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AN ADDITION THEOREM IN A FINITE ABELIAN GROUP

JORGEN CHERLY

1. Introduction.

We say that a subset 4 of a finite abelian group G is an additive basis if there exists
an integer h such that any element of G can be written as a sum of at most
h elements of A. The set A is said to be an additive basis of order & in case h is
minimal. We denote by |A4| the cardinality of the set A.

Let F, be a finite field of g = p™, me N elements and let F,[X] denote its
polynomialring. The degree of a polynomial a € F,[X] is denoted 6°a.

A subset 4 of F,[X] is said to be an additive basis if there exists an integer
hsuch that any element of F,[ X] can be written as a sum of at most h elements of
A. The set A is said to be an additive basis of order h in case h is minimal.

The Snirel’'man density d4 of 4 is given by

dA = inf ¢ " 'card 4,
n20
where 4, = {ae A|5%a < n}, see [1] [2] [3].

For any integer n, let G, = {f€F,[X]|6°f < n}. It is clear that (G,, +) is
a finite abelian group of order |G,| = ¢"* 1.

We prove here the following results:

THEOREM 1.1. Let A be a subset of G which contains 0. If A is an additive basis of
order h for G then

h < 2[1G/141]
This inequality is optimal.
Theorem 1.1 implies the following addition theorem in F,[X].

THEOREM 1.2. Let A be a subset of F,[ X] such that
(i) O0eA

(i) dA>0

(i) For any n = 0: A, is an additive basis for G,
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Then A is an additive basis of order at most 2 [1/dA].
In [1] we obtained the estimate h < 1/(d4)?. J. M. Deshouillers proved in [3]

that A is an additive basis of order at most 4/dA. Our proof is different and we
improve the constant factor from 4 to 2.

2. Preliminary results.

Let (G, +) be a finite abelian group. We shall denote by A4, B, C,... non empty
subsets of G. We define the addition of sets of group elements by

A+ B={a+ blaeA,beB}. We shall need the following two theorems from
H. B. Mann’s book [4] chapter 1.

THEOREM 2.1. Either A + B = G or |G| = |A| + |B|
THEOREM 2.2. IfC = A + Bthen|C| = |A| + |B| — |H| where H is the subgroup
H={geG|C+g=C}

3. Some lemmas.

LeMMA 3.1. Let C = A + B, where A and B are non empty subsets of G, and O € B.
Then either C + B = C or |C| 2 |A] + |H| where H is the subgroup

H={geG|C+g=C}

ProoOF. Assume C + B # C, then C + B o C since O e B. Hence we can find
elements by € B and ¢, + by ¢ C. Since C + b, is a union of complete cosets of
H we have

C+by={c+bo+H}=J{a+bo+H} | {c+bo+ H}

ceC acA ceC\A

Now for any ae A we have
{a+bo+H}n{co+bo+H} =

Indeed let age A be such that ay + by + by = ¢o + by + h, with hy,h,e H.
Then ¢y + bgeagy + by + H = C, contrary to the fact that ¢, + bod C.
It follows that

C+by>{A+bo}uf{co+bo+ H}
Hence

ICl = |C + bol 2 |4 + bo| + lco + bo + H| = |4| + |H]
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LeEMMA 3.2. Let C = A + B, where A and B are non empty subsets of G, and
O€ B. Then either
C+B=Cor

1
Cl 2 14) + 5 |B]
ProoF. (for the non abelian casesee J. E. Olson [5]). Assumethat C + B > C.
Hence by Theorem 2.2 and lemma 3.1
2|Cl =z 2|A| + |B|
LEMMA 3.3. Let A be a non empty subset of G,0e A and k = 2: Then either

KA = (k + 1)A or kd| = X “2L Lial

Proor. (see also J. E. Olson [6] Theorem 2.2). Assume k4 # (k + 1)A. Then
mA £ (m + 1)A for all msuch that 2 < m L k.
By lemma 3.2 with A —» (m — 1)A4, B — 4 we obtain

imA| =z |{(m — DA| + %lAl forallmsuchthat2 <m<k

k k k —1
Hence Y |mA|2 ) |(m—1)4] + TIAI
m=2

m=2

which implies [kA| = % 4]

4. Proof of Theorem 1.1.

Define the integer k, by ko = [|G|/|A|]. Assume koA + G. Then by lemma 3.3
and the definition of k,

> — —

Whence by theorem 2.1 we have 2k, 4 = G.

The inequality in Theorem 1.1 is optimal. Indeed let A be any subset of G such
that |4| = [(|G| + 2)/2]. Then by Theorem 2.1, A4 is an additive basis of order 2.
Also 2k, = 2[|G|/|A]] = 2 for |G| #+ 2.
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5. Proof of Theorem 1.2.

By (i), (ii), (iii) and Theorem 1.1 we have: Foranyn = 0: A, is a basis of order h, for
G, with

ho < 209" /14,1 < 2[1/dA]

It is then clear that any element of F,[ X] can be written as a sum of at most
2[1/dA] elements of A.
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