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A REMARK ON PERTURBATIONS OF
COMPACT OPERATORS

LARS HORMANDER and ANDERS MELIN

A generic linear transformation in C¥ has only simple eigenvalues, for the
discriminant of the characteristic equation is not identically 0. It is also well
known that compact operators in a Banach space admit arbitrarily small pertur-
bations with simple spectrum except at the origin. The purpose of this note is to
discuss how far the multiplicity can be reduced by perturbations of given finite
rank. The main result (Theorem 3) states that for perturbations of rank k which
are generic in a certain sense the space of generalized eigenvectors belonging to
any eigenvalue A $ Ois reduced by removal of the largest k Jordan boxes for that
eigenvalue while all new eigenvalues created are simple. No perturbation of rank
k can lead to a larger reduction of the dimension. In particular, there is a pertur-
bation of rank k making all eigenvalues + 0 simple if and only if the kernel of
T — A is of dimension <k + 1 and the kernel of (T — AI)? is of dimension
<2k + 1 for every 4 % 0.

In the following lemma we introduce a convenient and systematic way of
describing the multiplicity of generalized eigenvalues:

LEMMA 1. Let T be alinear operator in a finite dimensional complex vector space
V, and let 2.€C. Then

dimKer(T — Ay, r=1,
n(T,r,2) = {0’ r=0,
is a concave increasing sequence. The Legendre transform
(1) ﬁ'(Ta k» 2') = max (n(T; r, '1) - kr), k g O,
rz0

is a convex, decreasing, non-negative sequences. i(T,0, 1) = max,» o (T, r, A) is the
dimension of the space of generalized eigenvectors with eigenvalue A, also called the
algebraic multiplicity of A. We have
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AT, k, ) = 0 <> dim Ker(T — AI) = n(T,1,7) £ k,
AT, k, ) £1 < dimKer(T — AlY =n(T,j, ) <jk+ 1, j=1,2.
Ifn(T, 1, A) > k then the maximum is attained in (1) when
nT,r + LA —n(T,r,A) £k Zn(T,r,A) — n(T,r — 1,2).
One can recover n(T,-, 1) from i(T,-, A) by the inversion formula

2 wT,r, A) = min (AT, k, A) + kr), r=0.
k20
ProoF. To shorten notation we may assume that A =0 and write
n(r) = n(T,r,0), fi(k) = 7i(T, k,0). That n(-) is concave means that
nir+1)—nr)snir)—nr—1), r=1.
With the convention T° = I the map
Ker T"*!/Ker T" —— Ker T"/Ker T" !

is injective for r = 1, forif xe Ker T"*! and TxeKer T" ! then xe Ker T". This
proves the concavity. Hence n(r) < krfor allr = 0, ifthis is true when r = 1, which
proves that 7i(k) =0 if and only if n(1) < k. Similarly 7(k) <1 implies
n(r) £ kr + 1. If n(1) > k it follows that n(1) = k + 1 and that n(2) < 2k + 1; by
the concavity these conditions imply n(r) Srk + 1, r 2 1, hence (k) = 1. If
n(1) > k the maximum of n(r) — kr is assumed for some r = 1, and maximality at
r means precisely that

nr—1)—kir—10)=nlr)—kr, nir+1)—k(r+ 1) < n(r) — kr,

thatis,n(r + 1) — n(r) < k < n(r) — n(r — 1).
To prove the inversion formula (2) for the Legendre transform we note that (1)
implies that

n(r) — kr < A(k), forall k=0, hence n(r) < min(f(k)+ kr).
k2o

On the other hand, with k = n(r + 1) — n(r) the concavity of n(-) gives
ns) < n(r) + k(s—r), s=0, hence 7(k)+ kr < n(r).
The lemma is proved.

