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ISOMORPHISMS OF SPACES OF AFFINE
CONTINUOUS COMPLEX FUNCTIONS

JAKUB RONDOS and JIR] SPURNY

Abstract

Let X and Y be compact convex sets such that their each extreme point is a weak peak point. We
show that ext X is homeomorphic to ext Y provided there exists a small-bound isomorphism of the
space (X, C) of continuous affine complex functions on X onto 2 (Y, C). Further, we generalize
a result of Cengiz to the context of compact convex sets.

1. Introduction

The notation and notions used in the introduction are explained in the next
section. The starting point of our paper is the classical Banach-Stone theorem
asserting that, given a pair of compact spaces K and L, they are homeomorphic
provided € (K, [F) is isometric to € (L, F) (see [13, Theorem 3.117]).

This can be reformulated in the framework of compact convex sets as fol-
lows: if X, Y are Bauer simplices and (X, [F) is isometric to 2((Y, F), then
ext X is homeomorphic to ext Y.

A generalization of this classical result was given by Lazar in [23], who
proved that for general simplices X, Y, the spaces (X, R) and 2 (Y, R) are
isometric only if X is affinely homeomorphic to Y.

A result of Rao (see [27]) precisely describes isometries of (X, C) for a
simplex X.

A remarkable generalization of the Banach-Stone theorem was given by
Amir [3] and Cambern [6]. They showed that compact spaces K, L are homeo-
morphic if there exists an isomorphism 7: € (K, F) — € (L, F) with ||T| -
IT~'| < 2. Alternative proofs were given by Cohen [10] and Drewnow-
ski [12].

A reformulation of this result for simplices reads as follows: given Bauer
simplices X and Y, the sets ext X and ext Y are homeomorphic, provided there
exists an isomorphism 7: A(X, F) — A(Y, F) with |T| - | T~ < 2.

This theorem was improved by Chu and Cohen in [8], who proved that for
compact convex sets X and Y, the sets ext X and ext Y are homeomorphic
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provided there exists an isomorphism 7: (X, R) — (Y, R) with ||T| -
|7~!|| < 2 and one of the following conditions hold:

(i) X and Y are simplices such that their extreme points are weak peak
points;

(i) X and Y are metrizable and their extreme points are weak peak points;

(iii) ext X and ext Y are closed and extreme points of X and Y are split faces.

In [24], it was showed that extreme points of X and Y are homeomorphic,
provided there exists an isomorphism 7:9(X, R) — 2(Y, R) with |T| -
|T~'|| < 2, extreme points are weak peak points and both ext X and ext Y are
Lindelof sets.

In [11] the same result is proved without the assumption of the Lindelof
property.

It turns out that this result is in a sense optimal since the bound 2 cannot be
improved (see [9]) and the assumption on weak peak points cannot be omitted
(see [17]).

The main result of our paper is a variant of [11, Theorem 2.1] for complex
spaces. It reads as follows.

THEOREM 1.1. Let X, Y be compact convex sets and let T: (X, C) —
A(Y, C) be an isomorphism satisfying |T| - |T~'] < 2.

Ifeach point of ext X and ext Y is aweak peak point, ext X is homeomorphic
toextY.

We use the obtained results for affine complex functions on compact convex
sets to obtain corollaries on selfadjoint function spaces, see Theorem 5.3.

2. Notation and basic concepts

First we recall several notions. We work within the framework of real or com-
plex vector spaces and write F for the respective field R or C. Further we
write T for the set {, € C : |A|] = 1}. If X is a compact convex set in a
locally convex space, we write (X, [) for the space of all affine continuous
[F-valued functions on X endowed with the sup-norm. Let ext X stand for the
set of all extreme points of X. If K is compact (Hausdorff) topological space,
let €(K, IF) stand for the space of all continuous F-valued functions on K
endowed with the sup-norm.

We identify the dual space (€ (K, [F))* with the space .4 (K, F) of all Radon
measures on K. We write /" (K) for positive Radon measures and .4 (K)
for probability Radon measures on K.
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A point x in a compact convex set X is called a weak peak point if

given ¢ € (0, 1) and an open set U C X containing x,
there exists a in the unit ball Byx, ) of (X, C) such that 2.1)
lal <eonextX \U and a(x) > 1 —¢.

For any 11 € /' (X) there exists a unique point 7 (1) € X such that u(a) =
a(r(w)), a € A(X, C), see [2, Proposition 1.2.1]. We call »(u) the barycenter
of w. A function f: X — [ satisfies the barycentric formula (or is called
strongly affine) if i(f) = f(r(w)), u € A" (X).

If w,v e M+ (X), then u < v if u(k) < v(k) for each convex continuous
function k on X. A measure u € M1 (X) is maximal if u is <-maximal. A
measure i € A (X, [F) is called boundary if its total variation |u| is maximal.

