O}).

The inequalities of this type have been also studied for some sub-elliptic
operators of different types (see e.g. [10], [11], [6], [5], [18], [14] and [7]). For
Hardy and Caffarelli-Kohn-Nirenberg inequalities on more general homogen-
eous Carnot groups and the literature review including the Heisenberg group
we refer to [23], [21], for the anisotropic versions of the usual L? and L?
Cafarelli-Kohn-Nirenberg inequalities we refer to [20] and [19], respectively,
and for Hardy inequalities for more general sums of squares of vector fields
we refer to [22].

Here we obtain the following refinement of Hardy inequalities for the
Baouendi-Grushin operator:

WEIGHTED REFINED HARDY INEQUALITIES FOR GRUSHIN OPERATORS. Let
(x,y) =15+« oy Xy Y1y -5 Vi) € R™ X R¥ withk,m > 1, k +m = n. Let
O+o; —2>0and m+ yay > 0. Then we have the following Hardy type
inequality for all complex-valued functions f € C3°(R" \ {0}):

PV, I"‘Z(
/" d|x|

0 +a —2\° o o [Vy0l?
z(T‘ pwymz; |f12dxdy, (8)

+ IXIZVIvaIZ) dxdy

where the constant ((Q + a1 — 2)/2)? is sharp.

Already in the absence of weights, i.e. for ¢y = ay = 0, the estimate (8)
is new. The obtained family of inequalities extends the known case of k = 0
when one has the classical Hardy inequality (1), and the case of m = 0 when
one has the radial version established in [13], see also [17] (always for y = 0).
We note that since we can estimate !Lﬁ f | < |V, f|, inequality (8) also gives
a refinement to the inequality (7) for p = 2.

The estimate (8), in addition to its own interest, will play an important role
in the derivation of estimates for magnetic operators.

1.2. Magnetic Baouendi-Grushin operator

n [16] and [4], Hardy inequalities for some magnetic forms were obtained.
For example, in [4] for the quadratic form of the following magnetic Grushin
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operator ,
Gy = —(Vg + i),

the following Hardy inequality for —% <B< % was proved:

2
/I(Vc+iﬁﬂo)f|2dzdtz(l+ﬁ2)/ B dzdr,  ©)
[R3 [R3

where

d,d 0d.d 0,d d,d
ﬂo=<ﬂ1,ﬂz,%,ﬂ4>=(— Y d d )

FEE) ) _2 I -
a4 a T
Vi = (8, dy, 2x9;, 2y9;) with z = (x, y), |z| = /x* + y%, B € Ris a “flux”
and d(z,t) = (|z|* 4+ 1?)!/* is the Kaplan distance.

The following results extend the estimate (9). While the most physical
setting is y € R!, we can obtain the results for any y € RX.

HARDY INEQUALITY FOR THE MAGNETIC BAOUENDI-GRUSHIN OPERATOR.
Let (x,y) = (x1, %2, y) € R2x R¥. Letay, a2, B € R be such that a; +k(y +
1) > 0,00y +2 > 0and —1/2 < B < 1/2. Let us define the Aharonov-Bohm
type magnetic field

J:( dp O p X[V Vyp ﬂvyp)

o e V2 e V2o

and the corresponding gradient

»Vv_<8 0 |)c|)’V |x|VV)
YT \ox o 2 U V2 )
Then for any complex-valued function f € C{° (R2+*\ {0}), we have the follow-
ing weighted Hardy inequality for the magnetic Baouendi-Grushin operator:

[ oG\, + 7)1 dx

o +k(y +1) 2 2 R T=dT:2) |x[*Y 2
Z((f +8 /RMPIW;/M Wlfl dxdy,

where the constant ((W)2 + ﬂz) is sharp (so that the constant in (9) is
actually also sharp).

UNCERTAINTY TYPE PRINCIPLE. Let (x,y) = (x1,x2,y) € R?> x RF. Let
o, 0, B € Rbesuchthatay +k(y+1) >0,y +2 > 0and —1/2 < B8 <
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1/2. Then for any complex-valued function f € C§° (R¥4\ {0}), we have

|02, 0| 2(V + B ) £ ] o oo I f 2oy

ar +k(y +1) ? 2 2 wple ez Xl
> ((f + 8 [RMP |Vy,0| W|f| dxdy.

MAGNETIC BAOUENDI-GRUSHIN OPERATOR WITH CONSTANT MAGNETIC
FIELD. In Remark 3.9, we also give inequalities for the magnetic Baouendi-
Grushin operator on C* with the constant magnetic field

n

Lo =Y (0 +1500) + ({12178, + v, ().

j=1

1.3. Landau Hamiltonian

Let us recall that the Landau Hamiltonian (or the twisted Laplacian) on C" is

defined as
n . 1 2 . 1 2
Qg/p = Z[(laxj + Ey]) + (layj — E)C]> ]
j=1
Setting | |
X; =0, - 5iy; and Y, =d, + 3%
we have

I == X+,
j=1

The twisted Laplacian can be also written as £ = —A + }L(Ix 1> +1y1%) +iN,
where

N = Z(yjax,- — X;dy;)
=1

is the rotation field. Let V¢ be the gradient operator associated with #:
Vof =Xifooo s Xa Vi Yo f).
Let W;f’z((C”) be the Sobolev space defined by

WyA(CY = {f e LA(C) : X; f, Y, f € LX(C"), 1 < j <n}. (10)
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In the recent paper [2], a version of the Hardy inequality for the twisted
Laplacian with Landau Hamiltonian magnetic field was established for real-
valued functions f € W;[’z((C"), namely, the inequality

1
— | IfPo@dz< | |Vefl*dz,
4 (Cn (Cn

with the weight B VoER 2P
R 4"
where [ is a fundamental solution to the twisted Laplacian on C".

