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APPROXIMATION BY NEAREST INTEGER CONTINUED

FRACTIONS
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Abstract.
Let x be a real number, x = [gobg;€,by,...,&,b,,...] be its expansion in nearest integer continued

fraction. Let A4,/B, be its nth convergent and @, = B?|x — A4,/B,|. In this note we prove that

min(@,-1,0,,...,0,.,) <2/3 + \/— — 2u;), where a; = 2/5, o; = 1/(3 — ;). The result is best
possible.

1. Introduction.

A hundred years ago, Hurwitz [2] proved a fundamental theorem on the
approximation of irrational numbers by rational numbers.

THEOREM 1. For each irrational number x, there are infinitely many rational
numbers p/q such that |x — p/q| < l/(\/g q%).

To find these rational numbers p/q, Borel [1] considered simple continued
fractions. Let x = [aq;ay,...,a;,...] be the expansion of x in simple continued
fraction, where a, is an integer and a; (i = 1) are positive integers. Let p;/q; = [ao;
ay,...,a;] beits ith convergent and 6; = g? |x — p;/q;|- Borel proved the following
theorem.

THEOREM 2. min(0,_,,0,,0,+,) < 1/./5=0.4472....

Theorem 2 asserts that at least one of any three consecutive convergents
satisfies Hurwitz’ theorem. For more information on Borel’s theorem, see [9],
[10], [11].

Besides simple continued fraction, there is another tool of approximation. It is
the nearest integer continued fraction, which expands each real number x as
x = [gobg;€1by,...,e.b,,...] (finite or infinite), where ¢,e{—1,1} and b, are
positive integers for n = 1,2,.... Let A,/B, = [&obo;€1by,...,&,b,] be its nth
convergent and @, = B?|x — A,/B,|. Since nearest integer continued fraction
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generally gives faster approximation than simple continued fraction, one may
naturally expect that the Borel’s theorem also holds. But supprisingly Jager and
Kraaikamp [6] proved the following curious result.

THEOREM 3. min(0,_;,0,,0,41) < 5(5/5 — 11)/2 = 0.4508.. ... The result
is best possible.

There is a gap of 0.0036 between the approximations by the two kinds of
continued fractions. In this paper we will show that this gap can never be filled up
by taking more consecutive @’s. We prove a generalization of Theorem 3:

min(@,- 1,6 .,0,1;) < 2/3 + /5 — 204), where ay = 2/5,0; = 1/(3 — o).

2. Preliminaries.

We first recall some basic facts about nearest integer continued fraction.

Let x be the real number and [x] be the greatest integer less than or equal to x.
Then [x] < x < [x] + L. Let {x} = [x + 1/2]. Then {x} is the nearest integer to
xand {x} —1/2 < x < {x} + 1/2.

The simple continued fraction expansion of x is the following expression (finite
or infinite)

X = day + 1 = [aO; al’ala'”]a
a; +

where a,(n =0,1,2,...) are obtained by the iteration: xo = x, ao = [%o];
Xp = (xn—-l - an—l)_ls a, = [xn]'

The nearest integer continued fraction expansion of x is the following express-
ion (finite or infinite):

&1

X = 80b0 + = [80b0;81b1’82b2"' ']a

where ¢,e{—1,1} and b,>0(n=0,1,2,...) are obtained by the iteration:
Xo = X, €obo = {Xo}; Xn = (Xy—1 — by—1) ", &by = {Xu}, &, is the sign of {x,}.
Nearest integer continued fraction was first introduced by Minnigerode ([7],
1873). For details, see Perron [8]. In the following we quote some known facts in
[8].
() b,=22,b,+ ey =2forn=12,..,;
(ii) Let 4,/B, = [gobo; €1b;,...,&,b,] be the nth convergent.
Then
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A1 =1,A9=0,4,=bA,_, + t,4,_ (n> 1),
B_,=0,Bo=1,B,=b,B,_; + £,B,_,(n> 1),
(iii) B,_y/B, < (/5— D2forn=1,2...;
B,-1/B, < (3 —./5)/2forn=273,...,ifb, 2 3;
(iv) Let s"x = [0; €,+ 1bn+15 En+2bu+2,.-.]. Then

An  (=1)8.. 88"
Bn B Bn(Bn+Bn—~lsnx)'

X —

Property (iii) plays an important role in our proof. It was found by Hurwitz
([3], 1889). See also [4], [5], [8, Satz 5.18 (B)].
Let @, = B?|x — A,/B,|. By (iv) we have

0 — &,+18"X _ 1
" 1+ Bn—l 1 +¢ Bn 1
B, gryS'x "1 B,
. &y
Since — =b,. + +2 ,
En+18X b n En+3
"2 byt
. 4
lett]ng P = bn+2 + b ':3 = [bn+2; 8n+3bn+3""] and Q = Bn/Bn—l =
"+3 ------
[bn;gnbn—1’8n—lbn—2"'-982b1] we have
(1) @n_l=bn+l+£n+2P~1+8n+lQ_1'

The following two equalities are easily checked.