By the Choquet-Bishop-de-Leeuw representation theorem (see e.g. [2, The-
orem 1.4.8]), for each x € X there exists a maximal measure . € ' (X) with
r(p) = x. If this measure is uniquely determined for each x € X, the set X
is called a simplex. It is called a Bauer simplex if, moreover, the set ext X is
closed. In this case, the space 2 (X, [) is isometric to the space € (ext X, [F)
(see [2, Theorem I1.4.3]). On the other hand, given a space € (K, F), it is
isometric to A (' (K), F) ([2, Corollary I11.4.2]).

A face F C X is called a split face if the complementary set F’ (i.e., the
union of all faces disjoint from F) is convex and X is a direct convex sum
of F and F', i.e., every point in X can be uniquely represented as a convex
combination of a point in F and a point in F”’ (see [2, p. 133]). If F is a closed
split face, then the upper envelope of the characteristic function x defined as

xp(x) =infla(x) :a € A(X,R),a > xr}, x€X,

is upper semicontinuous and affine, F = (x})~'(1) and F' = (x;)~1(0),
see [2, Propositions I1.6.5 and I1.6.9]. Moreover, the family {a € (X, R) :
Xxr < a} is downward directed.

In what follows, we consider the weak*-topology on (A(X, C))*, and we
understand X as a subset of By (x.c))- via the evaluation mapping, i.e., x(f) =
f), feAX,0),x e X.

3. Isomorphisms with a small bound

The proof of Theorem 1.1 follows the strategy of the proof of [8], but we
use [11, Corollary 1.3(b)] as the main tool. Thus we need the key Lemma 3.4
which allows us to represent upper semicontinuous affine functions on X as
elements of (A(X, C))**.

We start with a lemma describing extreme points of By (x,c)+, see also
Lemma 1 in [19].



ISOMORPHISMS OF SPACES OF AFFINE CONTINUOUS COMPLEX FUNCTIONS 273

LEMMA 3.1. Let X be a compact convex set. Then

ext B(‘?I(X,(C))* =T-extX.

ProoF. We denote K = By x,c)-. First we prove that ext K C T - X.
Since T - X is compact, by the Milman theorem it is enough to show that
co(T-X) =K.

Assuming the contrary, there exist s € K \ co(T - X), « € R, and f €
A(X, C) such that

Res(f) > o > sup{Rer(f) : r e co(T - X)}.

Let u € B y(x,c) be a Hahn-Banach extension of 5. Since

Retf(x) <a, teT,xeX,
we obtain | f(x)| < @, x € X. Then

/deu §/X|f|d|ﬂ|</xadl,u|=a

gives a contradiction. Thusext K C T - X.

Now we show thatext K = T -ext X. Lets € ext K be given. Then s = tx
for somet € Tand x € X. If x = %(xl + x,) for some distinct points
X1, xo € X, then

a <Res(f) =Reu(f) <

s = %(txl + tx2),

where tx; # tx;. Thus s ¢ ext K, which is impossible. This proves “C”.

On the other hand, let tx = %(sl + 57) for some t € T, x € ext X and
51,52 € K. Then x = %(t‘ls] + t7s5). Let w1, 2 € Bx.c) be Hahn-
Banach extensions of ¢ ~'s; and #~'s,, respectively. Then

f@) =3 (f) +pma(f), [ e€AX,O).

Ifu= %(,bb] + @2), then (1) = 1 = |||, and thus u € .#'(X). Further,
x is the barycenter of . Since x € ext X, we obtain that © = ¢, the Dirac
measure centered at the point x. Since

i) = po(1) = [l ll = llp2ll,

it follows that ;| = o = &, and thus t ~'s; = t7!s, = x. Thus s; = 5, = tx
and tx € ext K.
This proves “2” and finishes the proof.
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LEMMA 3.2. Let i € M (K) be a probability measure on a compact space
K and let { f;};c; be a bounded downward directed net of functions in € (K, R)
converging to a function f. Then for any g € €(K, C) it holds

l_im/ gfjd,u:/gfdu.
i€l Jk K

Prookr. It is known (see [15, Corollary 414B]), that for a bounded down-
ward directed net {/;};c; in (K, R) pointwise converging to & we have
w(h) = limje; u(hj). We decompose g = Zzzoikgk, where go, ..., 83 €
¢ (K, R) positive, and apply this fact to the bounded downward directed nets
{8 fi}jess k =0, ..., 3, and obtain

3 3
uigf) = i*ulgf) = Zik}ig} pgef;) = lim u(gf)),
k=0

k=0
which finishes the proof.

If K is a compact topological space and 7T is a topological space, a function
f:K — T is said to be of the first Borel class if, for each U C T open, the
set f~1(U) can be written as a countable union of differences of closed sets
in K, see [29, Definition 3.2]. In case of T = R, any semicontinuous function
is of the first Borel class.

