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ON COMMUTING C*-ALGEBRAS OF OPERATORS

R. J. ARCHBOLD

1. Introduction.

Suppose that (4,,4,) is a commuting pair of C*-algebras of operators
acting on a Hilbert space H, that both algebras contain the identity
operator I, and that the centre of 4; is Z; (¢=1,2). Then the question
arises as to whether C*(Z,,Z,) (the C*-algebra generated by Z, and Z,)
is the centre of C*(4,,4,). A similar question in the von Neumann alge-
bra setting has been raised and partially answered in [13, § 5].

In this paper we give an example to show that the answer to the ques-
tion raised here can be negative. On the other hand, we have been able
to obtain a positive answer in certain other cases. Perhaps the simplest
of these is when 4, is the commutant A4," of 4,; for then the centre of
C*(A,,A,) is Z, which is equal to C*(Z,,Z,). However, the main result
in this direction is obtained in the case where A4, and A, are both weakly
central, and the proof in this situation is based on results from [2] and
[12]. It is also shown that if A4, is a UHF algebra or is weakly dense in a
factor, and A, is arbitrary, then a positive result is obtained.

The paper concludes with some other applications of the results in [2].
In particular, an extension theorem for C*-norms on tensor products is
obtained.

2. Preliminaries.

Let L(H) be the C*-algebra of all bounded linear operators on the Hil-
bert space H, and let I be the identity operator on H. If 4, and 4, are
C*-algebras of operators on H then C*(4,,4,), the C*-algebra generated
by A, and A,, is the smallest C*-subalgebra of L(H) which contains all
elements of the form ab (and hence ba, by considering adjoints) where
acd,and bed, If Ie A;n4, then

A,ud, g C*(4,,4,).

Also, if (4,,4,) is a commuting pair (that is, ab=ba whenever a € 4, and
be A,) then C*(4,,4,) is simply the norm closure in L(H) of the set of
all elements of the form 37 ,a,b,, where n2 1and a,€ 4;,b,€ 4, (1< n).

Received May 20, 1975,



ON COMMUTING C*-ALGEBRAS OF OPERATORS 107

If (4,,4,) is a commuting pair, and Z, is the centre of 4, (1=1,2), then
C*(Z,,Z,) is clearly contained in the centre of C*(4,,4,). In considering
whether or not this inclusion is strict, the following two results will be
of importance:

(2.1). If 4, and A4, are C*-algebras with centres Z, and Z, respectively,
and if 8 is any C*-norm on the *-algebraic tensor product 4,©4,, then
Z,®Z, is the centre of the C*-algebra 4, ®,4, (see [2, § 1 and Theorem

3)).

(2.2). For a C*-algebra 4 with identity the following two conditions
are equivalent (where Z is the centre of 4):

(1) 4 is weakly central (that is, if M, and M, are distinct maximal
ideals of A then M ,nZ+M,nZ, see [9]).

(ii) For every closed two-sided ideal J of A the centre of A/J is the
image of Z under the canonical *-homomorphism @,: 4 - A/J.

This result is due to Vesterstrom [12, Theorems 1 and 2].

3. The main results.

TrEOREM 3.1. Suppose that A, and A, are both C*-algebras with iden-
tity. Then the following conditions are equivalent:

(i) 4, and A, are both weakly central.
(ii) 4, ®p4, is weakly central for every C*-norm B on A,©A,.
(iii) 4, ®44, is weakly central for some C*-norm f on A;QA,.

Proovr. That (ii) implies (iii) is obvious. For the proof of each of the
implications (i) = (ii) and (iii) = (i) we shall need the fact that if 4 is a
weakly central C*-algebra with identity then so is any nonzero quotient
C*-algebra of A. This fact can be proved either directly (as in [3, Propo-
sition 2.2.5]) or by observing that condition (ii) of (2.2) passes to quotients.

(i) = (ii). Suppose that 4, and A, are weakly central. If 8 and y are
C*-norms on A4,QA, such that =y then 4,®,4, is a *-homomor-
phic image of 4, ®,4 5. It follows from the remarks at the beginning of
the proof that it suffices to show that 4, ®,4, is weakly central (where
v denotes the greatest C*-norm on 4,©4,, see [6, § 3]).

