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NORM DEPENDENCE OF THE COEFFICIENT MAP
ON THE WINDOW SIZE

THOMAS 1. SEIDMAN' and M. SEETHARAMA GOWDA

Abstract.

For sparse exponent sequences (4,)% ., satisfying a suitable “separation condition” defined by an
auxiliary sequence ¥, one has a “coefficient map” C; giving (c,)°,, =:c¢ from observation of
f =Y _.ce™ on any arbitrarily small interval [—8,6]. In terms of y, we estimate the norm of

Cs: Lz[_—_é, 8] = I2, asymptotically as & — 0. In particular, for (4,)®,, ~ k” (p > 1) we get a bound
which is exponential in (1/8)!/"~ 1), generalizing an earlier result for the case p = 2.

1. Introduction.

Let 4 = {4,} be a real “double sequence” (k =0, +1, +2,...) and let M= .Ii(l)
denote the collection of all finite sums

1.1 =Y e
P

with complex coefficients c,. We will here think of viewing such f through
a window (— 6, 6) and determining the coefficients {c, } from this, defining a coeffi-
cient map

(1.2) ¢ =C0):f =Y ce™ i (c)

for f e .M. If we now let .4; = .#5(A) be the closure of M in L}(—6,0), then it is
classical that € extends from .# to .#; as a continuous linear operator

(1.3) Cy=Co(A): M 1% f= Y cé™o(c)®, =:¢€
k= — o0

provided the asymptotic density of 4 is bounded by d/.
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In this paper, we consider sequences 4 satisfying sparsity conditions of the form
(1.4) rm— Al ZYm (m=12,..)

for suitable Y = {y,,;m = 1,2,...}. Noting that m/yj,, — 0 ensures that C,(4) is
well defined for all 6 >0, we then investigate the rapidity with which
ICs(A)|| » oo as § » 0. As a by-product of this analysis, we note that our
estimates are uniform over the classes of exponent sequences A = A(y) satisfying
(1.4) for particular admissible sequences . Our results are new in this aspect as
well as in the consideration of the asymptotics as 6 — 0.

It is clear that C;(4) is made up of the coefficient functionals

Vi My = M5(A) > C: fro
and that each of these functionals can be represented as

(1.5) Ve S oo =g

for some g, € L*(— 6, 6). There is some arbitrariness in the determination of g,
since (1.5) constitutes an extension of y, from .#; to all of L*(— 8, J); this also gives
an extension C; of C5(4) to L*(— 4, d).

Since we are working with exponentials, it is then convenient to construct the
Fourier transforms to obtain g, and we actually will work with the adjoint of C,,

(1.6) Cri (@) Y ag: 1> - [3(—9,9),

to estimate ||C;]| < ||C;] = ||C¥|l. (Note that one has the geometric characteriz-
ation ||y, || = 1/[distance from e*** to .#,(4*)] where A* = A\{4,}. This gives
7l = 1/]€™ = 1/./25, showing the uselessness of the crude estimate

ICsf 1% = Zlevk,fN’ £ <§, IIMIZ) IF12).

We will be able to treat conditions (1.4) for real sequences ¥ = {¥,
m = 1,2,...} for which

(1.7) 0<¢1§l’/2§... and il/wk<w
1

Note that this already implies that m/ys,, — 0 which precisely corresponds to the
condition that A have asymptotic density zero.

Our paper falls into three parts:

First, considering a sequence 4 satisfying (1.4) subject to (1.7), we will apply an
important theorem due to Korevaar and Luxemburg ([2]; Theorem 3.1) which
we restate here in a relevant form:

THEOREM K-L. Letw: R, — R, be nondecreasing with w(t)/t? integrable at co.
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Then, for any & > 0, there exists a number Q > 0 and an entire function P(-) such
that:

(i) P is of exponential type 9,

(ii) P is normalized so P(0) = 1,

(iii) |P(s)| £ e@e~ "D for seR.

Clearly, the constant Q in (iii) will depend on J so Q = Q(d) = Q(J; w). From
this we then obtain an estimate:

(1.8) ICsll £ Ae2? forall 6 >0

where A is independent of § and we use a function w depending only on . So far,
this is only slightly different from the treatment in [2].