To explain the properties of 7i(T, k, A) we consider, still with 4 = 0, a partial
Jordan decomposition V =V, @ V, where TV, < V), and the matrix of the
restriction T; of T to ¥, = C™is a standard m x m Jordan box
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01 ... 00
00 - 00
3) hi={: " - ]
00 .. 0 1
00 ..0 0

while V; is the direct sum of the generalized eigenspaces belonging to eigenvalues
#+0and T invariant spaces of dimension < m where T is nilpotent. Let T, be the
restriction of T to ¥, and define n,(r) = dim Ker T; when r > 0, n,(0) = 0. Then
n(r) = r + ny(r) when r < m, and we obtainif k > 1
4) (k) = max (n(r) — kr) = max(n,(r) — (k — 1)r) = A(Tp, k — 1,0),

r20 rz0
for the maxima are attained when r < m because n(r) and n,(r) are constant when
r 2 m. Since A(T,0,0) is the dimension of the space of generalized eigenvectors
with eigenvalue 0 we conclude by repeated use of (4) that 7i(k) is the dimension of
the space remaining in the Jordan decomposition of the space of generalized
eigenvectors with eigenvalue 0 if k boxes of highest possible dimension are dropped.
This simple result is the reason why it is useful to introduce the Legendre
transform 7. Note also that

2n(r) —n(r — 1) = n(r + 1) = Oy + 2n5(r) — na(r — 1) — ny(r + 1)

is the number of » x r boxes in the Jordan decomposition of T when r = 1.

Denote by .Z (V) the space of linear operators in V and let %, (V) be the closed
subset consisting of operators of rank <k. Itis clear that the set £, (V)\Z_ (V)
of operators of rank exactly k is an open dense subset of Z,(V)if 1 £k < dim V.
More generally, if Q is a polynomial in £(V), that is, Q(T) is a polynomial in the
matrix elements of T'e #(V) with respect to some chosen basis, then either
Q vanishes identically in Z,(V) or else {Se Z(V); Q(S) + 0} is an open dense
subset of #, (V). That it is open is obvious. If it is not dense we can find
Soe L1 (V& -1(V) such that Q = 0 in a neighborhood of Sy in Z,(V). Thus
Q(ASyB) = Ofor all A, Be #(V)in a neighborhood of the identity, which implies
that this is true for all 4, Be £ (V). Since every Se.Z,(V) is of the form AS,B it
follows that Q(S) = 0, Se Z (V).

THEOREM 2. Let V be a finite dimensional vector space over C, let Te £(V) and
Se % (V) where k = 1. Then

® AT + S,v,A) 2 AT, v+ k,2), v=z0.

For fixed T there is an open dense subset I'y of &, (V) such that for every Se Iy
(i) there is equality in (5) if A is an eigenvalue of T,
(ii) all other eigenvalues of T + S are simple.
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PrOOF. Set T; = T — A, and let N = Ker S. We have
Ker(T, + Sy o N, = {xeKer T}; xe N, TyxeN,..., T; 'xeN}.

In fact, if xeN, then (T, + S)x = Tyx, (T, + S)*x = T?x,...,(T; + S)yx =
T; = 0. Hence

dim Ker(T, + Sy = dimKer T] — r codim N = dim Ker T} — rk,
dimKer(T, + S) — vr 2 dimKer T} — (v + k)r,

which proves inequality (5).

If k = d = dim V then equality in (5) means that AT + S, v, 1) = O for every v,
that is, that 4 is not an eigenvalue of T + S. This condition is independent of k,
and Z, (V) = L4 V) when k = d, so we may assume that k < d in the remaining
part of the proof.

Assuming at first that A = 0 and that T is nilpotent we shall now prove that for
some S of rank k there is equality in (5) when A = 0 while the eigenvalues # 0 of
T + S are simple. As above we choose a partial Jordan decomposition
V = V; @ V, such that TV; c V}, the matrix of the restriction T; of Tto V; = C™
is the m x m Jordan box (3), and the restriction T; of T to V, is the direct sum of
operators with such matrices of size at most m x m. Assuming as we may that the
statement is already proved for spaces of lower dimension we can choose an
operator S, in ¥, of rank k — 1 such that the eigenvalues + 0 of T, + S, are
simple and

(T, + S5,v,0) = AT, v+ k — 1,0) = A(T,v + k,0),

where the second equality follows from (4). If m = 1 we choose any S, different
from the eigenvalues of T, + S,. If m > 1 we define S, by the matrix with the
element ¢ in the lower left corner and all others equal to 0. Then the characteristic
equation of T} + S; is A" — ¢ = 0 so the roots are distinct and different from the

S, 0
eigenvalues of T, + S, for suitable ¢. Set § = < ! ) Then the eigenvalues

0 5,
£ 0 of T + S are simple and

AT + S,v,0) = AT, + S,,v,0) = AT, v + k,0),

so there is equality in (5) when 4 = 0.