LEMMA 3.3. Let K be a compact topological space. If f1, fo: K — Care
two functions of the first Borel class, then their product

h:x € K — fi(x)falx) e C

is of the first Borel class as well.

ProoF. Consider the mappings f:x € K — (fi(x), fo(x)) € C? and
¢:(v,7) € C +— yz € C. Since ¢ is continuous and & = ¢ o f, it is enough
to show that the mapping f is of the first Borel class. To this end, let % be a
countable basis of C and U, U, € %. Write

fwn =JHN Y, i=1.2,

neN
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where F/", H' C K are closed sets. Then

U x Uy) = f71 U N £ (U)

(U(Hf \ Fl”)) N (U (H3" \ Fz’"))

neN meN

= |J @\ FYNE N FY
n,meN
= |J HUHEH N\ FFUED.

n,meN

Further, any open subset V of C?> may be written as a countable union of
sets R; of the form R; = Uil X Ul.z, where Ul.l, U? € 9. Thus we have that

l
£~1(V) can be written as a countable union of differences of closed sets in K,

i.e., f is of the first Borel class.
LEMMA 3.4. Let X be a compact convex set and f: X — R be an upper
semicontinuous affine function. Then the following assertions hold.

(a) There exists an element a*™* € (A(X, ©))** such that a**(x) = f(x),
x € X.

(b) If {a;}jes is a bounded downward directed net in A(X, R) satisfying

fx) = }ierglaj(X) Z}relgaj(x), x€X,

then aj — a™* weak”.
(¢) The function a** is of the first Borel class on T - X.
(d) Foreach € M (T - X), it holds pu(a**) = a**(r(w)).
(e) The function a** is of the first Borel class on any r Buyx,cy+ r > 0.
(f) There is only one element a** € (A(X, C))** extending f.
PRrOOF. (a) Since f is upper semicontinuous and affine, it is bounded (see

e.g. [26, Lemma 4.20 and Theorem 4.21]). Hence we may assume that —M <
f < M for some constant M > 0. By [26, Proposition 4.12],

fx) =infla(x) :a € AX,R), f <a <M}, xelX,

in other words, the downward directed net {a € AX,R), f < a < M}
converges pointwise to f. We consider the family

faceAX,R): f<a=< M}
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as a net of elements in (A(X, C))**. We claim that this net converges weak™ to
an element a™* € (AX, C))**.

Indeed, let s € A(X, C)* be given. We extend s by the Hahn-Banach
theorem to an element u € (X, C) with |u] = |s|| and write u =
Zizoikckuk, where ¢, > 0 and u; € M (X), k = 0,...,3. Let x; be
the barycenter of ux, k =0, ..., 3. Then

3 3
s(a) = u(a) = Zikckuk(a) = Zikcka(xk), a € AX, O).
k=0 k=0

Since the net {a(x;) : a € A(X, R), f < a < M} converges to f(x;) for each
k=0,...,3,thenet {s(a) : a € A(X, R), f < a < M} converges.
By setting

a™(s) =lim{s(a) :a € AX,R), f <a <M}, s QQX,O)"

we obtain a linear functional on ((X, ©))*.

To conclude the proof it is enough to show that it is bounded. Considering
s € (AX, C))* as above, let u € A (X, C) be again a Hahn-Banach extension
of s,1.e., |||l = |Is]|. Then we can decompose w as u = Zz:o i*cp ik, where
¢y > 0and u, € M (X), k=0,...,3, and, moreover, co + ¢; + ¢ + ¢z <
2]l

Then the inequalities

|a**(s)| = |lim{s(a) taeAX,R), f<a=< M}|

3
lim{Zikcka(r(,uk)) caeAX,R), f<a< MH

k=0

3
<Y oM <2M|ul =2M|s|
k=0
imply the boundedness of a**, i.e., a** € (A(X, C))**.
(b) Let {a;};c; be a bounded downward directed net in 2 (X, R) pointwise
converging to f on X. Given s € (A(X, C))*, we extend s to u € M (X, C)
as above and write u© = 22:0 i*cppx, where ¢ > 0, g € #'(X). Then

3

a™(s) =lim{s(a) :a € AX,R), f <a <M} = Zikckf(r(,uk))
k=0

3 3
_ -k . . 1 .k N — 1 .
= kX_S‘z e lim a; (r (1)) = }1;?(;1 ckr(uk))m,) = lim s(a)).
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(¢) We remind that we understand X as a subset of (A(X, C)*, and we
consider a homeomorphic mapping ¢: T x X — T- X defined by ¢(¢, x) = tx,
(t,x)eT x X.

Then the function 4: T x X — Cdefinedas h(t, x) = tf(x), (¢, x) € Tx X,
as a product of a continuous function and a function of the first Borel class, is
of the first Borel class as well by Lemma 3.3.