In this paper we obtain the versions of Hardy inequalities for the Landau
Hamiltonian for both complex-valued and real-valued functions.

In fact, we obtain results for operators £, of the form

(z)

n

Ly = Y| (i0, +w(12Dy) + (id, — w(1zDx)’]

j=1

where 1/ (|z]) is a radial real-valued differentiable function satisfying some
conditions, and z = (x, y). Setting

X; =8, —iy(zDy; and ¥; =d, +iv(z])x;,

we write —~ v . . .
Vo, f=Xifo oo, Xa £ Vi fo o Yo f).
As usual, we will identify C = R?.

HARDY INEQUALITIES FOR THE LANDAU-HAMILTONIAN j v. Let Yy =
¥ (|z]) be a radial real-valued function such that € L% _(C\ {0}) with

loc

[y (r)lr* < 3, Vr e (0,00). (11)

Then we have the following inequalities:
(1) HARDY-SOBOLEV INEQUALITY. For any 6 € R\ {0} we have

7o £|? 2 2
Vo f] dz_ef/ P ¥D
C

=z
C |Z|291 |Z|261+2 C |Z|261—2

for all complex-valued functions f € C°(R*\ {0}).
(i1)) LOGARITHMIC HARDY INEQUALITY. We have

| fI*dz,

—_~ 1
/|ng|2|10gIZI|2dz—Z/ |f|2dz2/vf(lzl)zlzlzilog|z||2|f|2dz,
(@ C C

for all complex-valued functions f € Cé’o([R2 \ {0}).
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(iii) POINCARE INEQUALITY. Let Q be a bounded domain in C and R =
sup,cqlilzl}. Then we have

~ 1
/|V$f|2d1_ﬁ/ |f|2dzzfw<|z|>2|z|2|f|2dz,
Q Q Q

for all complex-valued functions f € ’53\(1)’2(52) satisfying df/d|z| €
L?(S2), where the space 2(1)’2(9) is defined in (40).

(iv) HARDY-SOBOLEV INEQUALITY WITH SUPERWEIGHTS. Let 6, 03,04, a,
beRwitha,b > 0, 6,03 < 0and 264 < 0,05. Then we have

(a+blz|™)* &

G s B2 [ (@)
|| -

2
2 C |Z|294+2 |f| dZ’

C

for all complex-valued functions f € C§° (R?\ {0}). Weights of this type
have appeared in [12], as well as in [24], and are called the superweights
due to the freedom in the choice of indices.

If one is interested in all the inequalities above only for real-valued functions
f then assumption (11) is not needed, see Remark 3.6.

The Hardy inequalities for a magnetic Baouendi-Grushin operator with
Aharonov-Bohm type magnetic field are proved in Section 2. In Section 3
we prove the Hardy inequalities for the twisted Laplacian with the Landau-
Hamiltonian type magnetic field.

2. Weighted Hardy inequalities for magnetic Baouendi-Grushin
operator with Aharonov-Bohm type magnetic field

In this section we establish weighted Hardy inequalities for the quadratic form
of the magnetic Baouendi-Grushin operator with Aharonov-Bohm type mag-
netic field. We adapt all the notation introduced in Sections 1.1 and 1.2, namely,
V,, p and Q defined in (3), (5) and (4), respectively. Recalling these for con-
venience of the reader, we have

vyz(vx’|x|yvy)7 (X’Y)EIRmX[Rk, Q=m+(1+)/)k, )/ZO’

and the magnetic field .2 is defined here as

v v v,
o = 1P =( "p,|x|V )p) e R™ x R, (12)
P P P

We start with a simple inequality showing the best constants one can expect.
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LEMMA 2.1. Let 2 C R" be an open set. Let (x,y) = (X1,..., Xm,
Vis---5s k) € R™ x RF withk,m > 1, k +m = n. Let ay, 02, B € R be
such that

O4+a1—2>0 and m+ay > 0.

Then for any real-valued function f € C§°(S2), we have the following weighted
Hardy inequality for the magnetic Baouendi-Grushin operator

f P |V, | |(V, +ipsl) fI* dx dy
Q

O+4+a—2 2 « o |x|*
z((Tl e /Qp 1V, el P dxdy, (13)

Moreover, if 0 € 2, then the constant in (13) is sharp.

PrOOF. By opening brackets we have
/ P19, 01|V, + Bt [P dx dy
Q
= [ 0190119, s dxdy + 8 [ 1,0l f P dxdy. (14)
Q Q

Taking into account (6) and putting p = 2, @« = y(ay +2) +2 — o) and
B = y(a;+2)in (7), we have forany Q +«; —2 > 0 and m + oy > 0 that

[ o415, p119, £ ax dy
Q

O+a -2\ [ . W IV, 0l
> (Tl PV, pl Z#Iflzdxdy- (15)
Q

Taking into account the form of the magnetic field & = (&, %) =
(%, lx|” %) in (12), and by a direct calculation one finds
ﬁzf PV, pI*| st f1* dx dy
Q

9,0 + 1V, P
= [ 519, ple AP R dxay
Q

o o |Vypl?
=ﬁ2/p 'V, 0] Z%Iflzdxdy- (16)
Q



248 A. LAPTEV, M. RUZHANSKY AND N. YESSIRKEGENOV
Then by (14), (15) and (16) we obtain
/ IV, I (Y, + ipal) £ d
Q

_92\?2 2
= ((%) +ﬂ2)/P“l|Vyp|“2' YOl ppaxay. a7)
Q :0

Then using (6), we observe that (17) yields (13). Since the constant in (15) is
sharp when 0 € Q2 by (7), then the constant in the obtained inequality is sharp
when 0 € 2. The proof of Lemma 2.1 is complete.

