MATH. SCAND. 82 (1998), 191-206

ON SINGULARITIES OF FOLDING MAPS AND
AUGMENTATIONS

KEVIN HOUSTON

1. Introduction.

In this paper we shall investigate the properties of two different types of map
germs of the form f : (C",S) — (C”,0) where S is a finite set of points of C".
The first is the fold type map, which is a map of the form,

()C], ce axn—lay) = (xla .. 'axn—layzvyhl(xayz)v .. 'yhp—n(xayz))7

for some holomorphic functions #;, i = 1,...,p — n. These first arose in the
classification of map germs f : (C*,0) — (C*,0) by Mond, [15], and were la-
ter studied by Wilkinson, [19]. These maps are connected with the classifi-
cation of isolated complete intersections with respect to diffeomorphisms
that preserve a certain linear subspace of C”.

In [12] there is defined a topological invariant of the map germ, called a
disentanglement which is analogous to the Milnor fibre of an isolated com-
plete intersection singularity. In the case of folding maps the disentangle-
ment is homotopically equivalent to a wedge of spheres of dimension
2n — p + 1.Denote this number by p;(f) and call it the image Milnor number
of f.

The main result for folding maps, Theorem 2.7, is that for f finitely .o/-
determined, (see,for example, [1] for definitions), with p < 2n — 1 we have,

of .~-codimension(f) < p;(f).

If p=n-+1 and f is quasihomogeneous then this is actually an equality.
David Mond has informed me that he has proved this particular case via
another method. Examples show that for the case p = 2n a similar statement
to the above is false. The case p = 2n — 1 is not investigated.

The second type of map is the augmentation of a map germ. For a map f
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unfolded with F(x,t) = (f;(x),t), take a complex analytic function germ
g:(C%0) — (C,0) and define a new map through A ¢(f) = (fy(-)(x), 2).
This is a generalisation of the definition in [3] where f has .o/.-codimension
one, F is the .oZ,-versal unfolding of f and g(z) = z>.
The main result for augmentations, Theorem 3.2, is that if F is stable (i.e.
its .«Z,-codimension is zero), then

7(g).o/ .~-codimension(f’) < «/.-codimension(Arg4(f)),

where 7(g) denotes the Tjurina number of g. If F is in the nice dimensions or
g is quasihomogeneous, then there is equality.

As we shall see, folding maps provide a source of examples of augmenta-
tions and augmentations provide new examples of series of singularities.

For general references on singularity theory, e.g. definition of .« and %
equivalence, etc., see [1], [2] and [17]. For a map H:C" — C’, let
X = H71(0) and denote the Milnor number and Tjurina numbers with u(H)
or u(X) and 7(H) or 7(X) respectively.

Since in the statement of theorems we shall be interested in .«/-equivalence
of a map germ f we shall denote .«/,-codimension with cod(f). Other codi-
mensions will be written explicitly.

My thanks to Bill Bruce and Neil Kirk for helpful discussions and com-
ments. I am particularly grateful to Mihai Tibar for pointing out an error in
Theorem 2.8 in an earlier version of the paper and to the referce for sug-
gesting a number of improvements. The author was supported by a grant
from EPSRC (Grant number GR/K/29227) during the writing of this paper.
The computer program Singular was used in calculating a number of the
examples in this paper.

2. Folding Maps.

In this section we shall study the algebraic codimension and the local topol-
ogy of folding maps.

We use the following notation. For the ring of germs from C" to C,
usually denoted U¢» we use (,,; ¢ stands for &_,0,. Coordinates on C" will
be given by (xy,...,X,_1,y). For a map /i : C" — C? denote by I, the ideal
generated in @, by the coordinate functions: I, = (hi,...,h,). The phrase
isolated complete intersection singularity is abbreviated to ICIS.

Let i1 : C" — C”" be given by (hi(x,y),...,hp—n(X,)).

Let H : C" — C”™" be given by (h1(x,)?),. .., hy_n(x,3%)).

Let H': C" — C”"*! be given by (11 (x,)?), ..., hp_u(x,17), ).

DEFINITION 2.1. Suppose f : (C",0) — (CF,0), with 1 <n <p, is a map
germ. Then f is called a folding map if it is .o/ -equivalent to a map of the form,
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(Xla .. 7xn—1;y)'_) (Xla s 7xn—lay27yh1(x7y2)" . ayhp—n(x7y2))7
for some functions 4;(x,y), fori=1,...,p —n.