Second, and this is the principal technical innovation of the paper, we extend
the analysis of Theorem K-L from that of [2], specifically considering the
estimation of Q(d) in (1.8) so as to exhibit explicitly its asymptotics as § — 0 as well
as the dependence on y through w(+). From (1.8), this is precisely what is needed
to investigate the asymptotic behavior of ||C;||. For this estimation, we find it
necessary to assume w € Q2 where

w(t) is nondecresing while }

L. :=<qw:R R,: . .
(19) @ {w Fo w(t)/t? is decreasing and integeable at oo

this strengthens very slightly the hypotheses above for Theorem K~L in requiring
that w(t)/t? be decreasing.

Third, the combination of the above is applied to obtain specific growth
estimates for a number of interesting special cases. In particular, we apply the
general analysis to the case y,, = am? (a >0, p > 1) which corresponds to
A ~ +akP and obtain for that case the estimate

(1.10) log [C,ll = O([1/81Y®~ 1) as 6—0

(i.e., Q(8) < u[1/61*~ Y in (1.8) for small § > 0; we also have an estimate for ).
We recall that earlier investigation in [4] of the special case

(1.11) =k k20, A,=—%

resulted in an estimate log || C;|| = O(1/8) which was there shown to be sharp (by
an example due to Korevaar).

2. The Interpolation Family.

Assume that y satisfies (1.7) and that 4 = (4)%,, is in A(Y). ie., satisfies the
separation condition (1.4). With ¥ we associate the function ¥ given by
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@2.1) P(s):=2 Z log<1 + 72—)

m=1

We will show in the Appendix (Lemma A.1) that this function ¥(+)is, indeed, in Q.
Given A€ A(Y), we next define a family of functions (1;)* , by first defining

z— A
22 ml2):=T] </1 /{ ) (zeC)
JEk\ e T A
and then setting
z— X \?
(2.3) m(2): = m@mi — 2) = H 1- T .
itk kT A
LEMMA 2.1. Let §, ¥ be as above and define n, for ke Z as in(2.3). Then one has
24 m(A)) =06, (.ke2)
and each n,(*) is an entire function of exponential type 0 with
2.5) s + s)| < PP VseR.

ProoF. For each k and any N > 0, there is some M = M, y such that

1
)exp [(lzl s T m]
< M1+ |z|)”“exp[|zl 5 i]

m>N ¥m

(2 < ( P

0<|j—-klsN

for all ze C. This estimate ensures suitable convergence of the product in (2.2) to
have y, entire. Further, the sum in the exponential can be made arbitrarily small
by taking N large since {1/i,,} is summable by assumption when each , (and so
each ;) is of exponential type 0. The property (2.4) is obvious from p(4;) = 6, x.
Finally, for real s we have

. s 2
M4 + 5)l < jI;[k[l + (}*k — ).j> ]
s2\2
o) -

m

80 one has (2.5) as desired.

Selecting any y € 2 such that e~ 7 is integrable, we take w = ¥ + y which is in
Q by Lemma A.1; then, fixing 6 > 0, we let P(-) and Q@ = Q(J) be as in Theorem
K-L. In terms of this P, we define the family of functions
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(2.6) Gi(2):=m(2)P(z — %) (zeC).
Our first principal result of this section is the following.

THEOREM 2.2. We have:

(i) Each Gy is an entire analytic function of exponential type 9,
(i) For j, keZ we have Gi(4;) = 6; := {1 for j = k; 0 else},
(iii) Each G, considered on the reals, is in L'(R) with

2.7 |Ge(A + 5)] < 2@ 2Ush,
(iv) Each G, is in [*(R) and one has

(2.8) KGj Gl |:4ezQ<&)J e ds]e""”'"/”

0

foranyj =k + mfe,m=k—j).

181

Proor. The assertion (i) follows on combining Lemma 2.1 (for #,) and The-
orem K-L withw = ¥ + y. As noted in Lemma 2.1, we have n,(4;) = J; ,; hence,
since P(0) = 1, we have (ii). The estimate (2.7) is immediate from (2.5) combined

with Theorem K-L (iii) so we have (iii).

Finally, to prove (iv) we assume, with no loss of generality, that 4; < 4, and set
At=(4; + A4)/2. Note that we then have A;=A1—1 and 4, =4+t with
T:= (A4 — 4;)/2 2 Y/2 by (1.4)50 ¥(t) = (Y m/2). Note also that for t < 1 one has
t—Aj=:s<t so 2r—s=t and (2t —s)2y(t); for t=2 41 we set

s:=t— A = —tand y(2t + s|) = y(z). Thus, using (2.7),

o] 4 ®©
K@ﬁméf @WWMW=I.+L

=f 1G4y + 9 |Gu(hx — [21 — sDIds

-

+ J‘w |Gj(A; + [2t + s]I |Gi(A + s)l ds

T oo
< e22@) l:j e—r(ISI)e—v(r) ds + J e—v(r)z—v(ISI) ds:'
a0 -t

00
< 222@) g~ v(¥m/2) I:zj e—r(ISI) ds:|
- 00

which is just (2.8). In particular, for j = k this shows Gy & L*(R).