Let M be a maximal ideal of 4,®,4,, and let = be an irreducible
representation of 4,®,4, such that kern=M. We proceed for a while
with a standard argument (see, for example, [11, § 3]) to which our at-
tention was drawn by M. Takesaki. Let n; be the restriction of = to 4,
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(¢=1,2) [6, p. 7]; since m is factorial so is each s;. There is a unique
linear mapping

D: 7,(A4;)O7y(4,) ~ (4, ®,4,)
such that

D(71(a) @7y(b)) = 7y(@)my(b) = W(a®b) (a€dybed,),

and it is easy to see that @ is a *-homomorphism. Since 7;1_(—:4:) is a factor
and my(d4,) 7, (A4,), it follows that @ is faithful (see [5, p. 29, Example
6]). Thus the operator norm on n(4,®,4,) induces a C*-norm y (say)
on 7,(A4,)Qmy(d4,), and @ extends to a *-isomorphism (which we shall
still denote by @) of m;(4,) ®,7,(4,) onto n(4,®,4,). However, since
n(4,Q,4,) is simple, y must equal = (the least C*-norm). Furthermore,
since 7;(A4,) Q4my(A4,) is simple so are both 7,(4,) and m,(4,).

For ¢=1,2 let M;=kern;, a maximal ideal of 4;, and let J,=MnZ,,
a maximal ideal of the centre Z, of 4,. Let

J = (J10Z;)+ (2,8 J5),

a closed two-sided ideal of Z, ® Z,, and recall from (2.1) that Z,® Z, is
the centre Z of 4, ®,4,. Clearly #(J)= {0}, and so J < M nZ (a maximal
ideal of Z). However, if we identify Z in the usual way with C(X,Z,) (the
C*-algebra of continuous Z,-valued functions on the maximal ideal
space X of Z,) we have

(3.1) J ={feCX,Z,) | f(J,) ey},

which is a maximal ideal of C(X,Z,). Thus J=MnZ.

Now suppose that M’ is also a maximal ideal of 4, ®,4,. As above we
obtain #',m,’, 7, , D'\ M, , M, J, ,J,',J'. Suppose that MnZ=M'nZ
(that is, J =J'). We have to show that M =M".

By (3.1), and the corresponding equation for J' in terms of J,' and J,/,
it follows that J,=J," and J,=J, . Since 4, and A4, are weakly central
we conclude that M,=M," and M,=M,". The canonical *-isomorphism
of n;(A4,) onto n,(4,) and that of 7,(A4,) onto z,'(4,) together induce a
canonical *-isomorphism ¥ of m,(4;) ®,m;(4,) onto 7n,'(4,) Ry (45).
In fact, if a,,...,a, € 4, and b,,...,b, € 4, then

T(2!=1n1(ai)®”2(bt)) = 2017 (a) @7y (by) .

Since @1, ¥, and @’ are all isometric, we conclude that ||z(c)||=|[n'(¢)|
whenever ce 4,04, By continuity, |n(c)||= |[n'(c)| whenever ce€
A;®,4,. It follows that M =M’ as required.

(iif) = (i). Suppose that 4,®,4, is weakly central for some C*-norm
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B on A,©4,. By the remarks at the beginning of the proof it follows
that 4, ®, A4, is weakly central.

Suppose that 4, (say) is not weakly central. We obtain a contradiction
by showing that 4, ®, 4, is not weakly central. By (2.2) there is a re-
presentation 7, of 4, such that the centre Y of =,(4,) strictly contains
7y(Z,). Let 7, be any faithful representation of 4,. We consider the re-
presentation w=mn,@n, of 4,®, A4, The centre of 4,®,4, is just
Z,®2Z, (see [8] or (2.1)), and

U2y ® Zy) = 7y)(Z,) @ 7y(Zy) -
On the other hand,
(A, Ry Ay) = 71(A;) Dy 7a(4,)

which has centre Y ®,(Z,). Since n,(Z,) Q7,(Z,) is strictly contained in
Y Q@ ny(Z,) (one way of seeing this is to consider the tensor product of a
nonzero element of ny(Z,)* with a nonzero element of Y* which vanishes
on 7y(Z,)), it follows from (2.2) that 4, ®, 4, is not weakly central.

Suppose that 4, and 4, are C*-algebras and that =, is a representa-
tion of 4,(i=1,2). We say that (ny,7,) is @ commuting pair of representa-
tions of 4, and A, if 7,(A4,) and n,(4,) act on the same Hilbert space and

71 (a)y(b) = 7p(b)my(a) (@€ Ay,bed,)
(see [7, § 2]).