ExAMPLES 2.2. (i) The map f(x,y) = (x,)?) is the archetypal folding map.
(i) It is well known, see [18], that the stable map germs
f:(C",0) — (C*',0) which are not immersions are of the form

S(x1,- 0 x021,y) = (xl,...,xn,l,yQ,yxl,...,yxn,l).

PrOPOSITION 2.3. Suppose [ is a folding map. Then f is finitely .o/-de-
termined if and only if H is finitely A -determined. If f is finitely .of -determined
then H' : C"~' — CP™" is finitely A -determined.

ProoF. Both results come from the characterisation of corank 1 map
germs by Marar and Mond in [13]. In their Theorem 2.14 they prove that a
corank 1 map germ f is finitely .o/-determined if and only if the multiple
points spaces are ICIS, or empty. Furthermore, in Corollary 2.15 of the
same paper they prove that if f is finitely .o/-determined then the restriction
to the fixed point sets of the elements of Sy in D*(f) also define ICIS. (The
k™™ multiple point space of f is the closure in X* of the set of distinct k-tuples
that have the same image under f).

For D*(f) to be non-empty there must be distinct y; such that
y3 =13 =... =2, but this is never satisfied if k¥ > 2 .Thus the results rest on
proving that the double point space, D?(f) is defined by H, and that the fixed
point set of the non-trivial element of S, is defined by H'. These are easily
seen to be true.

We now state the definition of a disentanglement of a map germ, see [12]
and [9].

DEFINITION 2.4. Let f: (C",S) — (C',0) be a map germ withn < p and S a
finite set. Suppose F: (C" x C",S x0) — (C” x C",0 x 0) is an r-parameter
unfolding of f. Denote F(x,t) by f;(x).

Let B. be a small ball centred at zero in C' x C". Let U = F~'(B.) and
U, = UNF'(C? x {t}), where ¢ is chosen so small that S. is stratified trans-
verse to F(U) for all € <e.

The image of f;|U, is called a disentanglement of . If f; is (topologically)
stable then the image of f;|U, is called a (toplogically) stable disentanglement.

REMARK 2.5. If £ is finitely .o/ —determined then topologically stable dis-
entanglements always exist and are essentially unique. If (n,p) is in the nice
dimensions then stable disentanglements always exist. Since Milnor fibres of
ICIS exist, Proposition 2.2 tells us that stable disentanglements always exist
for folding maps.

A disentanglement of f is the analogue of a Milnor fibre for a map-germ
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g:(C",0) — (C?,0) with n > p. Milnor fibres are non-singular; however, the
disentanglement of f* can be very singular, since typically the image will in-
tersect itself along a subspace of dimension 2n — p. Furthermore, the number
of equations defining the image of F in C” x C? can be very large. For
p =n+ 1 the image is a hypersurface but in general it is not even a complete
intersection.

THEOREM 2.6. Suppose f:(C",0) — (CF,0), with 1 <n <p <2n, is a fi-
nitely of -determined folding map then the disentanglement of [ is homo-
topically equivalent to a wedge of spheres of dimension 2n — p + 1.

PrOOF. By [9] Theorem 3.24 the disentanglement of f is a wedge of
spheres (of possibly different dimensions). Since D¥(f) = for k > 2, by
Corollary 3.8 of [9] we have

Hi(f,(U); Q) = Alt Hy1 (D*(f); Q)

and the only non-zero alternating homology group is Alt Hdisz(f)(DQ (); Q).
As dim D?*(f) = 2n — p the result follows.

Following Mond in [16] we shall call the number of spheres occurring in
the wedge the image Milnor number of f and we denote it by p;(f) or py.

For the case of finitely .o7-determined maps germs in the nice dimensions
with p =n+ 1, Mond has proved that the disentanglement is a wedge of n-
spheres.

CONJECTURE 2.7. Mond has conjectured that the number of spheres in the
disentanglement is greater than or equal to the .o7,-codimension of the germ,
with equality if the germ is quasihomogeneous.

This conjecture has been proved if n =2 and p = 3 in [10] and [16].

In Theorem 2.11 we show that a similar result on the the number of van-
ishing cycles versus codimension holds for folding maps with p < 2n — 1.