We obtain the following corollary in R*** for the Aharonov-Bohm potential
of the type considered in [4].

COROLLARY 2.2. Let Q C R*** be an open set. Let (x,y) = (x1,X2,y) €
R? x RK. Let oy, an, B € R be such that oy +k(y +1) > 0and ary +2 > 0.
Then for any real-valued function f € C3°(S2) and for the following Aharonov-
Bohm type magnetic field

Fa (_apr dyp _Ixl Vo ) w)

p P V2P V2o
we have the following weighted Hardy inequality for the magnetic Baouendi-
Grushin operator

(18)

/QP“WM“ZI(%+iﬁJ)f|2dxdy
+ky + D\ ~
Z((%) +52)LP“‘|VM| Lzlﬂlflzdxdy, (19)

where 6’_( 3 3 |x|yv |x|yv)
Y\ox o 2 V2 )

Moreover, if 0 € Q, then the constant ((w) + B ) in (19) is sharp.

PrOOF. In this case m = 2, then QO = 2 + k(1 + y). Since we have
|&gf|2 = | f|%, |€;p| = |V, p| and |€;,f|2 = |Vyf|2, then in the exact
same way as in the proof of the Lemma 2.1 one obtains (19). The proof of
Corollary 2.2 is complete.

(20)

As another corollary of Lemma 2.1, we obtain the following uncertainty
principle.

CoRrOLLARY 2.3 (Uncertainty type principle). Let (x,y) = (x1,..., X,
Vi V&) € R x R withk,m > 1, k+m =n. Let Q C R" be an open
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set. Let oy, an, B € R be such that Q + a1 —2 > 0and m + ayy > 0. Then
for any real-valued function f € C3°(82), we have

|0 7219, pI/2(V, + iBA) f || 2 1 f 2

0+ar -2\ ,\" /2 w2 X1
Z((T) + B /QPI IVyol™ y+1|f|ddy

Proor. By Lemma 2.1 we get

| 0% 7219, /(Y + iBA) f || 2 1 f 22
[WAIVES)

. ((Q+O{1 _2>2+ﬂ2>1/2
2 LZ(Q)

Q+a1 =2\ N\ /2 wp X
= ((255=2) ) [omw,orn B R axay.

The proof of Corollary 2.3 is complete.

Ol1/2 062/2| |
Vool S

We now give the main theorem of this section for complex-valued func-
tions f.

THEOREM 2.4. Let (x,y) = (x1,X2,y) € R? x R¥. Let a1, a2, B € R be
suchthatoay +k(y +1) > 0, a0 +2y > 0and —1/2 < B < 1/2. Recall 6;,
o and p defined in (20), (18) and (5), respectively.

Then for any complex-valued function f € C{)’O([RZHC \ {0}), we have the
following weighted Hardy inequality for the magnetic Baouendi-Grushin op-
erator:

/{R 0|, 0| |(Vy + Bt ) f|” dx dy

a +k(y +DY L, f wie e X1
z(( 5 )+/3 P 1V, 0] pes Sl fPdxdy, @D

and the constant (W)2 + B2 is sharp.
The proof of Theorem 2.4 will be based on the following theorem:

THEOREM 2.5. Let (x,y) = (X1, ..., Xm, V1, --->Vk) € R™ X R* with
k,m>1,k+m=n. Let ay, ar € R be such that

O+a;—2>0 and m+yoa, > 0.
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Then we have the following Hardy type inequality for all complex-valued func-
tions [ € CP(R™\ {0}):

/p“'|vyp|“2(d| | IxIZVIVyf|2>dxdy

O+a; —2 2 o w VY pl?
z(Tl /pwvymz S Py, @2)

. )2
with sharp constant (Q++‘2) .

REMARK 2.6. Theorem 2.5 implies the following inequality

/ P IV, 0l IV, £ + X179, £ ) dx dy

Q+ai =2\ [ o WlVyoP
z(T‘ fpwv I L P dxdy, (23)

with sharp constant, which gives the result of D’ Ambrosio (7) when p = 2
and 2 = R". We also mention that inequality (23) has been established in [15]
and [26].

PrOOF OF THEOREM 2.5. We write r = [x| and B(r, y) = p%'|V, p|*.
Then, using (5) and (6), one has

aj—apy

B(r, y) = p™ |Vyp|a2 = poy pH1m a2y — pery (r2(1+}/) + (14 J/)2|y| ) 204y
(24)
Let us first calculate the following

[ Lt ]

_ / / (18, P + 2719, £ P)r" "\ B(r. y) dr dy
Rk JO

o0 2
+a2//(3r_f’
Rk JO 1Y

0P =
+2aRe/ / —r"" B(r,y) o, f - fdrdy
Rk

2
+r )r’”_lB(r, y)drdy

(V +avy'0)f
0

v 2
| 2P )Iflzr’"‘B(r,y)drdy
P

+2aRe/ / Vol GF - gy £ dr dy
RF p

=L+ 5L+15+14
(25)
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Using
dp _ r2vt! g o _r+by
7 T o2 an 0 T pH2
we calculate
2 2 dy+2 2 21412 2 2
L0 O A O L . o9
P 0 plrte p2r+2 p2
Thus, we obtain
o] © |y 2
L :aZ/ / %uﬁrm—lmr, y)drdy. 27)
—o0 J0 1Y

Now we proceed using integration by parts for I3,
o0
b= _“f / @y +m + yon) p e T2y £12 g gy
Rt Jo
o
o [ [ —aay 2y ettt far ay,
Rt Jo
Since B(r, y) = r®” p*1=%27 by (24), then we have
o0 r2y r4y+2
I = —Ot/w/o ((21/ +m+ya2)m + (1 —opy =2y _2)W>

x r™YB(r, y)| fI* drdy
=/ /w(zy Lty + (@ —ary — 2y —2>r?—+2)M
Rk Jo pri2 ) p?
x | fI2r™ 7 B(r, y) dr dy.