Thus a** = h o ¢! is of the first Borel class on T - X also.

(d)Letp € A (T-X)be given. Then its barycenter r (1) belongs to the set
Byx.cy+- We denote v = ¢~ € M (T x X) and pick a bounded downward
directed net {a;};cs in A(X, R) converging to f.

Then we have using Lemma 3.2 and (b)

w(@™) = (pv)(@*) = v(@™ o @) = v(h) =lim ta;j(x) dv(t, x)
Jet Jrxx

=lim | a;du=1lima;(r(w) = a™(r ().
jeJ T-X jeJ
(e) We first show that a™* is of the first Borel class on By xc))-- To this end

we recall that .
CXtB(Q[(X.(C))* cT-X.

We know from (d) that the function a** satisfies the barycentric formula for
each u € /%‘(ﬁB@[(X,Q)*). By [28, Theorem 3.3], a** is strongly affine
on B(x,cy+. Since a** is of the first Borel class on ﬁB(g[(x’O)*, [25, The-
orem 3.5] implies that a** is of the first Borel class on By x,c)--

If r > Ois arbitrary, we realize that » By (x,c))- is affinely homeomorphic to
Buicx.cy and a™ is linear. Hence a™* is of the first Borel class on r By x,c))*-

(f) It is enough to show that, given a™* € (A(X, C))**, a** = 0 provided
a** = 0on X. Lets € (A(X, ©))* be arbitrary. We extend s to an element
nw € M(X,C) and write u = Zzzoikck,u,k, where ¢, > 0, ux € M'(X),
k=0,...,3. Thens = Zi:o ikexr (i), and thus

3
a*(s) = ) itad™ (r(m)) = 0.

k=0
Hence a** = 0 as needed. The proof is finished.

Next we need a decomposition lemma which is well known for real spaces
ACX, R).

LEMMA 3.5. Let X be a compact convex set and F C X be a closed split face.
Let F’ be the complementary face of F. Then (A(X, C))* = span F@;, span F’.
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ProorF. Lets € (A(X, C€))* be given. We extend s to u € (X, C) which
is boundary (see [19, Theorem], [18] and [16, Theorem 1.2]). Then |u|(xr) =
|l (xF) (see [2, Proposition 1.4.5 and the subsequent Remark]), and thus p is
carried by the set {xr = x5} = F U F'. We write u|r = Z}zzo ikcppr and
wlp = Ya_yi*diwi, where ¢, di = 0, g € M (F) and v, € M (F'), k =
0,....3. Letxy =r(ui), ye =7r(vp), k=0, ...,3. By [2, Corollary 11.6.11],
x; € F and y, € F’. Thus

3 3

Sp = Zikckxk espanF, sp = Zikdkyk € span F’
k=0 k=0

and for a € A(X, C) we have

3 3
s(a) = p(a) = plp@) + plp@) =Y ifeala) + Y i*da(y)
= sr(@) + sp(a). =0 =0

Thus s = sF + sp € span F + span F'.
Further, |[sp|l < ||ulrll and [[sF || < [[]F ||, and thus

sl = lwll = Nlplell + leeledl = Msell + lise .

Hence [|s|| = llsg |l + [ls# |-
Let s € span F N span F’. Then there exists ¢, > 0, dy > 0, x; € F,
v € F',k=0,...,3,such that

s = (coxo — c1x1) + i(c2x2 — ¢3x3) = (doyo — diy1) + i(day2 — d3y3).
If we apply s to an arbitrary a € (X, R), we obtain
(coxo—c1x1)(a) = (doyo —diy1)(a), (c2x2—c3x3)(a) = (d2y2 —d3y3)(a).
Thus
coxo — c1x1 = doyo — diy1,  C2X2 — c3x3 = dayr — d3y3.
An application of s to a constant function 1 yields
c=cot+di=dy+c, d=c+dy=d+cs.

Ifc =0,thency = ¢; =dy = dy =0, and thus coxg — ¢1x; = 0. Otherwise
we have the following equality

Co d] d() C1
—Xo+ —y1=—Yo+ —Xi.
c c c c
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Since X is a direct convex sum of F and F’, these convex combinations must

be equal, i.e.,
coxo = c1x1, diy1 = doyo.

Hence coxg — c1x; = 0.

Similarly we handle the second term c,x; — c3x3 = dy» — d3y3 and obtain
s =0.

Thus (A(X, C))* = span F @y, span F’ as claimed.

LEMMA 3.6. Let X be a compact convex set and f: X — C be an affine
function of the first Borel class. Then

sup [ f(x)] = sup [f(x)].

xeX xeext X

ProOF. It is proved in [22, Theorem 2.3] that every complex function of
the first Borel class on a compact space has the point of continuity property.
For the rest of the proof see [11, Corollary 1.5(b)].