&
) -1 _ n+2
( ) @n+1 P+ @n—l _8n+2P~1’
€
3 -1 _ n+ 1 .
( ) Qn—l Q+ @n—l _8n+lQ_1

By property (i), (iii), we have P =2, Q7! <(\/§ —1)/2. If b, = 3, then
0 ' <(3-/92
3. Main result.

THEOREM 4. Let X be areal number, x = [egbo;€1by,. .., &,y . ..] be its expansion
in nearest integer continued fraction. Let A,/B, be its nth convergent and
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©, = B}|x — A,/B,l. Then for any k=1, min(®@,_,,0,,...,0,,)<
2/(3+\/_ — 20y), where «, can be obtained by the relation o = 2/5,

o; = 1/(3 — a;_ ). The constant 2/(3 + \/g — 204) cannot be replaced by a smaller
number.

Proor. We discuss all possible cases on ¢,,, and ¢, 5.

Case 1. g,41 =442 = 1.

From (1) we have O,'=b,,, +P '+Q '22+P '+Q L If
0, > 1/\/3, then./5 —2> P~ ! + Q' Henceatleast one of P~ !, Q! must be
less than (\/— —2)/2, or equivalently, at least one of P, Q exceeds
2(\/3 +2)> \/3 By (2), (3), we know that at least one of @, },, @, exceeds
/5, hence min(®,_,,0,,0,.,) < 1/,/5.

Case?2. g,0,1= —1,6,4,=1.

By properties (i), (iii), we have b, 2 3and Q™' < (3 — \/5)/2.

f 6,>1./5 then /5>0;'=by+P '—Q '>2+P '
G-92=01+./5/2+P%, hence P>(,/5+1)2. By (2) we have

1 1 . .
o =P+ —@—n_l—_lg_—l > P+ -:/—STP_—I It is easily seen that
P+ -\/—g—}—le— is an increasing function in P by finding its derivative, hence we
S+1 1
have ©, !, > f + + = \/5—, and @,,., > 1/\/5.
2
Case3. ¢,.1=1,6,4, = —1.

By property (iii), we have 07! < (\/g —1)/2,0orQ > (\/_5_ + 1)/2.
1
If ©,>1/./5 then ©,'<./5 By (3) 6,1, =0+ oo

1 . 1
0+ \/g_le. Since Q + \/E—Q“
Q> (/5 + 1)/2, we have @, %, > . /5,0r 0,_, < 1/./5.

Cased. e,,1 = 8,4, = — 1.

There are two possibilities.

Caseda. Thereisa positiveinteger ssatisfying3 < s < k,g,41 = €42 =... =

is an increasing function in Q and

Epts—1 = _17 bnts = L.
In case 2, consider g,,,—; = —1,¢,,, = linstead of g, 1 = — 1, 6,4+, = 1, We
have min (@, +- 2, Opss-1) < 1/1/5.
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Casedb. ¢, 1 =€,12=... = Ey4p = — L.

By properties (i), (iii), we have b, ., = 3,...,b, 441 = 3and Q0 ! < (3 — \/g)/Z.
Therefore P = [b,+2;€4+3bn+3,...] > [3, —3,..., —3,2] where there are k con-
secutive —3s. Let oy, _; = — [0; —3,..., —3,2] with k — 1 consecutive —3s.
Then oy =1/3—-1/2)=2/5, o, =1/3-2/5=5/13,...,0,=1/3 — o;_;)
(2 =i £ k — 1).Itiseasily seen that o; approaches to (3 — \/g)/2 increasingly and
P '>w. Hence 6,)>bu,—P '=Q '>3—0—-(3-./92=
G+ /5 — 2m)/2.

From the discussions above, we know that
min(0,-1,0,,...,0,4,) < 2/(3 + /5 — 2,).

To show that the numbers 2/(3 + \/5 — 20,) are best possible, for any ¢ > 0
and any fixed integer k > 0, we consider the real number x,, = [0; —3,..., —3,2].
If m is large enough, we have min(O@,m+1)-k-1>Orim+ 1)=tks- - +» Orim+1)) >

2/3 + \/— — 2u,) — ¢ for any positive integer r. Therefore, the constants on the
right side of the previous inequality cannot be replaced by smaller numbers.

COROLLARY |. min(@®,_,0,,...,0,,;) < 1/\/3 is false for general irrational
number x.

COROLLARY 2. min(@,_,0,,0,,,) < 5(5\/3 —11)/2 =0.4508....

min (6, _1,0,,0,41,0,1,) < 13(13/5 — 29)/2 = 0.4477......
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