Similarly, we have for I4

& \Y
Iy = —a/ / div, (B(r, y)L'O)rz)’er1 \fI*drdy
Rk Jo p

o
:_a(yﬂ)/ f div, (p® 7oV 22y ) P2l £12 dr dy
Rk JO

°° cwry2y s ¥ Dy
= — _ —2y =2 a—ary—2y—3
¢ /[Rk /o ((on @y 2 prr !

% rotz}/+2y+m—l|f|2 dr dy

X
_ 0!/ / k()/ + 1)'00[1—azy—Zy—Zra2y+2]/+m—l|f|2 dr dy
Rk JO
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oV

Since pzy = = ;f lz and B(r, y) = r*? p*1=%Y by (26) and (24), respectively,
then we obtain

1 2
—a/ / ((oq—ozzy—Z _gr £ DI +2y)+2|y| +k(y+1))
Rk

IV, 0|
x 2

L F12r™~ B(r, y) dr dy.

Then, taking into account the definition (5), we get

L+ 1

oo 2
= —« / (al—azy 2y—2+2y+m+ya2+k(y+1))| VyPl
Rk JO

x | fI*r™ " B(r, y) dr dy,

and using that @ = m + (1 4 y)k in (4), one has

L+l = —a// 0+ —2)] V"' |FPE B y) dr dy. (28)
Rk

Putting (27) and (28) in (25), we have

Jol (o) (s )

0
:// (19 F1> + r?" |V, f12)r" ' B(r, y) dr dy
Rt Jo

2
+r¥

2
)r’"]B(r, y)drdy

2 IVl e
_((Q+a1—2)a—oz) A 7|f|r B(r,y)drdy.

Q+011

By substituting o = 2 and taking into account (24), we obtain (22).

Let us now show the sharpness of the constant in (22). Taking into ac-
count (15) and (22), we have

/ p“‘|vyp|“2(|vxf|2+|x|2y|vyf|2)dxdy
R)l

> | p"IV pl"z(
/w ’ d|x|

0 +a —2\° o o 1 Vyol
e P |Vy | = fI* dx dy,
2 n 02

f

|x|2y|vyf|2) dx dy
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O+a;—2
2

which proves the constant ( )2 in (22) is sharp. Thus, we have completed

the proof of Theorem 2.5.
We are now ready to prove Theorem 2.4.

PrOOF OF THEOREM 2.4. Using polar coordinates for the x-plane, x; =
r cos ¢, x, = r sin ¢, we have r = |x| and

d,p r?*lcos ¢
p 20+ (1 +y)2y

d,p r?’*lsin ¢
p o P20+ (1 +y)2yP
Vyp (I+vy)y

po P L (42l P

Thus, we can write
[ GaIIG + bl P dsady = i, @9
R+

where

2 [e9)
=10
Rk JO 0

X rB(r,y)drd¢dy

LT

X rB(r,y)drd¢dy

1 2w poo . (1+7y)y
IQ‘E/W/O ./0 ‘(Vy_’ﬂrww+<1+y>2|y|2)f

x r 1 B(r, y)drdpdy

1 oo . (14 y)y
+5/Rk/o /0 ‘(V’“ﬂrmw+<1+y>2|y|2>f

x r?* T B(r, y)drdg dy.

. 2
Sin

¢ .
, 8¢—l,3

r?v*+lsin ¢
r2) 4 (1 +y)? |yl

(cos ¢0, —

2

0 63 +Cosd)a 4 r?r+lcos ¢
sin ¢ 9, % lﬂr2(1+1’)+(1+y)2|y|2 f

and

2

2
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By opening brackets, we obtain

n= [ /2”/“’ ST\ Y :ilaiadi L
o Lo T P2 20 £ (4 p)2yP)?

X rB@r, y)drdody

2 poo |
9y f iprevlf
+ 2Re/w/0 /0 ( e Ty we g y)2|y|2)rB(r, y)drdody
2 2y+2 2
=[] (s )
[Rk

P28 4+ (14 y)?|yl?
X rB@r, y)drdody

27 o0
12:// / IV, fIPr?Y T B(r, y) dr dg dy
RF JO 0

27 00 2 2
21 2/ / / [yI7] f1
LR N S A e pr e eI e

x r M B(r, y)drdp dy.

