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LIFTING MATRIX UNITS IN C*-ALGEBRAS II

KJELD B. LAURSEN* and ALLAN M. SINCLAIR

In this note we show that the Pedersen ideal A, of a C*-algebra 4
is the minimal dense two-sided ideal in A. This general result (Theorem
2) is then applied to the problem of lifting matrix units past ideals with
closures of finite codimension in 4. Specifically, we show (Theorem 6)
that if J is a (two sided) ideal in A with closure I of finite codimension
in 4 then there is a finite dimensional subspace F' of 4 such that F+J
is a dense subalgebra of A. This result was known for the sequentially
monotone closed C*-algebras [4]. In Corollary 8 we apply these results
to ideals in C*-algebras related to the continuity of homomorphisms,
and correct an error in the proof of [7, Theorem 4.1 (ii)]. We wish to
thank H. G. Dales and G. K. Pedersen for helpful comments.

An ideal I in a C*-algebra is called hereditary if 0<y=<z and zel
implies that y € I.

1. LeMmA. Let A be a C*-algebra, and let C be a non-empty subset of A+
that is closed under square roots. Then the hereditary ideal generated by C is
equal to the ideal generated by C.

Proor. Clearly the hereditary ideal generated by C contains the ideal
K generated by C. We prove the reverse inclusion. Let J be the order
ideal in A+ generated by the set

C, = U {u*Cu: u a unitary in 4+ C1}.

Then the complex linear span of J is the hereditary ideal generated by
C because of the one-to-one correspondence between hereditary ideals
I in A and order ideals J in A+ satisfying u*Ju=J for all unitary u in
A+C 1[5, pp. 132-133]. The ideal generated by C, is K and C, is closed
under the operation of positive square roots. If y isin J, there are zy,. . ., x,,
in C; such that 0y =<2, +... +%,. By the Riesz decomposition property
[6, Corollary 2] there exist u,,. . ., %, in 4 such that y =wu,* + . . . +u,u,*
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and u;*u; < x; for each j. By the general polar decomposition [2, Corollary
1.1.3] there is v; in A such that w;=v; a;* for each j. Since z; is in O,
a;t is in Oy, and thus u; is in I for each j. This completes the proof.

Let C*(h) denote the C*-subalgebra of a C*-algebra A that is generated
by the element 4 in A.

2. THEOREM. Let A be a C*-algebra. The Pedersen ideal Agis the min-
tmal dense (two stded) ideal in A.

Proor. Let J be a dense ideal in 4, let

Jy = {wx*: xel},
let
C = {he A+ : There exists z € J so that h e C*(xax*) and A
vanishes in a neighbourhood of 0 as a function on the
spectrum of zx*, o(xx*)}

and let I be the ideal generated by C. We note first that C<J,: let &
in C be an element in C*(xx*) vanishing in a neighbourhood of 0 on
o(xx*); then there is an element y € C*(xx*) such that

x = y(aa*) = yaz*)yt = (yiz)(yte)*

and consequently x is in J;. It follows that I £ J, and thus it is sufficient
to show that I contains the Pedersen ideal. Further C is dense in J, and
C is closed under square roots so that by Lemma 1 I is hereditary. The
Pedersen ideal 4, is known to be the minimal dense hereditary ideal
[5, Theorem 1.3], so to complete the proof we must show that I is dense
in 4. Since C is dense in J, it is sufficient to show that J, is dense in
A+, Let e>0 and y € A+ of norm 1 be given. Since J is dense in 4 by
assumption, there exists z in J such that ||z —y#|<e/4, and |z < 2. But
then
ez —yll S llee* — gt + te* — g
< o=l l*l+ gt e — ] < 2efd+efd < &

That completes the proof.

The set C of the proof of Theorem 2 gives rise to the following charac-
terization of the Pedersen ideal.

3. CorOLLARY. Let A be a O*-algebra and let C be the set of g € A+ such
that there is an h € A+ with g € C*(h) and g vanishing in a neighbourhood
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of zero on the spectrum o(h) of h. Then the ideal I generated by C is the
Pedersen ideal A, .

Proor. Since C is closed under square roots Theorem 2 shows that
Ay,c 1. On the other hand from the construction of the Pedersen ideal
[5, p. 133] it follows that I 4,.

The following simple lemma is surely well known but we have not
been able to locate a reference.

4, LEMMA. Let I, be an ideal in a Banach algebra A, and let I be the
closure of 1,. If A|I is semisimple, then the (Jacobson) radical of the alge-
bra A|I,is I[1,.

Proor. Since 4/I is semisimple, it is clear that rad(4/I)cI/I,. If J
is a primitive ideal in A/l then, with »: 4 —~ A/l the canonical map,
v=1(J) is easily seen to be a primitive ideal in 4, and hence is closed.
Thus »=1(J) contains I, and I/I, is contained in rad(4/I,).

For convenience we state [3, Proposition 1, p. 53] and [3, Proposition
4, p. 51] for algebras in the following lemma.

5. LEMMA. Let A be an algebra and let R be the radical of A. Let e, and
ey, be mon-zero idempotents in A. Then the following conditions are equiv-
alent.

a) The right A-modules e;A and e,A are isomorphic.
b) The right A|R-modules (e; + R)- A|R and (e, + R)- A|R are isomorphic.
c) There are e,y and ey tn A such that

€1€1262 = €12 €2€91€1 = €y
€12621 = €1 €91€12 = €.

6. THEOREM. Let A be a C*-algebra and let J be an ideal with closure 1
of finite codimension in A. Then there is a finite dimensional subspace F
of A such that IDF=A and J+F is a dense subalgebra.

Proor. By Theorem 2 we may and shall assume J to be the Pedersen
ideal I, of I.

