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THE SIMPLICITY OF THE QUOTIENT ALGEBRA M(A)/A
OF A SIMPLE C*-ALGEBRA

HUAXIN LIN*

Abstract.

It is shown that the C*-algebra M(4)/A, where A is a o-unital stably semi-finite C*-algebra and
M(A)is the multiplier algebra of A, is simple if and only if either 4 has a continuous dimension scale or
A is elementary.

Let A be a C*-algebra, and denote by A** the enveloping von Neumann
algebra of A. The multiplier algebra M(A) is the idealiser of 4 in 4**. We denote
by o the C*-algebra of all compact operators on an infinite dimensional
separable Hilbert space, and by #(H) the C*-algebra of all bounded operators on
H. 1t is well known that M(X") = #(H) and M(X')/¢ is simple. The ideal
structure of the C*-algebra M(A4)/A4 for A a simple AF C*-algebra has been
studied in [5], [7] and [6], and for A a factorial simple C*-algebra has been
studied in [8]. In the present note we shall show that in the case of a g-unital,
stably semi-finite C*-algebra, M(A)/A4 is simply if and only if either A has
a continuous dimension scale or A is elementary. We shall also show that for
every o-unital purely infinite C*-algebra A, M(A)/A is simple.

1. Preliminaries.

1.1. Let B be a dense hereditary*-subalgebra of a C*-algebra A, and a,
b elements of B. Following Cuntz, we write a § b if there are x, y in A such that
a = xby. We write a < b if there is a sequence {a,} in B such that a, £ b and
a, — a. This relation is transitive and reflexive. We writea = bifa < band b < a.
We say that a is orthogonal to b (a L b) if ab = ba = a*b = ba* = 0.

Let A be a simple C*-algebra, K(A) its Pedersen ideal, & the algebra of
operators of finite rank on an infinite-dimensional separable Hilbert space H and
X the C*-algebra of compact operators on H. We denote by & ® K(A4) the
algebraic tensor product of # and K(4). We call an element x in & ® K(A4)
infinite if y < x for every y in # ® K(A).
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There are three possibilities for a simple C*-algebra A4.
(i) & ® K(A) contains only finite elements. In this case we shall call 4 stably
semi-finite.
(i) & ® K(A) contains non-zero finite and infinite elements.
(iii) All non-zero elements in # ® K(A) are infinite.

It is not known if case (ii) can appear. If A has a lower semi-continuous
semi-finite trace, then A is stably semi-finite.

We call a function d: & ® K(A4) — R, a dimension function (on K(A)) if
(a) d(x) =0ifand only if x =0
(b) x <y implies d(x) < d(y)
(c) d(x + y) = d(x) + d(y) for all orthogonal x, y in & ® K(A).

A dimension function also satisfies.

(d) d(x + y) £ d(x)) + d(y) for all x, ye F ® K(A).

Given xe # ® K(A), we denote by {(x) the =~-equivalence class of x in
F ® K(A). Let F be the free abelian group generated by {{x)|xe F ® K(A)}
and let R be the subgroup of F generated by all elements of the form
x>+ > — Xy + y1) (X, €<x), ¥ €<y, X; L y,). We denote by 4(A) the
quotient F/R. A(A) is an ordered group with the order induced by “ <”. We shall
use “<” for the order. 4(A) + {0} if and only if 4 is stably semi-finite. Moreover,
there is a bijective correspondence between non-zero positive homomorphisms
h: A(A) —» R and dimension functions d on K(A) given by d(x) = h({x)), and if
A(A) # {0}, K(A4) admits a dimension function. For the details of the relations
£ and “<”, dimension functions and the ordered group, readers are referred to

[13, [2], [3] and [7].

1.2. Given ¢ > 0, let f, be the continuous function on R defined by

linear if te[e/2,¢].
1 if te[e, o)

0 if te(—o0,¢/2]
f;(” = {

Ifae A, set
A, = A = U flaDAf(a)).

>0
1.3. We now identify p ® K(A4) with K(A4) and p ® A with A for a fixed one
dimensional projection pin & . Suppose that aand b are in K(A), and {a) =< <(b).
Soa S bin # ® K(A) and a*a < b*b. Since a ~ a*a, b*b ~ b both in K(A4) and
F ® K(A), we may assume that 0 < aand 0 < b. There are x, € # ® K(A) such
that x, § b, x, — a. We can find a sequence {¢,} with ¢, — 0 such that

fe(@)x,f, () >a
since f, (a)x,f, (@) £ b, a < bin K(A).
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1.4. If A is a stably semi-finite simple C*-algebra and u is a non-zero positive
element in K(A4), then {(u) is an order unit (see [2, 4.2]). A positive homomor-
phism h: A(A) —» R is called a state (with respect to <u)) if h((ud) = 1. The
collection S = §,(4(A4)) of all states on 4(A4) is a convex compact subset of the
locally convex space R4 of all functions f: A((4) — R with the product topol-
ogy. S is the set of all the dimension functions d on K(A4) such that d(u) = 1. We
define a positive homomorphism 6: D(A4) — AffS, g — § by setting g(h) = h(g),
where Aff S is the set of all continuous real affine functions on S.