3¢f+/3

f

and

Using the Fourier series for f, we can expand

[, =Y filr,y)e?,
k

and by a direct calculation, we get

1 21
2
27 X F2y+2 2 ,
-2 _Z <k+ﬂr2(l+y)+(1+y)2|y|2) | fie(r, Y

2y+2

2r
Zr_zmkm(k—}_’g 2(1+y)+(1+y)2|y|2) Z | filr. 1P

2

d¢

r2r+2

r2H) 4+ (1 +y)? |yl

A f +1iB f

1 P2y +2 2 o )
= — min| k d
o ( +’3r2<1+y>+<1+y>2|y|2> /0 1o

5 r4y+2 2 5
= do.
P (24 + (1 + y)2|yH)? /0 7o
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Now putting the obtained estimates for /; and I, in (29), we have

fR P [Ny | [(Vy + il ) f | dxi dxa dy
2 00
Z/ / / (10, 1> + ¥ |V, f1P)rB(r, y) dr dp dy
Rk JO 0

. poo /o dy+2 214, (2,27
2 r + A+ py)lylr )
B(r,y)drde¢d
+;3 /[R/‘\/(; /O ((r2y+2+(l+y)2|y|2)2 |f| r (V y) r d) y

2 00
= [ [T P agay
Rk JO 0

2 oo r2 )
+ rB(r,y)drdody.
B ~/[R’</O L r2y+2+(1+y)2|y|2|f| ry) ¢ dy
(30)

Since |§; pl =V, p|, then putting m = 2in (15) and taking into account (24),
we obtain the following estimate for the first integral in (30):

2w 00
/ / / (19 £+ r¥ |V, f P)rB(r, y) dr d¢ dy
reJo  Jo

>(w

’ — W TP
5 )/ P IV pl = fPdx dy. (31)
R2+K P

Let us calculate the second integral in (30)

5 2 00 rzy )
rB(r,y)drdod
A /n&k/() /(; r2y+2+(1+y)2|y|2|f| (. y) ¢dy

2 oo 4y 2 2

2 r cos” ¢ 5
= rB(r,y)drd¢d
P /w/o ,/o (r2V+2+(1+y)2|y|2)2|f| (r.y)drd¢dy

2 S r¥*2sin” ¢ )
+ rB(r,y)drd¢d
p /URI‘/O /0 (r27+2+(1+y)2|y|2)2|f| (r,y) ¢dy

2 00 2.9 2
T+ y)r|y| 5
- 2// / rB(r,y)drd¢d
B & Jo 0 (r2}/+2+(1+y)2|y|2)2|f| (r,y) ¢ dy
(ax,p Sup I Vyp |x|VW>
Y ' P , \/5 P ’ ﬁ o)
1V,

5 pl?
=ﬂ2/“p“l|vyp|“2 ;2 | fI?dx dy.
R2+

2
| fI? dx dy

=ﬁ2/ PV, 0|
R2+k

(32)
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Putting the estimates (31) and (32) in (30), we obtain (21). Since we have (21)
with a sharp constant for all real-valued functions by Corollary 2.2, then this
constant is sharp also in the class of complex-valued functions in (21). Thus,
we have completed the proof of Theorem 2.4.

We record the corresponding uncertainty principle.

COROLLARY 2.7 (Uncertainty type principle). Let (x,y) = (x1,x2,y) €
R? x RK. Let oy, an, B € R be such that oy +k(y +1) > 0, aay +2 > 0 and
—1/2 < B < 1/2. Then for any complex-valued function f € CSO([RH]‘ \ {O})
we have

P A;,O T/‘{_l / L2(R24H L2(R2H)
|02V, 0|2 (V + Bt ) £ ooy I £

a +k(y + DY’ el e L1
> ((-l——75————) + B L/ P2 | FIP dx dy. (33)
R+ pY

Proofr. Using (21) and in a similar way as in the proof of the Corollary 2.3,
one obtains (33).
3. Hardy inequalities for Landau-Hamiltonian

In this section we show the Hardy inequalities for the twisted Laplacian with
Landau-Hamiltonian type magnetic field.
Let us introduce now the generalised form of the twisted Laplacian

~ n . 2 ' 2
7= Z[(laxf + lMm)yf) + (lay,f - W(|Z|)xj) ],
j=1
where 1/ (|z]) is a radial real-valued differentiable function. Setting
Xj =0y =i (lzhy; and ¥ =0y +iy ey,

we write — . . . .
Vof =Xifo.o, Xa L Yafoo o Yo f).

We then have the following result for complex-valued functions f.

THEOREM 3.1. Let 0y, 65, 65,604,a,b € Rwitha,b > 0, 6, ;ﬁ 0, 0,0 <0
and 204 < 6,05. Let v = ¥ (|z|) be a radial real-valued function such that
Y e L2 (C\ {0}) with

loc

, Vre(0,00).

| —

W (r)Ir* <



HARDY INEQUALITIES FOR MAGNETIC OPERATORS 257

Let Q2 be a bounded domain in C and R = sup,.qflz|}. Then we have the
following inequalities:
(i) WEIGHTED HARDY-SOBOLEV INEQUALITY:
Vo fI2 2 2
IV fl d _92/ |/ W (zD)~
C

= ———dz > °d 34
c |Z|20' |Z|29|+2 C ||2(9, |f| ( )

for all complex-valued functions f € C§°(R* \ {0});
(i1)) LOGARITHMIC HARDY INEQUALITY:

~ 2 1 2
/|ng|2|log|z|| "Z‘Z/ |f|2dzz/vf(|z|>2|z|2|log|z|| Pz,
(@ (@ C

(35)
for all complex-valued functions f € C§°(R*\ {0});
(iii) POINCARE INEQUALITY.

~ 1
/}ngfdz—ﬁ/ Iflzdzzfw(lzl)zlzlzlflzdz, (36)
Q Q Q

for all complex- valuedfunctlons f e Ll 2(Q) satisfying df/d|z| € L*(Q),
where the space L (Q) is defined in (40);
@iv) HARDY—SOBOLEV INEQUALITY WITH MORE GENERAL WEIGHTS:

(a + blz|™)*
|z

0,05 — 20,4 w+mn%%vF
2 c |Z|294+2

2 +b 92 93
+ (Cl/f(|Z|)|iC|lzg42|Z| ) |f|2dz, 37

Ve f|* dz >

for all complex-valued functions f € C(‘)”([R2 \ {O}).