The next theorem allows us to calculate the .oZ,-codimension of a folding
map with a formula similar to the one for the # .-codimension of an ICIS.
This is a generalisation of Example 1.1 in [4].

THEOREM 2.8. Suppose [ is a folding map. Then

. o
cod(f) = dime 75—,
- - np—n
<y8y , B, . (9Xn_1>(9n + IhCn

PrOOF. The proof is similar to that of Proposition 4.1:16 of [15]. One can
also see the result as a consequence of Theorem 5.2.4 of [19] that two folding
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maps f and f’ are .«/-equivalent if and only if D*(f) and D?*(f’) are A s-
equivalent.

The next lemma relates a formula similar to the one in the above theorem
to the Tjurina numbers of the singularities defined by H and H'.

LEMMA 2.9. Recall that H(x,y) = h(x,y*) and X = H~'(0), then

o

T(X) + T(X|y:0) > dimg¢

OH OH OH '
—_— . Oy + Ig0h™"
<y Oy 'ox1’ " Ox, 1> *
Proor. Consider the following sequence,
@ﬁin E4

on oH oM
Oy '0x1’ T Oxu_y

(Qp—n pr
H OH H
< o 0 0 >@ Iy

>m+m@%

yﬁ—y’ﬁx T Ox-1
o .
OH OH OH -
ar 0, + (I or
(G T e YOt (i + 0N

We show that the sequence is exact and relate the terms in it to the terms in
the statement of the lemma. The second map is surjective since

OH OH OH
—_— . 0, +1 (/p "
<y Ay "ox1’ " Ox, 1> +la

is a subset of

<8H OH OH

P — p—n
5o 8xﬂl>a7-+(zga-<>)@” .

But since H(x,y) = h(x,»*) we get %—’; € (y)0P™", thus the sequence is exact at
the other position.

The first term of the sequence has dimension equal to 7(X); the third term
has dimension equal to 7(X],_y). Recall that H’ is defined by (H(x,y),»),

and so 7(X|,_o) =7(H'"'(0)). It is obvious that 2L = [2Z 0]" and that

o’

t
oy = [%—1; 1} . Here the superscript ¢ denotes transpose.
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Since G € (y)Ch™" we have

. /OH' OH' OH'
[0...01] €<8x1 R TR

>O 4 IH’OP —n+1

and since /rr = Iy + () we deduce that the third term is equal to 7(X/|,_).
The inequality to prove is then a consequence of the exactness of the se-
quence above.

REMARKS 2.10. (i) If p=n+ 1, H is a quasihomogeneous isolated singu-
larity and the restriction of H to y = 0 has an isolated singularity then the
inequality becomes an equality. This is because obviously 7(X) = u(X),

7(X|,_9) = p(X1,_) and the third term is the boundary Milnor number for
H. The sum of the two Milnor numbers is well known to equal the boundary
number. See [2] p.12.

(i) The inequality need not be an equality. Take the non-quasihomoge-
neous example H(x,y) = y® +x* +)%x. Here 7(X) =13 and 7(X|,_y) =2
but the remaining term is equal to 14. I conjecture that if H is quasihomo-
geneous then the inequality is in fact an equality.

We now reach the main result of this section; a result on the number of
vanishing cycles versus the .o ,-codimension.

THEOREM 2.11. Suppose f : (C",0) — (CF,0) is a finitely o/-determined
folding map such that p < 2n— 1. Then p;(f) > cod(f). If p=n+1 and f is
quasithomogeneous then py(f) = cod(f).

PROOF. As stated in the proof of Theorem 2.4, the number of vanishing
cycles, 117(f), is equal to the rank of Alt Ha,—,(D?(f); Q). By [7] Theorem 3.2
we have that

pr(f) = 3 {(X) + n(X]y)}-

But since H and H ‘y:O are both ICIS of dimension greater than O (this is
because p < 2n—1), we have that u(H) > 7(H) and u(H|,_o) > 7(H|,_),
with equality if H is quasihomogeneous, (which is true if f is quasihomoge-
neous). The theorem p > 7 with equality if the spaces are quasihomogeneous
is well known and is proved in [8].