Depending on the choice of y(-), this construction will determine the “con-
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stant” Q(9) of (2.7) as a function of & > 0. Also depending on the choice of y(-), but
now not on 9, we set

(2.9 A= sze"‘s) dsl:e"“” +2 i e"’“”"/z’:l.

T Jo m=1
Noting that (1.7) gives ¥,, = cm for some ¢ > 0 so Y(Y,./2) = y(cm), we may
compare the sum to the integral [§ e~ ") ds and observe that the integrability of
e~ 7 ensures finiteness of A. Our other principal result of this section is the
following.

THEOREM 2.3. Let A€ A(Y) for some sequence Y satisfying (1.7). Then for any
0 > 0 the coefficient map C; = C,(4) defined by (1.3) satisfies

(2.10) ICsll < 4e2@ (3> 0)
with Q(6) as in (2.7) and A as in (2.9), independent of 5.

Proor. The argument is here quite similar to that in [4]. We use the Fourier
transform & [*(R) - L*(R) given by

©

2.11) F:.g—G with G(z)=f e Pg(t)dt

- a0
and note that, with a factor of 2z, this is an isometric isomorphism:

" = L
g0 =5

(2.12)  {g,§>:= J J G(G)dt = —2% {G,G>.
By Theorem 2.2 (iv), each G, is in L*(R) so there exist functions g, € L*(R) with
Gy = #g, (keZ). By the Paley-Wiener Theorem [3], since Theorem 2.2 (i) gives
each G, entire and of exponential type &, the support of each g, be in the
“window” [— 9, d].

Initially, let us consider f € .4 (so f = Y, c,e'™ is a finite sum) and view this
through the window as felI?(—é,58). Then, for each keZ, noting that
supp(gs) = [—6,6],

<f,gk>:=J

1
(Z c je“f‘) gi(t)dt
j
= ZE;J e Mg (t)dt = ) G(A))c;.
J -® J
By Theorem 2.2 (ii) we thus have, as in (1.5),
(2.13) a=<fg> (keZ fe.h)

Now consider the Gramian matrix G with entries {g;, g, ). Since we continue
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to consider the (fixed) function f € .4 as a finite sum, we may take G to be a finite
matrix, considering only the indices k for which ¢, # 0; thus there are no
convergence problems but we seek estimates independent of this restricted index
set. As a Gramian matrix, G is positive definite so the /2-induced matrix norm
|G|l is just the largest eigenvalue of G. Hence,

(2.14) IGl; £ IGlle := max {Zl<gj,gk>l}
j k

since |G|, is itself the I °-induced matrix norm. Thus we have

2

= 2.<95 90T < |Gl 2]
L¥(-3,8)  jk

Z 1)
k
for (finite) vectors a = (a,) e I2. Hence, using (2.13),

|]c||2 = Z|Ck|2 = kaf,gﬁck = <f,§ckgk>
i

= IA S I/I1UGH el

Z CrGx
k
so for f € .# we have the estimate

(2.15) lellie < (G )" 1Lf 2~ 5.0

We now use (2.12) and (2.8) to estimate |G|, from (2.14). Fixing j, we consider
keZ and set m:= |k — j| so

@

1 1 = (s - 'm :
<95, 9101 = 5-<Gj G = 4820"”':EJ e " dse W ”’:I

0

Summing over ke Z then gives

Y19y gl < 4290
k

for each j so |G|, < (4e2®)%. Combining this with (2.15) gives
ICsf 1l = llell < 4e2@ || £
for all f e .4, By the density of 4 in .4, this gives precisely the desired estimate
(2.10).
3. The Mollifier.

Our next object is to re-examine Theorem K-L so as to introduce the “mollifier”
P(-) with a reasonably explicit estimate for @ = Q(6). To this end, given w € Q2 we
set



184 THOMAS 1. SEIDMAN AND M. SEETHARAMA GOWDA

3.1) os) = —“;—(51 dg = —sdv.