The proof of Theorem 3.1 will be based on the following family of weighted
Hardy inequalities and the Poincaré type inequality that were obtained in [25,
Theorem 3.4 and Theorem 5.1] and [24, Theorem 8.1], where E = |x |4 is the
Euler operator and % := d/d|x]| is the radial derivative.

THEOREM 3.2 ([25, Theorem 3.4]). Let G be a homogeneous group of ho-
mogeneous dimension Q and let 0 € R. Then for any complex-valued function
f e Cr(G\{0}), I < p < oo, and any homogeneous quasi-norm |-| on G
forOp # Q, we have

f

|x®

1

(38)

@ 19—6p Lr(G)
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If Op # Q then the constant }ﬁ‘ is sharp. For Op = Q, we have

s
|x|Q/I’

log | x|
|x|Q/P

Ef (39)

LG L (G)

with sharp constant.

Let 2 C G be an open set and let i%p (£2) be the completion of C°(£2\ {0})
with respect to

1f G = 1 llzr@ + IEfllLr@, 1 <p <oo.

In the abelian case, when G = ([R2 +) and p = 2, let us give this definition:
let @ C R? be an open set and let 2 (Q) be the completion of C3°(S2 \ {0})
with respect to

I F G2 = 1f 2@ + NES 2@ (40)

THEOREM 3.3 ([25, Theorem 5.1]). Let Q2 be a bounded open subset of G.
Ifl<p<oo f€ BOP(Q)and%f € LP (), then we have

1

Ef
x|

, (41)

L7 (Q)

Rp Rp
I fller < —NRfllLr = —H
() 0 (€2) 0

where R = sup,.q |x|.

THEOREM 3.4 ([24, Theorem 8.1]). Let G be a homogeneous group of ho-
mogeneous dimension Q. Let a,b > 0, 6,03 < 0 and p6, — 6,05 < Q — p.
Then for any complex-valued function f € C°(G\ {0}), 1 < p < oo, and
any homogeneous quasi-norm |-| on G, we have

(a+ b|x|92)93/p
|x|Gat!

O — pbs + 6,03 —
p

6,\03/p
Mggf (42)

Lr(G)

If Q # pOy + p — 6,05, then the constant % is sharp.

We briefly recall their proof for the convenience of the reader, but also since
these will be useful in our argument.
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PROOF OF THEOREM 3.2. Integrating by parts gives for 0p # Q

SIS

G x|

Zfoof | feIPreT = do(y) dr
0 S

N / re- "PRef P fen L) ”do( ) dr

Q—6p
- P ‘ |Ef O f (x|~ dx
“1Q—6p |x|%P
| op Ef@lf@r!
- 0-6plJs |x |0+0(p—1) x

Using Holder’s inequality, we obtain

1/ (p=1)/
Lf ol” dxf‘ p ‘( I[Ef(X)I”dx> p( Lfol” dx)p p’
¢ x| Q—0p(\Je I|x|? G |xI?

which implies (38).

In order to show the sharpness of the constant, let us check the equality
condition in the above Holder inequality. We consider the function

where C € R, C # 0, and 8p # Q. Then, a direct calculation implies

L7 (1B _ (lgiolr—\/rm?
C |x]® |x|0(P=D >

which satisfies the equality condition in Holder’s inequality. Thus, the constant
| Qpr | is sharp in (38).

Now we show (39). Taking into account © := {x € G : [x| = 1} and apply-
ing the polar decomposition on homogeneous groups G, then using integration
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by parts, one calculates

LACOIN =/OO/ | £ r)IPre=1=C do (y) dr
0 )

G |X|Q

=—p/0 logrRe/ a2y 222 f( Y 4o (y) dr

[Ef@If 17! |

=p
G lx|€

log |x||dx

|Ef(x)|log |x]| | f(x)P~!

|27 |x|2P-Dp dx.

G

Using again Holder’s inequality, we get

|f(x)|p <p< |[Ef(x)|p|10g|x||pdx)l/”( Lf ()P x)(p—l)/p
¢ |xI¢ B G x| ¢ |x|2 ;

which gives (39).
As in the case of (38), we consider the following function to show the
sharpness of the constant in (39):

g2(x) = (log|x])€,
where C € R and C # 0. Then, one has

P(W)” _ ( 520017 )W—“

|x|@/p |x|@r=D/p

k5
which satisfies the equality condition in Holder’s inequality. Thus, we have
completed the proof of Theorem 3.2.
Before proving Theorem 3.3, we first show the following proposition.
PROPOSITION 3.5 ([25, Proposition 5.2]). Let Q@ C G be an open set. If
l<p<oo fe BOP(Q) and Ef € LP(2), then we have

1A llr @ < EIIEfllmsz) (43)

ProOF. Let us consider the function {: R — R, which is an even and
smooth function, satisfying

e 0<C <1,
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e s(r)=1lif|r| <1,

o L(r)=0if|r| = 2.
We set &, (x) := ¢(Alx]) for A > 0. We have the inequality (43) for f €
Ci° (G \ {0}) by (38) when 6 = 0. There is { f¢}72, € C;°(2\ {0}) such that
fe— fin 53(1)”’(9) as £ — oo. Let A > 0. From (38) when 8 = 0, one gets

18 fill Loy < g(n(m)ﬂnmm F UG E L)

for any £ > 1. Then, we can immediately see that
lim &, foe =0 f, lm(EG) fo=(EG) f,  lim G(Efy) = &H.(ES)
£—00 £—00 £—00

in L?(2). By these properties, we obtain

16 fllLr) < g{”([ECA)f”LP(Q) + NG EA v}

Since
sup |E¢|, ifA! < |x| <247,
[(ESG) ()| <

0, otherwise,

one obtains (43) in the limit as A — 0. The proof of Proposition 3.5 is com-
pleted.