In the general case let 4,,. .., 4, be the different eigenvalues of T, and let V; be
the corresponding spaces of generalized eigenvectors. The statements (i) and (ii)
in Theorem 2 consist of two parts:

(i) If A is an eigenvalue of T + S and A + 4;, j = 1,...,J, then 1 is a simple
eigenvalue.

(i) (5) is valid with equality when A =4;j=1,...,J.
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In particular, for v = 0 the condition (ii) means that
(ii)) v; = AT, k, 4;),
if v; is the dimension of the space of generalized eigenvectors of T + S with
eigenvalue 4;. The conditions (i) and (iii) mean precisely that the polynomial
Qs(A) = det@I — (T + S)/ [T A — 4771, wy= ATk, 4y),
v;i>1
has only simple zeros, that is, D(S) £ 0 if D(S) is the discriminant of Qg, which is
a polynomial in S. We shall prove below that D(S) does not vanish identically in
ZL (V). The full condition (ii) means in addition that S shall avoid a proper
algebraic subvariety of £, (V). In fact, inequality in (5) at 4; means that

6) dimKer(T + S — A1y — vr > i(T,v + k, )

for some v and r. Now if W is a linear map in V, a condition of the form
dim Ker W > o means that rank W < dim V — «, which is equivalent to the
vanishing of all minors of size dim V' — « in the matrix of W. Thus there are
polynomials Q, , ; 1(S),...,Q,.,.;.((S) such that (6) holds if and only if they all
vanish. For arbitrary v, r, j we can choose 7 = 1(v,r,j) so that Q,, ;. does not
vanish identically in .Z,(V), for we have proved that there is a perturbation of
rank < k of the restriction T; of T to V; such that there is equality in (5) at 4;. Let
Q be the product of the polynomials Q, , ; ... j taken over all v, r, j such that
vr < dim V and 0 < r < dim V. Then Q does not vanish identicallt in .Z;(V), and
when S e .Z,(V), Q(S) + 0, we have equality in (5) for all eigenvalues of T.

It remains to prove that there is some S e %, (V) such that D(S) % 0, that is,
such that T' + S has only simple eigenvalues apart from the points 4; which have
algebraic multiplicity u;. Choose closed disjoint discs Dy,...,D; with centers
A1, .., 4;. The number of zeros of det(1I — (T + S))in D;is constant for small S,
and the projection on the direct sum N; of the corresponding generalized
eigenspaces along the direct sum of the other spaces N; is given by

1
Pi(S) = EELD.(ZI —(T + 8)) dz,

which is an analytic function of (the matrix elements of) S. We have P(0)V; =0
when i # j, and P;(0) restricted to V;is the identity. The map & defined for small
S by

J J
S): V=P Vja(xl,...,XJ)l—*;Pj(S)xje v,
1

isequal to the identity when S = 0, so itisinvertible when § is small enough. Now

&S)" T + S)®(S) = T + 5(5),
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where 5(S) depends analytically on S for small S and §(0) = 0. Here T restricts to
an operator T; in ¥}, and S(S) restricts to an operator §,~(S) in V. In fact, &(S)
defines a bijection of V; on N;, which is invariant under T + S. When the
discriminant of (4 — 4;)! “# det(Al; — (T; + S (S))) does not vanish, the eigen-
values in D; are simple apart from A; which has algebraic multiplicity u;. Taking
for S an operator mapping V; to V; and V] to O for i + j, we know that the
discriminant is not identically zero for small Se.%, (V). Hence we can choose
Se (V) small such that this discriminant does not vanish for any j = 1,...,J.
This implies that T + S has only simple eigenvalues apart from the points 4;,
which have algebraic multiplicity u;, which completes the proof.

ReEMARK. We have proved more than stated: The set ' in Theorem 2 can be
taken as the complement in .Z,(V) of a proper algebraic subset.

Let B be a Banach space and denote by .#(B) the space of continuous linear
operators in B. Since

Z«(B) = {Se #(B); rank S < k}

is a closed subset, it is a complete metric space. If T'is a compact operator in B, we
shall denote by ZJ(B) the closure in .Z,(B) of the set of elements S € #,(B) such
that there is a topological direct sum decomposition B = B; @ B, with B finite
dimensional, TB; c B;,j = 1,2,and SB, = 0.