By Lemma 2.6 we find

oo
3_H OH OH
Y Ay Ox1’ T Oxt

pr > 1< dime

Y

>(/,1 + IyO0h"
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with equality if p = n + 1 and H quasihomogeneous, (see Remark 2.10 (i) ).
But

OH O(h(x,y")) _Oh  ,
a (x,y) ax _a (xﬂy )7
and
oH oh(x.y%) _
= =2
3 (x, ) ay Y5, (5 7)
Therefore,
or—
pr > %< dime " n
h Oh Oh
< ay( VY ) ax ( 7y2)7"'vvl(xay2)>(9n+1H@£n
or"
= Zdimc n
2 Oh Oh Oh
el 0 p—n
(PG g () g (0) YO+
di orr
= dalmgc
oh oh oh
- dad 0 op—n
(Vo) o (53 g (50) ) O 4 1

= cod(f) by Theorem 2.8.

REMARKS 2.12. (i) If the conjecture of Remark 2.10 (ii) holds then we can
get an equality in the theorem when f is quasihomogeneous. In fact this is
the reason for conjecturing the statement to be true.

(i) The assumption p < 2n —1 excludes the case that H),_ is zero di-
mensional, because then p > 7 is not necessarily true. However if n = 2 and
p=3then H |y:0 is a hypersurface singularity (and in this case u > 7 is true)
and so the proof above gives u; > cod(f) with equality if f is quasihomoge-
neous. However, it is known that the Mond conjecture (see 2.7) holds in this
case, see [10] and [16], and hence the result can be deduced from this.

The above theorem shows that one might expect a generalisation of the
Mond conjecture to be true; i.e., the sum of the ranks of the Betti numbers of
the reduced homology of the disentanglement is greater than or equal to the
of ,~-codimension. However, this is not the case as the following example
shows. Another counter example to this “‘generalisation” is given in [9], Ex-
ample 3.26.
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ExampLE 2.13. If p = 2n, then the statement of the theorem is false; it is
possible to have p;(f) < cod(f).
Let £ : (C*,0) — (C*0) be given by

[(x9) = (6,07, 7% x),
for any integer k > 1. This is the series III; in Kirk’s thesis, [11]. Using
Theorem 2.8 it is easy to calculate that cod(f) = 2k — 1 for all .
Since the double point space, D*(f), is a quasihomogeneous ICIS we can

calculate the Milnor number using weights and degrees, see also [7] Ex-
amples 4.16 (1). We find that u(D?(f)) = 2k and as D*(f) =0 = 0 we have

() = 3{D*(f) + (D> (f)],=0)} = k-
Thus, p;(f) < cod(f) for k > 1.

3. Augmentations.

We now turn our attention to augmentations of map germs. Note that now
we allow multigerms. For the one parameter unfolding F of f we will assume
that F can be written in the form F(x,?) = (F(x,1),t), for some F.

3.1. Preliminaries.

DEFINITION 3.1. Suppose f : (C",S) — (CP,0) can be unfolded by the map
F:(C"xC,S)— (C” x C,0), where S is a finite set of points of C". Let
g:(C?,0) — (C,0) be the germ of a holomorphic function. Then the augmen-
tation of f by F and g, denoted Ap(f), is the map germ,

Apg(f): (C" x C1,8 x 0) — (C” x C7,0 x 0),
defined by

Arg(f)(x,2) = (F(x,8(2)), 2).
We also say that  has been augmented by F and g.

This notion was introduced by Goryunov in [6] and used by Cooper in [3]
when f is of .&/,-codimension one, F is the .o/,-versal unfolding of f and
2(z) = z2. Augmentations formed an essential part of his classification of
o/ ,~-codimension one map germs. What we shall see is that more general
augmentations are useful in classification, particularly for creating series of
singularities.

ExamMPLES 3.2. (i) One of the simplest series of singularities is defined by
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f(x) — ()C27X2k+l)

for some k > 1, see [2] p 58. Note that cod(f) = k.

Then F : (C*,0) — (C*,0) given by F(x,u) = (x2, x**! 4+ ux,u) is a stable
unfolding of f. This is because F has the same 2-jet as the 2-determined
(stable) cross-cap.

Augmenting each singularity of the above series with this unfolding and
the function g(z) = z* gives the By series,

(x,2) — (2%, X 4 22x, 7).

See [15]. Here cod(f) = k.