Since the codimension of I in A is finite, we know that A/I is isomor-
phic to M, ®...®M np where each M, is a full matrix algebra over
the complex numbers of dimension n2% Let n=n;+...+n, and let

{eg: 6,j=1,...,m}
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be a set of matrix units in A/I satisfying

e =1
€y = e:f’i* 6j =1,...,m,
eijekl = 6jke,u ’&,j,k,l = 1,. v N

and e;;+0 if and only if
mp+1=mn+...4+0_3+1 £ 6,j < my,,.

For notational simplification we have arranged the matrix algebras
M,,..., M, as blocks along the main diagonal of an n xn matrix.

The finite dimensional C*-subalgebra Ce,;;® ... @Ce,, of 4/I may be
generated as a C*-algebra by a hermitian element f+ I in 4/I. We may
take f to be hermitian in 4. Now (I,nC*(f))~=InC*(f) because a posi-
tive element g in InC*(f) is the limit of a sequence of elements g,, in
InC*(f) such that g,,=#,g,, for some A, in InC*(f), and each g, is in
I, by the construction of I, [5, p. 133]. Since C*(f+I) is isomorphic to
C*(f)[InC*(f), I has a finite hull in the carrier space of C*(f). Con-
sequently we may choose hermitian elements f;; (i=1,2,...,n) in C*(f)
such that f;;+I=e; and f,2—f,; vanishes in a neighbourhood of the
hull of 1, ie. f,2—fi; €Ly for i=1,...,n.

We now apply Lemma 5 to the algebra A/I,, and its radical I/I,
(Lemma 4). For £=0,...,p—1 and m,+1=i<my,, the right A/I-
modules (f,.., +1):A/I and (f;+1)-A/I are isomorphic because of con-
dition (c) with e, and e, ;. Thus there are elements f,, , and f;, in 4
such that the equations of Lemma 5 (c) are satisfied in A4/I, with

61 = fogmetLo €= futly,
12 = fmpa+1os a1 = fimp+ 1o -

For k=0,...,p—1 and m,+1=14,j <my,,; with i+j we let fi;=Ffi frms-
Let F be the span of the set

{fig: mpSi,j<myy,, k=0,1,...,p}.
Standard algebraic calculations show that the span of
{figt Lo mpS6,5 <y}
is isomorphic to M, by using the equations 5 (c) for f;;+1,. If
m; S 1, < My S my S 8t < My,
then modulo 7,

Jula = fylfsfeela = [ 0fa=0.
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Hence F +1,/I, is a subalgebra of A/I, isomorphic to M, ®... DM np?
so F+1, is a subalgebra of 4. If m; <4,j<m,,, then

fu+I = (fu+D(fy+D(f;+1)
esi(fiy+Dejs
= iy

because e;;4/Ie;;=Ce;;. Since

(f+ D[+ 1) = fut 1 = ey,

it follows that 4;; is non-zero. Therefore (F + 1)/l =A/[I so that F+I=A.
Since A/I and F have dimension n, the sum 4=F+1 is a direct sum.
This completes the proof.

7. REMARKS.

(a). The proof of Theorem 4.1 (ii) of [7] is incorrect. With the notation
of [1] the error occurs in stating that if the restriction x4 of a homomor-
phism z to a subspace

Ca,®... PCa,Psp(r-t-+7""7)

of a C*-algebra 4 is continuous, then u extends by continuity to a
homomorphism from the closure of the subspace, which in that case
was A. To extend a homomorphism by continuity to a homomorphism
one must know that the subspace on which it is continuous is a sub-
algebra. The following corollary corrects this error in the proof of Theo-
rem 4.1 (ii).

(b) In [1] a homomorphism from C(£2) into a Banach algebra is shown
to be continuous on the ideal of functions vanishing in neighbourhoods
of a finite subset of 2. The corresponding result for a non-commutative
C*-algebra is to replace this ideal by the Pedersen ideal of a closed ideal
of finite codimension. We prove this in the following corollary.

8. CoroLLARY. Let A be a C*-algebra, let B be a Banach algebra, let 9
be a homomorphism from A into B, let
o = {be B: there exists a, -~ 0 in A with ¥(a,) > b in B}
be the separating space of & and let
7= {acd: ¥a)o=0da)={0}}.

Then t=sp(r Tt~ + v~ 1), ¥ 18 continuous on t, and there is a finite dimen-
stonal subspace F in A such that FOr—= A and F + t is a dense subalgebra
of A.
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Proor. By [7, Theorem 3.8] 7~ is of finite codimension in 4, and &
is continuous on sp(z:7~+ v~ 7t). Thus the corollary will follow if we
show that v=sp(r-v-+7 7). Let OC={x*x: x e} and let I be the
ideal generated by C. Then

Icsp(rrr+r1)ST.

If we show C to be closed under square roots, then z<I: if x is in *
then (z*x)? is in C and since z=v(z*x)? for some v in 4 by the general
polar decomposition [2, 1.1.3] it follows that x is in I.

So let « be in 7, and let (x*z)* be defined by the functional calculus
for all positive real numbers «. For each positive «, let

T(x):4 > A:a — (x*x)*a ,
and let
R(x):B - B:b - d((x*x)*)b .

Then « - 7T'(x) and « - R(x) are homomorphisms from the additive
semigroup of positive real numbers into the algebras of continuous linear
operators on 4 and B, respectively. Further #7'(x)= R(x)? for all posi-
tive «. By Lemma 2.3 of [8] it follows that

($((@*x)t)o)~ = (Ha*x)o)~ = {0} .

Similar working on the right implies that ¢d((z*x)t)={0} so that (z*z)
is in 7: Therefore (z*x)? is in O, and C is closed under square roots.
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