Note that the definition (1.9) of Q2 ensures that g is an unbounded increasing
function of s and that w(a)/a — 0 as & — oo0. For each a in (0, c0) we can then set

(3.2) 5(a):=ii—f‘-“’i‘9+zr-“-§(§)—ds=%+z "4

a a B

LeEMMA 3.1. Fix we Q and let 6(-) be defined by (3.2). Then () is nonincreasing
on (0, 00) and é(a) = 0 as o — o0 so for each & > O there exists an a:= a(6) such that
d(a) < O. Further, fixing 6 > 0, there is a sequence (a;) such that

(3.3) Y4, 6@ < 5
(V]

(34 Y ez

ayls|s1

——-——-———————zw(lzlz -1 for |s| > a.

ProoF. Deferred to the Appendix.
We can now state our revised form of Theorem K-L, including the estimate of
Q(3).
THEOREM 3.2. For any & > 0, define P(z) by
(3.5) P(z):= || cos(a;z) (zeC),
=1

J

using the sequence (a;) of lemma 3.1. Then P(-) is an even entire function of
exponential type 6 with P(0) = 1. Further, one has

(3.6) |P(s)| < 2@ o~ wls)
for all se R, where Lemma 3.1 is used to define

3.7 008):= 1/2 + ax(x(d)).

ProOF. We know that cos(+) is even and entire of exponential type 1. By (3.3),
it follows that P is a well-defined even, entire function of exponential type J.
Observing that

2
|coss| < cxp[— s?] for |s|<1,

it follows from (3.4) that for |s| > a we have
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|P(s)| < [T {Icos(a;9)l: a;ls| < 1}
SZ
= exp[— - Y a?] < el/Zgmolsh,
2 ajlsl =1 !

Since |P(s)] £ 1 < e*@ e~ 20D for any s, we have (3.6) for all seR.

4. Examples.

We now specialize our work to treat some particular cases more explicitly. In
each case, we take w = (1 + ¢) P, i.e., y:= ¢¥. A principal point, here, is that the
asymptotics of Q(J) as § — 0 are (almost) determined by the asymptotics of y,, as
m— oo. In the first two examples, we also note the convenience of taking
¥m = Y(m) for asuitable function ¥, = y(m)for a suitable function y(*), giving an
integral version of (2.1) for the asymptotically correct determination of ¥(-).

ExAMPLE 1. We first suppose §/(x) = ax? (@ > 0, p > 1); when p = 2 this is the
case considered in [4]. It is easily seen that ¥ := {i/,,} satisfies (1.7). To simplify
the explicit computation of various quantities, we deal with the integral version of

(2.1), namely,

2
Y(s): —ZJ log(l + e )2)
2
= 2J 10g<1 + )dx
0
= 25”"[—1—.[@10 (1 + —I—)du] =:f(p)s'/?
- al/p 0 g u2p - P

2
where (cf, e.g., [1] p. 114) B(p) = L Now, let ¢ > 0 and let w(s):=
a'’?sin—
2p
(1 + &) ¥(s). From (3.2),

8(a) = L 200 +i“’(°‘) + 2j°°%(f—)ds

1+ 2(1 + &) B(p)a’® J ® 2(1 + &)B(p)s*”
- o | A2ARE g
o . s
1 3
=t am
where 9:= 3(¢, p) = 2(1 + q)(1 + &) B(p) with pg = p + q. Since 5(0) < (1 + e)3/altl
for large o, we see that a(0) < [(1 + ¢)9/5] for large o, i.e., for small é. By (3.7),

\
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9 \a/p
0=t +atw 1+ 1+ o LEL)

Thus, (2.10) becomes
(4.1) ICsll < Ae'’? exp [B(1/6)"*]

where, with a corresponding constant 4, B > B, is arbitrary with

B 1+ q a/p n q
= a/p — 9291
Bo:= f(p)$ 2 ( a ) (sin n/2p ) )

1
=27
ExampPLE 2. We next consider sequences which are even more sparse: {(x) =

cef* with ¢, B > 0, indicating how various quantities can be computed. We now
have

2 2 [ 32
¥(s) =2 j‘ 10g<1+¢( )z)dx="—6;J~0 10g<1+?2—e—23;>[3dx

© 2
= —l-;; log(l1 + e ")dr <where —;} =e’r=20x — a)
——p; log(l +e“')dr+—f log(1 + €)dr

2
~ —'§~Ilogs{2 as s — oo,

~2C19 f10g o by

a simple computation and §(x) < (1/)'/? for arbitrary p > 1 and large «. Hence
a(d) < 1/6" for small §. Thus,

Asymptotically, w(s) ~ (1 + s)—E—llog 5|2, so one has é(a) ~

00):=1+ a0 i+ %(1 + o)p? [log 1/

and one has, therefore,
4.2) ICsll < Aexp [B(log 1/5)°]
for any B > B,:= 2/f and a suitable constant 4.

