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A NOTE ON LIFTING
OF MATRIX UNITS IN C*-ALGEBRAS

KJELD B. LAURSEN

1. Introduction.

A C*-algebra A is said to be sequentially monotone closed if every
norm-bounded increasing sequence of self-adjoint elements has a least
upper bound. In this note we show that if I is a closed, two-sided cofinite
ideal in a sequentially monotone closed C*-algebra A then a set of
matrix units of A/I lifts to a set of matrix units of 4. As an application
of this result we improve on a result concerning continuity of separable
linear maps from [2] (for definitions see below).

The author wishes to thank J. Vesterstrom for several fruitful conversa-
tions and particularly for his proof of Lemma 1 below that constitutes
a marked improvement in terms of elegance on the author’s own efforts.

2. Lifting projections.

We begin by proving a result on lifting one projection from a quotient
algebra. A similar result may be found in [3, Theorem 3.2].

LeMMA 1. Let A be a sequentially monotone closed C*-algebra and I a
closed two-sided ideal in A. Then any projection in A[I is the image of a
projection in A.

ProoF. Suppose z€ 4 is an element for which 22—z € l; we may
assume 0 <z < 1. Consider the following real-valued continuous functions
on [0,1].

2 0<t<},
g(t)“‘l psis1,
0 0<i<}h,
fa) = {n(t—3) 3sSt=i+n7l, n=23,...,
1 }+n1gt21,

0 0=st=4$,
W0 ={g0-p) sere1.
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We note that g=>f,>h for all » so that g(z)=>f,(x)=h(x) in 4. Let
p=supf,(x); it is easy to see that p is a projection and that g(x) = p > h(x).
If » denotes the canonical mapping n: 4 — A/I then

7(g9(x)) = n(p) = n(h(z)) .

But since g(0)=%(0)=0 and g(1)=h(1)=1 we get that n(g(x))=n(h(z))=
n(x) and consequently 7(x)=7n(p).

Once we know that individual projections can be lifted it is easy to
extend this fact to countable families.

LeMMA 2. If A is a sequentially monotone closed C*-algebra and I a
closed two-sided ideal in A, if {E;} is a countable set of orthogonal projec-

tions in A[I then there exists a set {e;} of orthogonal projections in A such
that ﬂ(e’)=E],j= 1,2,. e

Proor. Once we have Lemma 1 we can quote the proof of Proposition
5.4 [2] to which we refer.

3. Lifting the off-diagonal elements.

To handle the lifting of the matrix units sitting off the diagonal we
impose the further restriction on I that A/I be finite dimensional. To
simplify notation we shall assume that A/(I is a full matrix algebra. The
general result will follow by a routine direct sum argument. Specifically
we prove the following

THEOREM 3. If A is a sequentially monotone closed C*-algebra and I a
cofinite closed two-sided ideal then the matriz units of A[I lift to a set of
matrixz units of 4.

ProoF. To be precise the claim of the theorem is the following: With
n denoting as usual the canonical mapping, if {E;} is a set of elements
in A/I such that

2By =1 E;=Eyu*,
Eij'Ekl = 6,,‘1’3,‘,, ‘i,j,k,l= 1,...,n,
then we can find {e;;} in 4 such that
”(eii) = Eij s
1—26“ € I, 3.“ = e“*
euek' = 6”‘8,“ i,j,k,l=1,...,n.
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Suppose first (Lemma 2) we have lifted {£,} to {e;}; to begin the con-
struction of {e;} when ¢+j consider first K, and let p, € By, . Using
polar decomposition (see the proof of Proposition 2.3 in [1]) on py and
[Pea| = (Por* P2)* We get ¢y € A such that

Pa1 = CalParl, and  [py| = cy1* Py -

Replacing p,; by e5575:€1; We see that we may assume Py =e€5504:64; €
€y9Ae,,. Consequently, Py *p,, € €4, 4eq,, in fact py,*p,, € B4, and also
|P21| € €11 4€4,. From this it follows that

Por = €22P91€11 = €32C21|Pa1l€ss
= €93C91611|Pa1/€11 = (€22C21€11)|Pa1len
= (€23C91611)| P21l -

This means we can assume that

Co1 = €99C21 8115
in fact ¢y, € AE,, for some A so that
E21 = wzlEu = wzl ’

i.e. A=1, and ¢, € By;.
Next we observe that if we use [ ] to denote range projections then

P21l = Ca1*Car|Paal
implies
[1D21l] = ex*callPall

and consequently, defining

dg1 = Ca[|Paal]
we get

dor*dyy = [|Pal]lear* caal|Parl] = [1Paal] -

This means that dy, is a ‘“partial isometry”’. We must next check that
d,, has the right properties,

i) dyy € By  and
ii) [lpal]l € By

Addressing ourselves first to ii) we see that this follows since |p,,| € €;; 4e,,
which is a sequentially monotone closed C*-algebra in which the range
projection [|p,,|] may be considered computed.
Concerning i):
dyy = cul|Pal] € ez dey,
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implies
n(dyy) € Bop(A[1)Ey, = {wzl} ’
80
7(dy) = mw(cay)7([|Pal])
implies

wn = E21Eu = EZ]

and hence A=1 which shows that d,, € E,,.
The reason it suffices to know that [|py|] € E,, is that since [|pg|]<e,y
we may replace ey; by [|pyl]
We now repeat the above procedure for pg,, replacing, if necessary,
[IPa1l] by [Ips]]. After n steps we have
Upall = [Ipaal]l = - .. 2 [|Pral] = en

where the last equation is to be taken as a final redefinition of e;,. We
then define

e = dy[|pmll, +=2,....n

and note the following:

a) eyg*en=[Pnlldn*dl|Pmll=[IPrill=€1-
b) e, =dul|Pnil]l=cullPnill, hence n(ey) =Ky By =By, .
Moreover, for the projections e; e;* we have
n(enen®) = EgBy* = By,
80 we can redefine
€y = €;64"
without disturbing the orthogonality properties.
As the last step we define
ey = egen*, 4,j=1,...,n.

It is then a simple matter to check that e;; thus defined is a set of matrix
units with all the desired properties.

4. An application.

A separable linear map 7' from a Banach algebra A4 to a Banach space
B is a linear map for which there exists a map f: 4 - R, such that

1Tyl < f2)f(y)

for all z,y € A. Such linear maps have been studied in [2]. The next
result is an improvement of [2, Theorem 5.6].
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THEOREM 4. Let T be a separable linear map defined on a sequentially
monotone closed C*-algebra A. Then T is continuous on a dense sub-*-algebra
of A.

Proor. Since the generalized polar decomposition [1, Proposition 2.3]
is available in a sequentially monotone closed C*-algebra the results of
sections 3-5 of [2] carry directly over to our present setting. Using the
notation from [2] and letting M be the closure of (J,), we suppose {E,}
is a set of matrix units in 4/M with lifting {e;;} = A (Theorem 3). Define

B = span(e;) @ (1o

and note that B is a dense sub-*-algebra of 4. Since span(e;) is finite-
dimensional the continuity of 7' on B follows.
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