LEMMA 3.7. Let x be a weak peak point of a compact convex set X. Then
{x} is a split face of X.

PROOF. Suppose that x is a weak peak point. First we prove that x is an
extreme point. To this end, let . € /' (X) be a maximal measure representing
x. For the proof that x is extreme it is enough to show that u = &, the Dirac
measure centered at the point x. We fix an arbitrary closed neighborhood U of
x and ¢ > 0. Then there is a function a € By x,c) satisfying

alx)>1—¢ and Ja|<e onextX\U.

Since a is continuous and U is closed, it even holds that |a| < ¢ on the set
extX \ U C extX \U. So, since u is maximal measure, we have by [2,
Proposition 1.4.6]

1—8<a(x)§/ Ialdu=/laldu
X

ext X

=/ Ialdu+f laldp < n(U) +e.
U e

Xt X\U

In other words, u(U) > 1 — 2¢. Since ¢ > 0 is chosen arbitrarily, we have
that w(U) = 1. Hence (V) = 1 for each closed neighborhood V of x. From
this it easily follows that u = &.

For the fact that x is actually a split face it is enough to follow the proof
of [8, Proposition 1].
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Now we can prove Theorem 1.1.

PrOOF OF THEOREM 1.1. We write (-, -) for the duality mapping. We write
A =A(X,C)and B =AY, C).

We assume that there exist ¢ € Rsuchthat 1 < ¢’ < 2 and ||T] < 2
and ||Ta|l > ¢'|la| for alla € A\ {0} (otherwise we would find 1 < ¢’ < 2
such that || - |T7Y < % < 2 and consider the mapping ¢'||T || T; see [8,
p. 76]). We fix ¢ € R satisfying 1 < ¢ < ¢,

CrLam 1. For any a** € A**\ {0} and b** € B**\ {0} we have ||T**a™*| >
cla** || and ||(T~')**b*|| > 31|b**|.

Indeed, for a** € A** \ {0} we have
la™ | = 1T~ Ta™| < () ITa™ | < e T a™ .

The second inequality is analogous.

For each x € ext X we consider the function f, = X{?}- Since {x} is a split
face, f is an upper semicontinuous affine function on X. We extend f using
Lemma 3.4 to an element a}* € A™. By Lemma 3.4(e), a}* is of the first Borel
class on any ball in A*.

Analogously we define for y € extY the function g, and the element

y .
We define mappings px and py as follows:
ox(x) = {y cextY: |(x, (T*')**b;*)| > %}, x €extX, and

or(y) = {x eextX: ’(y, T**a;‘*)| > c}, y €ext?.

CLAIM 2. px and py are mappings.

Let x € ext X be such that there exist distinct points y;, y, € ext Y with

(T % b =[x, @ H™0 | > 3, i=1.2.

Using Lemma 3.5 we write
(TN x = hy1 + w1 = dayz + pa,
where A1, A, € C, u; € span{y;} and u, € span{y,}’. Then
5 < @Y% b3 | = [y b35) 4+ (i, B3 = 1l i =1,2.

Since » 1 .
1> (T )%l = Al + il > 5 + llwll, i=1,2,
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we obtain

L> il + gzl = e = p2ll = Iiye = Aayell = (4] + [22] > 1,

i.e., a contradiction.
Anal’ggousl/x we show that py (y) is at most single-valued.
Let X and Y denote the domain of py and py, respectively.

CrLAIM 3. The mappings px: X — extY and Py: Y — ext X are surjective.

Let y € extY be given. We assume that |{x, (T_l)**b;f*)l =< % for each
x € ext X and seek a contradiction.

We show that the element (T‘l)**b;“,* € A™ is of the first Borel class on
By-.

Indeed, we know that b7* is of the first Borel class on any ball in B*, in partic-
ular on 2Bg.. Since (T~))* is a weak*-weak* homeomorphism,
(T™1)*(Bs») C 2Bg- and (T~')™b}* = b3* o (T71)*, it follows that
(T*I)**b;* is of the first Borel class on By« as well.

By Lemma 3.6,
a*eext Byx
= sup [(a*, (T~)™bi")| = sup |(x, (T™H)™p})| < 3.
a*eT-ext X xeext X

This contradiction implies that px is surjective.
Analogously we check that py is surjective.

CLAIM 4. We have X = extX and Y = extY and py(px(x)) = x, x €
ext X, and px(py(y)) =y, y € extY.

Lety € Y be given. We want to show that px (oy(y)) = y, i.e., that

oy (), (T~H™D5%)| > 3. 3.1)
We have
d= sup [(x,(T7H)™b¥*)| = sup |(s.(T~)*b}")|

xeext X seT-ext X
_ — 1%k g k% 1 k% 1
= [@=H"by | > 31630 = 5
Since ¢ > 1, we have d > max{%, %}. Hence there exists x € ext X such that
-1 d 1 1
|, (P76 | > max{4, 5} > 3.