Let us say that ge 4(A4) is infinitesimal if —eu < g < eu for every positive
rational number ¢. (If ¢ = p/q, p, g€ N, then g < eu means that qg < pu).

The notation “§ > 0 for g € A(4) means g(d) > 0 for all deSS.

L1.5. PROPOSITION (Corollary of [4, 4.2]). The homomorphism 0: A(A) — AffS
determines the order on A(A) in the sense that A(A)* = {ge 4(A)|§ > 0} U {0}.
Hence we have g e ker 0 if and only if g is infinitesemal.

PROOF. To apply 4.2 of [4] one need note only that the ordered group 4(A) is
unperforated.

1.6. When a is a positive element in a C*-algebra A, we shall denote by [a] the
range projection of a in the enveloping von Neumann algebra 4**. Suppose that
A is g-unital (and non-unital), and let e be a strictly positive element of 4. By
choosing a proper sequence of continuous functions h,, we can construct an
approximate identity {e, = h,(e)} for 4 satisfying
() gn=-¢e,—e,—1 +0(eo =0),andg,g,=0if|m —n| 22,

(i) Therearea,eA,,a, + Osuchthat0 < a, < [a,] = 9., 4,9, = 9,9, = a,and
Am = Gma, = 0,if n £ m.

Any subsequence {e, } of {e,} is also an approximate identity satisfying (i) and
(ii).
2. The results.

2.1. DEFINITION. Let A be a simple C*-algebra. Call 4 purely inifite if every two
non-zero elements are x-equivalent. (This definition is weaker than [8,2.3]).

It is clear that every simple C*-algebra in the case (1.1) (iii) is purely infinite.

2.2. LEMMA. Let f be a continuous function on [—1,1]. For every ¢ > 0 there is
a constant M > 0 such that for any two self-adjoint elements a and b in the unit ball
of a C*-algebra A, :

If(@) = fB)I < M lla—bll +¢
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Proor. For each integer k,
s+t — b+
= |la(@* — b*) + (a — b)b|
< lla* = b*| + lla - b].
Thus we have
la* — b*| < klla — bl
for all k. Therefore for every polynomial p(t)),
Ip(a) — pb)| = M(p) la — bl

where M(p) is a constant depending only on p. By the Weierstrass approximation
theorem, there is a polynomial p such that

sup{lf(t) — p(t)l 1 te[—1,1]} < &/2.
Thus
I f(@)— f)I
< /(@) — p@ll + lip(@) — pd)Il + lip(d) — fB)I
<¢&/2+ M(p)lla — bl +¢/2
= M(p)lla - b| +e

2.3. THEOREM. Let A be a o-unital simple C*-algebra. If A is purely infinite then
M(A)/A is simple.

PROOF. Suppose that J is an ideal of M(A) properly containing A. Choose
a positive element x in J\A. Let {e,} and {g,} be asin 1.6. Passing to a subsequ-
ence if necessary, we may assume that

I(1 — e, 1)xe, || < 1/2" and
leax(l — e+ )l < 1/27

for all n. Then the elements

@

Z (1 - en—l)xgm Z g,,x(l - en+l)’ Z gn-—,lxgn and Z €y—2Xgy
n=1 n=1

n=3 n=3

are in A. Therefore the element

y=x- (1 - en+l)x9n
n=1
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is in J\A. Since

y- Z €,-2Xg, = €3Xgy + €3Xg,

n=3

@

+ Y Gns1XGn+ Y, GuXGn + Y, Gne1XGns
=3

n n=3 n=3

0
one of the last three elements must be in J\A. Suppose that . g, . ,xg,isin J\A.

n=3
Since
© *[ ©
[z gn+1x9n] [ gn+1xgn:|
n=3 n=3
= Y 9nXGa+1XGn + 2, nXn+ 19n+2XGn+1
n=3 n=3
+ 2 9nXGn+19nXGn- 15
n=4
and
”angn+lgn+ZXgn" = Ilangn+Zgn+1xyn+1” =<= 1/2"’

”gnx9n+ langn—lll = "angnxgn+1xgn—1” § 1/2"—1»