THEOREM 3.2. Suppose that A, and A, are both C*-algebras with iden-
tity, and that Z, is the centre of A,(1=1,2). Then the following conditions
are equivalent:

(i) 4, and A, are both weakly central.
(ii) For each pair (7, 7,) of nonzero commuting representations of A, and
A,, the centre of C*(my(A4,),my(Ay)) 18 just C*(my(Z,),7y(Zs)).

Proor. (i) = (ii). Suppose that 4, and 4, are both weakly central
and that (rm;,7,) is a pair of nonzero commuting representations of 4,
and A4,. Let @ be the unique *-homomorphism of 4,®,4, onto
C*(7y(4,),75(A4,)) which satisfies

D(a®b) = m(a)my(d) (acAdybed,)

(see [6, Theorem 1]). Then $(Z, ® Zy) = C*(ry(Z,),7o(Zs)).

By (2.1) and Theorem 3.1,Z, ® Z, is the centre of the weakly central
C*-algebra 4,®,4,. By (2.2),9(Z,® Z,) is the centre of ¥(4,R,4,). In
other words, C*(ny(Z,),7y(Z,)) is the centre of C*(m;(4,),75(4,)).

(ii) = (i). Suppose that condition (ii) holds, and let = be a nonzero
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representation of 4, ®,4,. Let n; be the restriction of » to 4; (1=1,2).
Then

a(A; ®,45) = C*wy(4,y),75(4,))
and

(2, ®Zs) = C¥(1y(Z1),75(Zy)) -

Hence, by hypothesis, #n(Z, ® Z,) is the centre of #(4,®,4,). It follows
from (2.2) that 4, ®,4, is weakly central. By Theorem 3.1, 4; and 4,
are both weakly central.

If (4,,4,) is a commuting pair of von Neumann algebras then, since
every von Neumann algebra is weakly central [9, Theorem 3], it follows
from Theorem 3.2 that C*(Z,,Z,) is the centre of C*(4,,4,). This result
can also be obtained by using Dixmier’s approximation theorem [5,
Chapitre III, § 5]. The method of proof is similar to that of [2, Theorem
1] (with operator product instead of tensor product).

THEOREM 3.3. Suppose that A, and A, are C*-algebras of operators
acting on some Hilbert space H, and that thereis a factor R acting on H such
that A, < R and A, R'. Let Z, be the centre of A;(1=1,2). Then C*(Z,,Z,)
18 the centre of C*(A,,A4,).

[NoTE. In this theorem we do not require that the C*-algebras 4, and
A, should have identities.]

Proor. Let &: 4,04, - 0*(4,,4,) be the unique *-homomorphism
which satisfies
D(a®b) =ab (acd;beA,).

In view of the hypotheses concerning R it follows that @ is one-to-one
(see [5, p. 29, Example 6]). We can therefore define a C*-norm § on

A;© A, as follows:
123210 @blls = Z3a10:l

n21, ay,...,a,€4,, by,...,b,€4,). D extends to a *-isomorphism of
A, ®zA4, onto C*(4,,4,) which maps Z,®Z, onto C*(Z,,Z,). By (2.1)
Z,®2Z, is the centre of A,®,4, and so C*(Z;,Z,) is the centre of
C*(A,,4,).

CoroLLARY 3.4. Suppose that A, is a C*-algebra of operators acting
non-degenerately on a Hilbert space, and that the von Neumann algebra
generated by A, is a factor. Then, if A, 18 any C*-algebra contained in 4,’,
the cenire of C*(A;, A,) 18 C*(Z,,Z,) (where Z, 18 the centre of 4,(1=1,2)).
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In the above Corollary it is possible to replace the condition that the
von Neumann algebra generated by A4, is a factor by the condition that
A, is a UHF algebra. For, in this case, an analogue of Dixmier’s approxi-
mation theorem holds for 4;. To be precise, it is shown in [3, Corollary
2.1.8] that if @ € 4; then there is a scalar operator in the norm-closed
convex hull of the set {uau* | » unitary in 4,}. It follows by an argument
similar to that in the proof of [2, Theorem 1] (with tensor product re-
placed by operator product) that the centre Z of C*(4,,4,) is contained
in C*(CI,4,) (which is, of course, just 4,). Thus Zg Z,, and the reverse
inclusion is trivial. Since Z, = CI we have

Z = Zy = CXZy,Zy)
as required.

We turn to the problem of finding an example for which the answer
to the question of the introduction is negative. In view of Theorem 3.2
it is inevitable that our example should involve a C*-algebra which is
not weakly central, and we note that several such algebras exist (see,
for example, [5, p. 259, Example 5]).