By setting £ = 1 and augmenting f with the unfolding F and the series of
functions g(z) = z**1, > 0 we get the S, series (this is Mond’s notation, it
is the A, series in [2]),

(x,2) = (3%, x* + 2 1x, ).

In this case we have cod(f) = p.

(ii) Let f: (C",0) — (C,0) define an isolated hypersurface singularity.
Then F(x,u) = (f(x) + ul(x),u), where [ is a generic linear form on C", is an
unfolding of F and so

(x,2) = (f(x) +g(2){(x),2)
is an augmentation of f.

Note that both examples in (i) are folding maps and that cod(A4rg(f)) is
equal to cod(f)7(g). We shall be able to deduce the last fact from Theorem
3.3.

Another important series in the Mond classification of maps from surfaces
to three space is the H; series. Unfolding f(x) = (x*, x**~1) with the mapping
F(x,u) = (x3,x**~! 4 ux,u) gives the Hj series. This can be see as an aug-
mentation if we assume that g is the submersion g(z) = z. Unfortunately,
with the results in this paper we shall not be able to say anything about this
interesting series of examples.

From these examples it seems that augmentations could be of use in the
study of series. The existence of series is controversial; no-one has yet pro-
duced a reasonable definition for a series. Nevertheless, they appear in con-
crete examples such as above. As we shall see, we can take any map germ of
o .-codimension one and can augment with the 4; or Dy series of hypersur-
face singularities for example and produce new series of finitely determined
singularities.
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3.2. of .—Codimension of Augmentations.

In this part we prove some results on the .o7,-codimension of an augmen-
tation in the case that F is a stable unfolding of f, i.e. F' is stable as a map
germ. Note that this is not equivalent to cod(f) = 1, see Examples 3.1.

We begin with the main theorem of this section.

THEOREM 3.3. Suppose the unfolding F of f is stable as a map germ. Then

cod(f)71(g) < cod(Arg4(f)).
If F or g is a quasihomogeneous map germ, then cod(f)7(g) = cod(Ap4(f)).

Proor. We use Damon’s equality of .«/,-codimension and 4"y .-codimen-
sion, see Theorem 1 of [4]. For ease of proof we shall change notation
slightly. For f: (C",S) — (C”,0) we unfold with F: (C"" S) — (C"*!,0)
but now write A 4(f) with C? on the left of C"*'.

Let F': (C? x C"™ 0 x S) — (C? x C"™' 0 x 0) be the obvious trivial ex-
tension of F. This map is stable since F’ is. Furthermore we can describe
Derlog (V) in terms of Derlog (V'), where V' and V’ are the discriminants of
F and F’ respectively. (Thus, for n < p, V and V' are the images of the
maps) That is, Derlog (V”) is generated over ¢ by Derlog (V) and {e;},
where e; is the ith basis vector for ¢“*! ;=1 ... ¢, and Derlog (V) is

q+p+1°
identified with its image via the inclusion

+1 +ptl
inc: 007 — 07, £ (0,8).

The map f is the pullback via the map, ¥, : C” — C4™7+!
Up(Yy,...,Y,) =(0,...,0,Y],.... Y, 0).
The map F is the pullback via the map, ¥y : CP*! — CotP+H!,
Up(Yy,..., Y, U)=(0,....0,Yy,.... Y, U).
The map Ar,(f) is the pullback via the map, ¥, : C?*¢ — C77*,
LpA(Zla'°'7Zq7 Yla"'? Yp) = (217"'72(17 Yi,..., Ypag(Z))

Denote elements of Derlog (V) by n and those of Derlog (V') by 7.
Choose a finite set {77;} of generators of Derlog (V7). Define a, to be the last
row of the vector 77, for all r.