Z gnxgn+lgn+2xQn+l + Z gnxgn+lgnxgn—l iS iﬂ A
n=3 n=4

Thus Y, g,xg2,,xg, is in J\A. Similarly, if Y g,_,xg, is in J\A4,
= n=3

n=3
© © e
Y g.xg2_,xg, is in J\A. In either case, it follows that Y g,x?g, is in J\A. By
n=3 n=1
changing notation, we may therefore assume that Z gnXxg, is in J\ A.

n=1
©

S0 Y gauxguand Y gays1Xgak+; areinJ and one of themisin J\A. We may
k=1 k=1

0
assume that y = Y g,,xg,, is in J\A. Hence for a sufficiently small é > 0,
k=1

fo(y)€J\A. Since g5xga L g2;%g2; if k #+ J,

L) = kil S5(g24%g24)-

Without loss of generality, we may assume that

f5(g21%g2x) F O for each k.
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Then f5(g,xXxg2x) = gy for each k. Let M, be the constant in Lemma 2.2 such that
la*? — bY2|| < My la — bl + 1/2*

for all a,be A,, |la|| £ 1, |b]| £ 1, k= 1,2,.... For every ¢ > 0 and k, there is
x; € K(A) such that

xx = f3(92xXg2) and

¢
Xk — gill < M)

We may assume that 0 < x, < 1 for each k. By [1, 1.7] there is z; € A such that
zzg = xand 22z, < [fi(ga X ga)] < fa/z(gzk X g)- Hence zsz =0,ifk #j. So

n n %* n n n
[Z zk][ y zk:I = Y zz} and " Yy z,,z,’:‘” is bounded. Thus {Z z,‘} is
k k=1 k=1 k

=1 k=1 =1

n
bounded. It is then easy to see that Y z, converges in the right strict topology to

k=1
@

an element z[: y z,‘] in the right multipliers RM(A4). To show that ) z,
k=1 k=1

converges strictly to z, it is enough to show that foreach n, g, Y. z, converges (in
k=N
norm) to zero as N — oo. Write z, = (z,z¥)"/?u,. Then

[ ¢} [+ o]
Z Zx — Z Il
k=N k=N

S Y @) —all < Y 25+ Y 1720,
k=N k=N k=N

9

gnzzk

k=N

as N — o0.Sinceg, Y. gyu, = 0,for N > n + 1, we conclude that -0
k=N

as N — 00. So ze M(A). From

Zfa/z()’) = [ i Zk:| kil fa/z[gzkx92k]] = :Zl Zys

k=1

we conclude that ze J. On the other hand,

<e,

[+ [}
lzz* — 1| = Z Zzf — Z Ik
k=1 k=1

so lelJ.

2.4. DEFINITION. Let A be a g-unital, stably semi-finite, simple C*-algebra. If
Ais not unital, fix a strictly positive element e and choose {e, } asin 1.6. We define

1(d) = lim d(e,) for every d €S, (4(A))

n— o

for some fixed ue K(4)*\{0}. We shall say that A has a continuous dimension
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scale if 1 is a continuous function on S = 5,(4(A)) for some strictly positive
element e. For convenience, we shall also say that every unital simple C*-algebra
has a continuous dimension scale. It is clear that the definition does not depend

on the choice of u. Later we shall see that lim d(e,) is continuous for every

n— oo

approximate identity {e,} as described in 1.6 if it is continuous for one of them.

We now fix ue K(4)*\{0}, and a strictly positive element e and an approxi-
mate identity {e,} as in 1.6.

2.5. For every ae M(A),, we define
d(a) = sup{d(b)|b < a,be A,},

deS. Then 1(d) = d(1)foreveryde S.If ac AA, A, then (a*a) = {a) and a*a has
the form b*x*xb with be A and x € A,. So thereis ce(4,)* such that {c) = <a).
Hence, if ae A4, A,

d(a) = d(a) for each d€S.
2.6. Set
I, = {ae M(A)|3a,e AA A such that
d((a — a,)*(a — a,)) = 0 uniformly on S}.

Clearly I, is a *-invariant subset of M(A4). Suppose that a,bel,, and
d((a — a,)*(a — a,)) » 0, d((b — b,)*(b —b,)) =0 uniformly on S, where
a,,b,e AA,A. Since for each k,

efa+b—a,—b)a+b—a,—be
= e,(a — a,)*(a — a,)e, + e (b — b,)*(b — b,)e
+ e, (b — b,)*(a — a,)e, + e(a — a,)*(b — b")e
and
dlex(b — b,)*(a — a,)e]
< dley(b — b)*(b — byexd,
we conclude that
d@+b—a,—b)a+b—a,—b,)

< 2[(d(@ — a,)*(@ — a,)) + d((b — b)*(b — b,)] -0
uniformly on S. Therefore I, is a *-invariant linear space. Suppose that be M(A),
acl, and a,€ AA A are such that

d(a — a,)*(a — a,)) — 0 uniformly on S.
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Then ba,e AA,A and

d((ba — ba,)*(ba — ba,))

= d((a — a,)*b*bla — a,)) < d((a — a,)*(a — a,) = 0
uniformly on §.