Thus y = px(x).
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Assume that (3.1) does not hold. Then py (y) # x. By Claim 3 there exists
Y € Y such that py (3) = x. Theny € {y}, and thus (¥, b}*) = 0. We write

T*y =ix+pu, Ae€C, uespan{x}.
Then
0=(y,by") =7, T**(T_l)**b;*) =(T"y, (T_l)**b;*)
= (Ax, (T_l)**b;*) + (1, (T_l)**bf,*)-
Since x = py(y), we have
¢ < (3. T"a)| = (T3, a7 = |(hx + p, a7} | = [Al.

Since o N
Il + A =Tyl < 2[yll = 2,

we obtain ||| < 2 — c¢. By putting everything together we get
d < ME < M[x, (P76 | = [, (T7H 07|
= [, (T7Y*b3)| < dllull <d@2—c) <d,
a contradiction. Thus (3.1) holds, which means that px (py (y)) =y, y € Y.
Now, let x € ext X be given. Then there exists y € ¥ such that py (y) = x.
Then y = px(py(¥)) = px(x), which means that x € X.

Let y € extY be given. Then we can find x € X = ext X with px(x) =y
and further we can select y € Y such that py (y) = x. Then

Y =px(x) = px(py(M) = € Y.

Hence Y = extY.
Finally, if x € ext X, we find y € ext Y with py(y) = x and obtain

py (px (x)) = py(px(oy(¥)) = py(y) = x.

Till now we have proved that px:ext X — extY is a bijection with py
being its inverse. Now we use the assumption on weak peak points to check
that px is a homeomorphism. To this end it is enough to follow the proof of [8,
Theorem 7].

4. Cardinality of extreme points

The second result of our paper generalizes a theorem of Cengiz [7] who proved
that a pair of locally compact spaces K, L has the same cardinality provided
¢o(K, ) is isomorphic to 6y (L, [F).
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We show in Theorem 4.2 the same result in the framework of compact con-
vex sets. Before its proof we need the following lemma on finite-dimensional
compact convex sets.

LEmMA 4.1. Let X be a compact convex set in a finite-dimensional space
and let each point of ext X be a split face. Then the set ext X is finite and X is
a simplex.

ProoOF. We identify X with a subset of R™ for a suitable m € N.

First we show that the set ext X is finite. Assuming the contrary, there is a
sequence {x,};° , of distinct points in ext X converging to a point x € X. By
the Minkowski theorem (see e.g. [2, Corollary 1.6.13] or [26, Theorem 2.11]),
x belongs to the convex hull of ext X, thus there exist finite sequences {A; };{:1
in (0, 1] and {z;}*_, in ext X such that

k k
Zk,-:l and x:ZAizi.
i=1 i=1

Now, the function x, is affine, and hence continuous. Since {z;} is a closed split
face and x* = O onext X \ {z1}, the sequence of real numbers {x (x,)};2,,
is identically zero for some suitable ny € N. So, by the continuity of x we
have x (x) = 0. On the other hand, it holds by the affinity of x that

k
X2 (x) = x, (Z )»iz,-) > Mxl(z1) =2 >0,

i=1

which gives a contradiction. Thus ext X is a finite set.
Now we show that X is a simplex. We write ext X = {xi}f.‘zl. We fix an
element x € X \ ext X and assume that there are two convex combinations

n n
x = E Aixp = E HiX;,
i=1 i=1

where A;, u; € [0,1),i = 1,...,n. Fix arbitrary j € {1,...,n}. By the
assumption, {x;} is a split face. Since {x; : i # j} is contained in the comple-
mentary face {x;}’ and

A
X =)»ij+(1 —)\,j)z 1 _}L'Xj =Mij+(1—,LLj)Z
i#] / i#]

i
1—,uj

Xj,

from the uniqueness of the decomposition of X to {x;} and {x;}’ we obtain
A jo= Mj.
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Thus x is a unique convex combination of extreme points of X, from which
it follows that X is a simplex. This finishes the proof.

THEOREM 4.2. Let X, Y be compact convex sets such that A (X, C), A(Y, C)
are isomorphic. If each point of ext X and extY is a split face, then the car-
dinality of ext X is equal to the cardinality of extY.

Proor. First we suppose that the space 2 (X, C) is finite-dimensional. Then
also (Y, ©) is finite-dimensional, with dim( (Y, C)) = dim(A(X, C€)), and
also the sets X and Y are finite-dimensional as well. By Lemma 4.1 we have
that X is a Bauer simplex with finitely many extreme points, and so it holds
that

AX,C) = F(ext X, C) = £>(ext X, C),

and the same holds for Y. Thus
lext X| = dim(£*(ext X, Q)) = dim({*(ext Y, C)) = |ext Y.