ProoF oF THEOREM 3.3. Since R = sup, g |x|, by Proposition 3.5 one
has

p Rp Rp| 1
I fller@) < = NEfllLr@ < — 12 fliLr@ =—H—[Ef ,
HE@ =g e =g PO e
which implies (41).

PrROOF OF THEOREM 3.4. Since for Q = pOs + p — 6,65 there is nothing
to prove, let us only consider the case Q # pfs + p — 6,65. Using polar
coordinates (r, y) = (x|, x/|x]) € (0, 00) x S on G, where & is the unit

quasi-sphere
©=xeG:|x|=1},

and by the polar decomposition on G (see, for example, [9] or [8]) and using
integration by parts, one calculates

(a + b|x|%)%
|x |POatp

o (a + br*)%

S IPre do (v dr.

) IP dx =f
0
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Since 6,03 < 0 and pOy; — 6,603 < Q — p, we get

(a + blx|*)*
|x|P94+P

S/oo/(a+br92)93rg_l_p04_p
0 &

br® L@ Q—pbs—p
X .
a+br2  a+br2 Q — pby— p+ 60,05

|f ()7 dx

G

)If(ry)l”da(y) dr

/oo (a + erz)erQ—l—pt%—p
“Jo Jz Q—pbs—p+ 6,6

8203b7'02
X S —
a + bro:

00 d (a+br92)93rQ_p‘94_”
=/ /E(Q - p+9293)|f(ry)l”d0(y)dr
0 S - -

p * 02703 .0 — phs—
=— (a + br™)Bp—PH—P
Q—P94—P+9293f

+ Q0 — pOs — p)lf(ry)l”do(y)dr

xRe/ P2 F ) f( D 4o (3 ar

P
‘Q—P94—P+9293

_ p / (a 4 b|x|?)B@=DIP| f (x) |7~
Q0 —pby— p+ 626 |x|@+D@=D

| (atblxl™)hr
|x |

IA

/(a+bIXI92)93|92f(X)IIf(X)I” ]

|x |POatp—1

| R f (x)] dx.

Here Holder’s inequality gives

(a + blx|™)®
|x|p04+p

|f ()7 dx

< p (a + blx|%)% by (=D/p
B Q_P94—p+9293 G |x|.l794+p |f(x)| X

( (@ + blx|™)™
X —
G

|_x|1794

1/p
|R f(x)]” dX) ,
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which implies (42).
In order to show the sharpness of the constant, we check the equality con-
dition in above Holder’s inequality. We consider the function

g3(x) = x|,

where C € R, C # 0 and Q # pOs + p — 6,05. Then, a direct calculation
gives

p((a + le|92)93/”|92g3(X)|)p

|x |

_ (((atblx|) 5D/ gs ()Pt POTD
B | x| @D (=D ’

which satisfies the equality condition in Holder’s inequality. This shows the

sharpness of the constant (Q — p6s — p + 6,03)/p in (42). Thus, we have
completed the proof of Theorem 3.4.

We are now ready to prove Theorem 3.1.

PrOOF OF THEOREM 3.1. Let k(|z|) # O be a radial function. Using polar
coordinates for the z-plane x = r cos ¢, y = r sin ¢, we have

V2 £
/ KﬁZI) @
/(|(,a 30 D) £+ [0y — xur ) £7)
/ /Zn
2w

A

= [T [ (e + L i ) o
_2Re/0Oo /02”(1.8;’ )rd¢ﬂ

e 1 dr
_ 2 s N 2 2
= [ [ (orP+ Slites = v F)rao .

K(lz])

zcosd)E) - lsm¢8¢ —l—lﬁ(r)rSln(P)f‘ )

()

1cosq§a¢ B

i sin o, + v (r)r cosqb)f‘ )r dp- 4"

K(r)
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Let us represent f via its Fourier series

¢y =Y fi(r)e™?.

k=—00

Then from the assumptions on i, we obtain
Lo 2 412 2 2)2 2
S| NS — vt Rde =" Z(k + Y ()r?) | fier)]
0

2
= min(k + ()77 Z ()P

v

1 . ) 2
=r—2mkln(k+1/f(r)r2)/0 |12 de

2
=r2w(r>2/ /P d.
0

Thus, we arrive at

~ 2
/ng' dzz
c «(IzD K(IZI) dIZI

Putting « (|z]) = |z|*", it follows that

~ 2
|V f]| 1
20 dz > 20
c lzI* c lz|*"

In the abelian case G = (R2,+), p =2and 8 = 6y + 1 with 6; # 0,

(38) implies
f 1 f |f|2
c lz|* dIZI |z Iz"’+2

Putting this in (45), we obtain (34).
Putting « (|z]) = | log |z||~2 in (44), one has

2 2
+f |21y (Iz]) fRdz (a4
c «(zD

2
;”I(Q'jl') 1fPdz (45)

f

dIZI

/c|1og|z||2|@f|2dz

/|log|z|| ‘dl |

In the abelian case G = (R?, +) and p = 2, (39) implies

1
lo dz > - 2dz.
/! gIZI|‘d|| z_4f(clf| z

dZ+/C1//(IZ|)2IZI2|10gIZI|2IfI2dZ- (46)
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Putting this in (46), we obtain (35).
Putting « (|z]) = 1 in (44), we get