THEOREM 3. Let T be a compact linear operator in the Banach space B. If
Se L (B) then (5) is valid when A % 0. There is a first category subset X of £ I(B)
such that for all S € #¥(B)\Z thereis equality in (5) when A % Qis an eigenvalue of T,
and all other eigenvalues . + 0 of T + S are simple. In particular, the spectrum is
then simple for all A % 0 such that

W) dimKer(T — AI) £k + 1, dimKer(T — AI)?> < 2k + 1.

ProoF. The proof of the inequality (5) in Lemma 2 works for Banach spaces
with no real change. To discuss equality we introduce for ¢ > 0 the set I, of all
Se #I(B) such that there is equality in (5) for all eigenvalues A of T with |1 = ¢
and all other eigenvalues A of T + S with || = ¢are simple. Itis sufficient to prove
that the complement X, of I', in 7 (B) is of the first category, for we can take
2 = up X, First we shall prove that X is closed, that is, that I', is open.

Let Soel’, and let |Ao] = &. If Ag is not an eigenvalue of T + S, then A, has
a compact neighborhood D such that T + S has no eigenvalue in D when S is
sufficiently close to S,. If A, is an eigenvalue of T + S, we can choose a compact
neighborhood D of A, containing no other eigenvalue. If 4, is a simple eigenvalue
of T + Sy itfollows that T' + S has only a simple eigenvalue in D if S is sufficiently
close to Sq. If 4 is an eigenvalue of T + S, which is not simple, then 4, is an
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eigenvalue of T since SyeTI',. For every S e Z/(B) close to S, the equality in (5)
remains valid at 4, when S, is replaced by S, for

ﬁ(’T,V + k’ AO) é ﬁ(T + S’ VJ«O) é ﬁ(T + SO’V»AO) = ﬁ(’T,V + k910)’
where the first inequality follows from (5) and the second from the fact that
(8) dim Ker(T + S — A,I) < dimKer(T + S — Ao1),

if S is sufficiently close to S,. To prove (8) we note that ¢ and x can be chosen so
that

dimKer(T + So — Aol)? = dimKer(T + So — Aol = x.

If S is sufficiently close to Sy, then (8) is valid for r £ ¢ + x, and both sides must be
constant for r = ¢ + ». In particular, the space of generalized eigenvectors of
T + S with eigenvalue 4, has the same dimension as when S = S, so there are no
other eigenvalues in D. By the Borel-Lebesgue lemma we can cover {1eC;
e Z A 2T + Sol + 1} by finitely many of the discs D discussed, which proves
that I', is open. It remains to prove that the complement X, has no interior point.

If 2, has an interior point it follows from the definition of £ (B) (made for this
purpose!) that there is an interior point S, such that for some topological direct
sum decomposition B = B; @ B, with B, finite dimensional, TB; < B;,j = 1,2,
we have Sy B, = 0. By standard Fredholm theory we can decompose B, further
as B, = B; @ B, where TB; = B;, TB, = B,, Bj; is finite dimensional and the
spectrum of the restriction of T to B, is contained in the disc {z; |z| £ ¢/2}. Denote
the restrictionsof Tto E, = B; @ Byandto E, = B, by T; and T5. For operators
S with SE, = 0, such as S, we denote by S; and S, the maps E; — E; and E{ to
E, which it defines. Note that the equation (T + S — z)"x = O for a generalized
eigenvector x = (x,x,)e E; @ E, with eigenvalue z can be written

r—1
(i + Sy —2Vx; =0, Y (T —2¥So(Ty + Sy — 2z ' xy + (T, — 2)'x, = 0.
ji=0

When |z] > ¢/2 we conclude that the kernels of the powers of T+ S — z and
Ty + S, — z have the same dimension, for the second equation can be solved for
X5

By Theorem 2 we can choose S with SE, = 0, S, = Sy,,and S, arbitrarily close
to the component Sy of Sy, so that T; + S; has only simple eigenvalues apart
from the eigenvalues A; of Ty, and (5) is valid with equality for T} and S, ateach 4;.
Then

AT, v + k,A;)) = ATy, v + k, ;) = ATy + Sy,v,45) = (T + S, v, 4)),

if |A;| = &, which proves that Serl,. Since S is arbitrarily close to S, this
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contradicts the assumption on S, and completes the proof, for the last assertion
follows from Lemma 1.
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