Now suppose that the space (X, C) (and hence also the space (Y, C)) is
infinite-dimensional. Let 7': (X, C) — A(Y, C) be an isomorphism. We will
show that | ext X| < |extY]|.

Tothisend, let y € ext Y be fixed. For each x € ext X we consider the upper
semicontinuous affine function f, = Xf}} and its extensiona}* € (A(X, €)™,
see Lemma 3.4. Let A, (x) = (T™*y, a}*). We claim that the set

X, ={xeextX:A,(x)#0}

is at most countable. Indeed, let s = T*y and u € (X, C) be a boundary
measure extending s. Let x € ext X be arbitrary. Let {a;};c; be a bounded
downward directed net of functions in (X, R) converging to f; = x;,- Then
we have

pr(x}) = ulxiy) = mlxgyy) = limu(a;) = lim(s, a;)
jeJ jeJ

=Lm(T"y, a;) = (T"y, a;") = Ay (x).
jeJ

Since ||| < oo, w({x}) # 0 for at most countably many x € ext X.

Now we prove that for each x € ext X there exists y € extY such that
x € X,. To this end, we assume the contrary. Let x € ext X be such that

(T*y,a*) =0, yeextY.
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Using the same argument as in the proof of Theorem 1.1, Lemma 3.6 yields

0= sup [(T*y,a)|= sup |(y,T"a)| = sup |(s, T*a")

yeextY yeextY seT-extY
= sup |(s, T**a;"*){ = ||T*”‘a;f>k H #0,
SGB(\)[(Y.Q)*

1.e., a contradiction.

Now both the spaces (X, C) and 2A(Y, C) are infinite-dimensional, and
thus the sets ext X and ext Y are infinite. Indeed, if ext X were finite, by the
minimum principle we would obtain that the space (X, C) C £*°(ext X, C)
is finite-dimensional.

Now, since we have ext X = Uyeem, X,, we get |ext X| < |extY].

By reversing the role of X and Y we obtain the converse inequality, which
concludes the proof.

5. Isomorphisms of complex function spaces

This section uses the results of the previous sections to deduce analogous
theorems on selfadjoint function spaces. Throughout this section we consider
a compact (Hausdorff) space K and a closed subspace # C 4 (K, C) which
contains constants and separates points of K. By S(#’) we denote the state
space of I, i.e., the set

S@) ={s e :|sll=s(1) =1}

endowed with the weak* topology. Let ¢: K — S(#) be the evaluation map-
ping, then ¢ homeomorphically embeds K into the compact convex set S(7).
The Choquet boundary Chg K of ¢ is defined as

Chy K ={x € K : ¢(x) € ext S(K)}.

By [5, Theorem 2.2.8], ext S(#) = ¢ (Chy K). Let &: # — A(S(H), C) be
defined as ®(h)(s) = s(h), s € S(K), h € F. Then we have the following
identification.

LEMMA 5.1. Let 7 be a selfadjoint closed subspace of € (K, C) for some
compact space K such that I contains constants and separates points of K.
Then the mapping ® is a isometric isomorphism of I onto A(S(F), C).

Proor. Clearly, @ is linear and of norm 1. Since

Al = 1@ (M) lus@e.cp = sup |s(h)| = sup [h(x)] = [|A]],
seS(H) xek
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® is an isometry. It remains to show that ® is onto.

To this end, let f € AS(H), C) be given. Any s € H™* can be written
as s = Zzzoikaksk, where a; > 0, sy € S(¥), k = 0, ...,3. We define
f:* — Cas

3

f&)=>i*af@s). s=

3
iKapsp, ap > 0,5, € S(I), k=0,...,3.
k=0 k=0

5.1
We have to check that this definition is correct, i.e., that

3 3
Zikakf(sk) = Zikbkf(tk)’
k=0 k=0

whenever Zizoikaksk = Zi:Oikbk[k’ ak,bk > 0, sp, e € S(%), k =
0,...,3.
So let

(aoso — ais1) +i(azxss — azs3) = (boto — bity) +i(bata — b3t3).  (5.2)

Since any s € S(#) can be extended by the Hahn-Banach theorem to a measure
we M(K), s(Reh) € R foreach h € . (We remind that Re s, Imh € ¥
for each h € 7 since 7 is selfadjoint.) An application of (5.2) to the constant
function 1 yields

a=ay+by=by+a, b=ay+b3=>b+as.

Ifa=0,ay =a; = by =>b; =0, and thus ag f (so) — a1 f(s1) = by f (ty) —
by f(t;). Otherwise we have for each h € 7 equality

((aoso—ays1)+i(azs> —azs3))Re h) = ((boto—bi11)+i(bat —b3t3)) (Re h),
which implies
(apsog — ays1)(Re h) = (boty — b1t1)(Reh), he .