ExaMpLE 3. In this example, we consider the ultimate asymptotic sparsity:
a finite sequence {4;} of L + 1 distinct real numbers. Taking these in increasing
order and setting ¢:= min {|4, — 4;|:j % k} > 0, we then automatically have the
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condition (1.4) with ¢, := mcform = 0,.. ., L and (formally) ,,,: = oo form > L,
giving

L 2
P(s):=2 Y log(l + ;7> =4Llogs + O(1).

m=1

We now have w(s) ~ 4L(1 + ¢)logs so 6(x) ~ 16L(1 + a)%loga for large a.
Hence, as in the previous example, a(d) < 1/6” for arbitrary p > 1 and small § so
00):=%+ o@ <1+ 4p(1 + ¢)Llog1/s.

One therefore has algebraic growth in 1 /6 for the norm in this case:
4.3) ICsll = 407"

for any v > vy := 4L with a corresponding constant A.

5. Appendix.

LEMMA A.1. Let ¥ be any increasing positive sequence satisfying (1.7). Then (2.1)
defines a function ¥ on R* such that

(1) ¥ is continuous and unbounded on [0, o) with ¥(0) = 0,
(i) ¥is C! and (strictly) increasing on R*,
(1.5) (ii)) ¥(s)/s? is decreasing on (0, c0),
(iv) W(s)/s? is integrable at o,
(v) e Y isintegrable on R™.
PROOF. Since Y = i, — o0 as k — oo solog (1 + 1/f) ~ 1/, we see from (1.7)
that the sum in (2.1) is well defined and finite for each s > 0. Further, each termin

that sum is (strictly) increasing in s and continuous. By the Weierstrass M-test,
the series converges uniformly on any closed and bounded interval in R* so ¥(s)

iscontinuous. Similarly, ¥’ =4 ¢ @—:—w—zj which is finite by (1.7) and positive

on R*. Thus we have (5.1-i,ii). To see (iii), we observe that

© 2
v =25 AL

and note that p is strictly decreasing for u > 0.

with p(u): = l‘ﬂ‘iﬂ

To get (iv), we observe that ¥(s)/s* will be integrable at co if and only if the
series {[?(1/s*)log(1 + s*/y?)ds} is summable. From the identity
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log(1 2 log(1 2
j—*Og(uj u) =2tan"tu— log(l +u) u+ “ ),

we get

J (1/s2)10g<1 + s >ds =2 _ ZLtan‘l—l— + log(l + i)
y? Y ¥ 7 )
Using (1.7) and (i), we get (iv). Statement (v) is obvious.

Finally, we provide the promised proof of Lemma 3.1.

PrOOF OF LEMMA 3.1. As already noted, the definition (1.9) of 2 ensures that
q is increasing, so the right hand side of (3.2) is (strictly) decreasing to 0 as « — o
by the integrability of w/s2. Thus, (-) is invertible with «(5) defined for (small)
6>0.

Now, fixing 6 > 0 and so a = a(d), we use (3.1) to define (independently of the
choice of the integrating constant for g!)
(5.2 a;:= 1/q~'(z;) with z;:= q(&)) + j/2

forj=0, 1,.... An integral comparison, noting that the function 1/q7 () is
decreasing and that z;,, — z; = 1/2, gives

& 1 & 1 I ®  dz
aj=—+)— So+2| =g
§0: ! a z 1( ) J;(a) q l(Z)

which precisely gives (3.3) on using (3.2) for z = g(s).

For |s| > a, we now note that j, = 1 where j, = j,(s, @) is the smallest j for
which a;ls| £ 1; hence, 0 < zj, — ¢(ls|) < 3. An argument similar to the above
then gives

2
R ??[q"(z,)]’ = f [q-‘(z)]z

® dz 1
27 L.s., ' @F &
(since g '(z) 2 |s|for s < z < z;,)
= 20()s|) — 1/s*
which is just (3.4).
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