THEOREM 3.5 Suppose that A, 18 a C*-algebra with identity, understood
to be acting in its universal representation over a Hilbert space H, and that
A, is not weakly central. Then there exists a two-dimensional Abelian von
Neumann algebra A,, contained in the commutant A,' of A,, such that the
centre of C*(A,, A,) strictly contains C*(Zy, A,) (where Z, is the centre of
4,).

Proor. By (2.2), there is a closed two-sided ideal J of A4, such that
D ,(Z,) is strictly contained in the centre of 4,/J. Since 4, is acting in its
universal representation there is a central projection p in the von Neumann
algebra generated by 4, such that the mapping of 4,/J onto 4,(I—p)
given by

®5(a) > al-p) (ae4d,)

is a well-defined *-isomorphism. Thus the centre Y of 4,(I —p) strictly
contains Z,(I - p).

Let 4, be the two-dimensional Abelian von Neumann algebra genera-
ted by p and I —p. Then

C*(4,,4,) = 4,p+4,(I-p),
and the centre of this algebra is X + Y, where X is the centre of 4,p.
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However.
C*(Zy,Ay) = Zyp+Zy(I-p),

and this algebra is strictly contained in X + Y.

4. C*-norms and tensor products.

In this section we note briefly two further applications of [2, Theorem
3] (see (2.1)). Finally, we show how [2, Theorem 2], which deals with
the extension of C*-norms on tensor products, leads to another result of
a similar nature.

First let us recall that a C*-algebra is said to be quasicentral [4, Défi-
nition 1] if no primitive ideal contains the centre. Then, using (2.1) and
the fact that a quasicentral (C*-algebra has an approximate identity
lying in the centre [1, Proposition 1], it is straightforward to show that
an arbitrary C*-tensor product 4,®;4, is quasicentral if and only if
both 4, and 4, are quasicentral.

The second application is to the tensor product of centre-valued tra-
ces. For this, let us recall that if 4 is a O*-algebra with centre Z then a
positive linear mapping 7': 4 — Z is called a centre-valued trace provided
it satisfies the following three conditions:

(i) T(z)=2 (z€2).
(ii) T'(za)=2T(a) (a€d,z€Z).
(iii) T'(ab)=T(ba) (a,be A).

Now suppose that for 1=1,2, 4, is a C*-algebra with centre Z, and that
T, is a centre-valued trace on 4;. Then, if § is a C*-norm on 4,0 4,,
there is a unique centre-valued trace 7' on 4, ®z4, with the property
that

Ta®b) = T(a) @Ty(b) (aed;,bed,).

The existence of 7' follows from extending the linear mapping 7', ® 7'y
from 4,04, to 4,®,4,. The required continuity can be obtained by
considering the A-norm of [10, § 1.22], and using the fact that ||7,|,||Tl|
=111, § 2]. The algebraic properties of 7' can be demonstrated by using
the corresponding properties of 7'y and 7', and the continuity of 7', and
the positivity of T' follows by using an approximate identity in 4, ®p4,
to show that foT' 2 0 whenever f is a state of Z, ® Z,. Finally, 7' is unique
since it is linear and norm-decreasing.

The application of [2, Theorem 2] is given in the following theorem.
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TurOREM 4.1. Let A and B be C*-algebras and let J be a closed two-sided
ideal of A. Then any C*-norm on JQB can be extended to a C*-norm on
AOB.

Proor. Let § be a C*-norm on J@B. We suppose that 4 is acting in
its universal representation over a Hilbert space H, and it then follows
that the identity and universal representations of the C*-algebra J are
quasi-equivalent. Since § can be extended to a C*-norm on J**QB
[2, Theorem 2], it follows that it can be extended to a C*-norm on J © B
(where the bar indicated closure in the weak operator topology on L(H)).
This norm we again call .

Since J is a two-sided ideal of A, there is a central projection p € 4
such that J = Ap. Since the two mappings A©B -~ A© B given by

i1 Qb > 31 1a,p R0,

2710, Qb; — 3T 10, (I -p) D,

are well-defined, we can define a function | |,: A@B — [0, ) by

125 10: @by, = max{[[37.,a;0 @bylls, 127 104(I — p) @ blls}

(n21, ay,...,a, €4, by,...,b, € B), where » denotes the least O*-norm
on AQB. It is straightforward to check that y is a C*-norm on 4@ B
and that y|J@B = . It follows that y|AQB is a C*-norm on 4QB
which extends f.

and
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