/|v}f{2dz >
C

dz+/1/f(|2|)2|2|2|f|2d2- @7)
d| | :

In the abelian case, when Q2 is a bounded domain in (R?, 4+), and p = 2,

(41) implies
> 2 / |f1? dz.
Putting this in (47), we obtain (36).
Putting « (|z]) = (a + b|z|*)~% /|z|7** in (44), we have

d
Q d|Z|

(a+blz|)% ~
|Z|—294|V§ff} dz

(a + blz[™)™ W2 (I2ha + blz®)
C|Z|—294 d|z |f c |7[26:—2 [ fI7dz. (48)

Again, in the abelian case G = (R?, 4+) and p = 2, (42) gives

2

9293—294/ (a+b|z|92)93|f| 2 s /( a + b|z|")% a4,

2 |Z|264+2 | |294

a’ll

fora,b > 0, 6,03 < 0 and 20, < 6,65. Putting this in (48), we obtain (37).
Thus, we have completed the proof of Theorem 3.1.

Now we give some inequalities for real-valued functions to show the best
estimates one can expect. While estimates for real-valued functions have less
physical meaning than those for complex-valued functions in questions of the
spectral theory, they also find their use in applications to the existence of real
(or positive) solutions to some nonlinear equations.

REMARK 3.6. Let ¥ = v (|z]) be a radial real-valued function such that
/S Lloc(( \ {0}). By adirect calculation, we have for all real-valued functions
fewgi@

/@W}f!zdz = Z/@(l(iaxj + v (D) f [+ (08, = xur(izD) £[7) dz
j=1

IVfIPdz+ [ 1z (z)?f 1 dz.
(}l (:Vl

(49)
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Here W;z is defined in (10). Using the well-known Hardy inequality forn > 1,
we obtain

~ 2 L7 |2
/ Vo f|7dz> (n — 1)2/ dz +/ 2Py (zD)? f1Pdz, (50)
(CVK
for all real-valued functions f € W;z(((:”) and n > 1. We note that for
¥ (|z]) = 1/2, we recover the classical Landau Hamiltonian, i.e.,
$1/2=—$ and V:;l//z =Vg.

Let 2 be abounded domain in C with O € Q2 and R > e-sup,{|z|}. Then,
in the case n = 1 we can use the critical Hardy inequality with sharp constant
for f € Wil;z(Q) (see for example [1], [3]):

1 |f1? / 2 2 2
\Y% d d dz, (51
/'fﬂ Z—4Luﬁ®ym%mzz+ o Yz D

for all real-valued functions f € W;z(ﬁ) and n = 1. Since the constants in
the Hardy and critical Hardy inequalities are sharp, then the constants in the
obtained inequalities (50) and (51) are sharp.

CoroLLARY 3.7 (Uncertainty type principle). Let 2 be a bounded domain in
Cwith0 e QandR > e- supzeQ{Izl}. Let y = ¥ (|z]) be a radial real-valued
function such that € L2_(C\ {0}). Then we have

loc

H@fhwmﬂmmzﬁx/%d)+meW)ﬂUz(ﬂ)

for n > 1 and all real-valued functions [ € Wé’z((C”), and

~ 1
Ve fl,. > + |22 2 )1f17d
Ve £ 2 1 F 2@ —L(\/4lzlz(log(1e/|z|))z |zl*¥ (1z]) )Ifl z
(53)
for n =1 and all real-valued functions f € W;gz(Q).
Proor. By (50) we get forn > 1
~ (n — 1) )
[V o 1 l2en = g TP aD ) 1 lz2en
L2(Cm)

—1)2
zfx/mm)-Hdwmw>uPﬂ,
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which gives (52). Similarly, using (51) we obtain (53). The proof is complete.

REMARK 3.8. In the case n = 1 of the Remark 3.6, we also can use the
another type of critical Hardy inequality (see for example Solomyak [27])
in (49):

2
€ 2d C/ |f| d / 2 2 2d ,
/«' 122 C | e T Iz

where C is a positive constant.

REMARK 3.9. Let %5 be the magnetic Baouendi-Grushin operator on C”
with the constant magnetic field

n

Lo=Y (it +v1,00))" + ({1517 8y, + 2, 0)",

j=1

where [x| = Vx 2 + .+ lxal* and Yy, 90 € L% (R \ {0}). Setting
X;j =idy, + Y1, j(y;) and ¥; = i|x|”d,, + 2 j(x;), we write

Vorf=Xifooos XV foo s ).
Then, a direct calculation gives for all real-valued functions f € C5°(R**\ {0})
[ 719,011V 11
=Xn:/@pa'|vyp|a2<}(i3xj + Wl,/()’j))ﬂz + |(ilx1”9,, + W2,j(xj))f’2) dz
j=1
= [ 19,0119, £ 2

+Z[E P 1V 01 (12, )P + ¥ ) 1) £1P dz.
j=17¢

Then putting m = k = n in (15), and hence Q = n(2 + y), we obtain
the following Hardy inequality for magnetic Baouendi-Grushin operator on
C" with the constant magnetic field and for any real-valued function f €
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Cy° (R?" \ {0}) with sharp constant

f P IV, 1% Vo £ dz

n2 + 4o —2 x|
z(( y) o )/ P19, 01 X e

2 p2y+2

+Zf(C P IV, 01 (12, D + [ ) P f I dz,
=1

where n(2 + y)+o; —2>0andn + ayy > 0.
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