So I, is an ideal of M(A). We denote by I the closure of I,. Clearly, I is a closed
ideal of M(A) containing A.

2.7. LEMMA. Let A be a non-elementary, o-unital, non-unital, stably semi-finite
simple C*-algebra, and let I be as defined in 2.6.Then I contains A properly.

Proor. Clearly, I contains 4. Let {a,} be asin 1.6, and fix n. For each k > 0, as
shown in [8,2.7] there are ¢ > 0 and h,,...,h,e K(A4), such that h; L h; for

i%]
hyRhy R ... R hyand

k
fyda) 2 a1 2 ¥ b
Thus

i@ 2 <hyd + ..o+ () 2 k<hy),

whence d(h,) = d(h,) < k™ 'd[ f,,(a,)] = k™ 'd[ f,.(a,)] for deS. We conclude
that for each n, there is x,e(4,)* such that |x,|=1,x,<g, and

[

d(x,) = d(x,) < 1/2"for all de S. It is clear that x = Y x,eI\A.
n=1
2.8. THEOREM. Let A be a c-unital stably semi-finite simple C*-algebra. Then
M(A)/A is simple if and only if either A has a continuous dimension scale or A is
elementary.

PRrROOF. Suppose that M(A4)/A is simple and A is neither unital nor elementary.
By 2.7, 1el. Thus there is ae I"* such that

Il —a| < 1/4.

This implies d(1) = d(a) so 1(d) = d(1) is continuous on S and A has a continuous
dimension scale.

If A is elementary, it is well known that M(A4)/A is simple. Now suppose that
1(d) is continuous on S. By Dini’s theorem,

J(l _en)—’o

uniformly on S. Passing to a subsequence if necessary, we may assume that

atl—en)<%;_
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uniformly on S. Therefore both Y’ d(g,,) and . d(g,,+,) converge uniformly

n=1 n=1

onS.
Suppose that J is a closed ideal properly containing A. Choose we J "\ 4. As in

2.3, we may assume that y = Y g,.wg,,€J*\A. Therefore for a sufficiently

small 6 >0, fy(y)eJ*\A. Since fy(y) = Y. fi(gxwg), we may assume that
k=1

f5(g2xwg2) = F+ 0 for each k. Since S is compact, then inf{d(f,(g2Wg2x))
|de S} > 0 for each k. Choose an integer n, such that

Z d(gax+1) < inf{d(fé(QZWgz»ldES}

k>ng

for all d e S. Since inf{d( f5(gxWg2i)) | d€ S} > Ofor each k, we can find a partition
of the set {n, + 1, ng + 2, ...} into finite subsets Ny, N, ... (of consecutive
integers) such that for eachn = 1,2,...,

z d(g2x+1) < d(f:(920WG20))

keNn

for all de S. Then by 1.5 and 1.3,

Z 92k+1 < f5(92.W932,) in K(A).

keNp

For any ¢ > 0, there are x, € K(A) such that

Xn é f;S(QZquZn) and

Xy — Z Gak+1| < &/2"

neN,

We may assume that 0 < x, < 1.Itfollows from [1, 1.7] that there are z, € 4 such
that

z,2¥ = x, and

Z:Z” é [f;i(gblwgbl)] é f{b(anwgb:)'

As in 2.3, this implies that z = ) z,isin J and

n=1
o0
2z* = Y, z,2%.
n=1
Hence

<eé&.

zz* — Z g2k+1

k>no
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Therefore Y, g4+, isin J, and hencesois ¥

k>ng k=0
Hence 1€ J.

[« o]
Gar+1. Similarly Y, g, isin J.
k=1

2.9. From 2.8, together with its proof, we see that if 4 has a continuous

dimension scale then for any e and {e,} in 1.6, 1(d) = lim d(e,) is continuous.
Choose a separable, algebraically simple AF C*-algebra A4 such that M(A4)/A4 is
not simple, or equivalently A has no continuous scale (see [7]). By 2.8, 1(d) is not

continuous. Since e € K(A), d(e) is continuous on S. So
sup{d(a)|aeA,} # d(e) for some deS.

If d is lower semi-continuous, then it is easy to check that
sup{d(a))| ae A,)} = de)

Thus we conclude the following:

2.10. COROLLARY. If A is a separable algebraically simple AF C*-algebra
without continuous scale then there is at least one dimension function d on A which is
not lower semi-continuous. Consequently, d is not determined by a trace.

The author would like to thank the referee for his suggestions.
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