In other words,
b b
a<“—°so + —1t1>(Reh) — a<—°z0 + ﬂﬁ)(Reh), hed.
a a a a

Since Im 2 € 7 and Re(Im k) = Im & for each h € 7,

aop by by a
—so+ —t = —ty + —s1.
a a a a
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Since f is affine, we obtain

b b
= f(—olo + ﬂsl) =2 )+ 2 fisn),
a a a a
ie.,
ao f (s0) — ai f(s1) = bo f(to) — by f(t1).
Similarly we get
a f(s2) —az f(s3) = brf(t2) — b3 f(13),

which shows that fis by (5.1) well defined.
It follows from (5.1) that f: #* — C is linear. Indeed, let s, € F* be
given and let

k=0 k=0
where ai, by > 0, sg, 1, € S(H), k = 0,...,3. We select u € S(¥) and
define a b
Sk + th, aip+by >0,
Uy = ak+bkk ak+bkk k k
u, ap = bk = 0,

and
ck=ay+b,, k=0,...,3.

Then u; € S(#') and

3
— -k
s+1= 1" CrlUg.
k=0

Since f is affine on S(#’), we obtain

3 3
fe+n=>faf) =Y i (af ) +bif @) = Fis) + F o).
k=0

k=0

It is even more straightforward to verify that f~ (As) = A f (s), whenever
s€d*and A >0, =—1,0r A =i.Thus f is linear.

To check that f is given by an element from 7 it is enough to verify its
weak* continuity on *. Since f is linear, it is enough to check its weak*
continuity on By~ (see [13, Corollary 3.94]). We assume that this is not the
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case and seek a contradiction. So let {s;};c, be anetin By weak™ converging
to s € By such that | f(s;) — f(s)| > n for some n > 0. Using the Hahn-
Banach theorem and the decomposmon of a complex measure we write each
sjass; = Zk ol aksk,whereak > 0,s] € S(¥) andao—i—a1 —I—a2 +aj <2.
By a compactness argument we may assume that a; — a; and s; — s in the
weak* topology, k =0, ...,3. Thens = Zzzo i*aysy. By the continuity of f
on S(#), f(s,f) — f(s;) foreachk =0, ..., 3. But then

3 3

Y ifal f(s) =D ifanf ()| =

n < },len}|f(sj) - f»|= i_len}
k=0 k=0

gives a contradiction. Hence fis weak* continuous on By, and thus on 7 *.
Thus there exists an element 4 € F such that f(s) = s(h), s € Z*. In
particular, ® (k) = f. The proof is finished.

As in the first section we say that x € K is a weak peak point if

given ¢ € (0,1) and an open set U C K containing x,
there exists f € By such that | f| < & on Chy K \ U and (5.3)

fx)>1—e.

LEMMA 5.2. Let x € K be a weak peak point in the sense of (5.3). Then
¢ (x) is a weak peak point of S(¥) in the sense of (2.1).

PrOOF. Suppose that x € K is a weak peak point in the sense of (5.3),
and that we are given ¢ > 0 and an open neighborhood V of ¢ (x) in S().
Then we have that U = ¢~!(V) is an open neighborhood of x. So there exists
f € By suchthat | f| < e ontheset Chyy K\ U and f(x) > 1 —¢. We denote
a = ®(f) € Buswr).c) and we show that a is witnessing the fact that ¢ (x) is
a weak peak point of S(#). Firstly, we have that

a(@(x)) = @(f)(P(x)) =d()(f) = fx) >1—e.

Now, suppose that s € extS(#)\ V. Thereis y € Chy K such thats = ¢ (y).
Then ¢(y) ¢ V, and hence y ¢ U. Thus

la()| = PPN =f] <e,

which concludes the proof.

Now we can extend the results of the previous sections to the context of
function spaces.
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THEOREM 5.3. For i = 1,2, let K; be a compact space and 7; be a sel-
fadjoint closed subspace of €(K;, C) which contains constants and separates
points of K;. Let each point of Chg: K; be a weak peak point.

(i) Ifthere exists an isomorphism T: 3, — 9, satisfying |T||-|T || < 2,
then Chyy, K is homeomorphic to Chy, Ko.

(ii) Ifthere exists an isomorphism T: % — (5, then Chy, K| has the same
cardinality as Chy, K.

ProOF. By the identification given by Lemma 5.1, the space A(S(71), ©)
is isomorphic to A(S(7#3), C), and by an isomorphism 7T satisfying ||T| -
IT~'|| <2 in case (i). Moreover, Lemma 5.2 allows us to use Theorems 1.1
and 4.2 to conclude that ext S(7#}) is homeomorphic to ext S(#3) in case (i),
and in case (ii) those sets have the same cardinality. Hence the assertion follows.

We refer the reader to [21] and [20] for results on function algebras in the
spirit of the above theorems. The case of vector-valued Banach-Stone type
theorems is treated e.g. in [4], [14] or [1].
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