It is trivial that }5/ = ¢4 for j=1,..., p and that ¢; € ¥} (Derlog (V"))

fori=1,...,q. Thus’ TKy .(¥r) contains e; fori =1,..., ¢+ p and so
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(Qq+p+1

Nt o(f) = NKy o (¥r) = W

) (91’
- <ar o Wj>
This tells us that all we need to know about NKy (%) is contained in the

last row of the vectors {7/ o ¥y}, which is why we defined q,.
For the map ¥4 we have

:6‘j+a—zi€q+p+l fori=1,...,q,

0Z;
and
ov 4 .
6—szeq+j for j=1,...,p
Hence,
Og
TKyo(¥.4) :< ﬁ€q+p+1aeq+ja7l§°‘p/1>
1
Og
= <€ 82 el]-HJ-H ) eq+/7 €i, Ny © WA>
og
:<azieq+[7+1aelvnrolp/4> fOrlZI,...,q+p-
So
04+P |
NKy (W) = ——L2
vella) = g, ()
~ Ogsp

B
<a§ are &DA>

We can write a, o Wp = b,(Y) + Uc,(Y, U), where b, € 0, andc, € Op;. In
this notation we have a, oW, = b,(Y) + g(Z)c,(Y,g(Z)), and so

T Oy
(*) NKV’.,e(“"A):<6aZ a’om> <§Z by( )+g(Z)Cr(Y’g(Z))>

We also have
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(Op (Qp (Qp+]
(aroy) — (b,(Y)) (@ 0Wr, U)’

IR
IR

Since

(5 0.1) + 820 V.8(2D)) < (S5 s@)07))

the following natural map is surjective,

() Casr SV
<8—§i,bm+g<Z>cr<Y,g<Z>>> <8—§i,g<2>7br<Y>>

The first space is isomorphic to NKy (¥ 4) by (*), which by Theorem 1 of [4]
has dimension equal to the .2/.-codimension of Arp,(f). We have the iso-
morphism

(QﬂH'P (Qfl

<§—§i,g(2),br()’)> - <§—§i,g(2)>

Thus the second space of (xx) has dimension cod(f)7(g) and hence we get
the inequality of the theorem.

(QP
(br(Y))

Xc

If g is quasihomogeneous then g € (0‘7—%) and so
6g B 3g
<6—Z,-’b’(Y) +g(Z)c,‘(Y,g(Z))> = <8—Z,-’b"(Y)>'

This implies that the map in (x*) above is an isomorphism, hence we get
equality of cod(A4r,) and cod(f)7(g).

If F is .o/-equivalent to a quasihomogeneous map germ then the obvious
Euler vector field is contained in Derlog (7). The last row of this column
vector is equal to U multiplied by the weight of U. Thus for some «,, say ay,
we have aj oW, = b1(Y) + g(Z)c1(Y,g(2)) is a scalar multiple of g(Z).

We have the equality in the second statement because

(552000 + €D Y.5(2))) = (55 9(2).b(1) ). forr =2,

REMARK 3.4. If f is quasihomogeneous then F can be chosen to be quasi-
homogeneous. If F is a stable map in the nice dimensions then F is .o/-
equivalent to a quasihomogeneous map germ, by Mather’s classification of
stable map germs. See [14].

COROLLARY 3.5. Suppose f is finitely determined and the unfolding F of f is
stable as a map germ. If F is in the nice dimensions or g is quasihomogeneous
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then Ap4(f) is finitely <f-determined if and only if g defines an isolated hy-
persurface singularity.

Proor. The assumptions imply via Theorem 3.2 that we have
cod(Ar,(f)) = cod(f)7(g). That the function g defines an isolated hypersur-
face singularity if and only if 7(g) is finite is well known, hence the codi-
mension of Apg(f) being finite and g having an isolated singularity are
equivalent.

The above corollary gives a proof of Theorem 2.5 from [3]:

COROLLARY 3.6. Iff is of codimension one, g(z) = z* and F is the .o/ ,~versal
unfolding of f, then Ap . (f) is of codimension one.

Proor. Since cod(f) =1 then the o7 -versal unfolding of f is stable as a
map germ. The function g is obviously quasihomogeneous and 7(g) = 1.
Hence by Theorem 3.2 we see that cod(A4x .2(f))=1.

In fact it is possible to prove that if F is stable and g(z) = z? then Ap 4(F)
is of codimension one if and only if f is of codimension one.

REMARKS 3.7. (i) Theorem 3.2 also shows that for any codimension one
map germ f : (C",0) — (C,0) there exists a series in the (n+ 1,p + 1) pair
of dimensions. We do this via augmenting f* with the .o/ -versal unfolding of
/ and any series of quasihomogeneous isolated singularities such that g # g’
implies p(g) # p(g’). The elements of the resulting series of augmentations
are finitely .«/-determined by Corollary 3.3. Pairs of elements of the series
are not .o/-equivalent since by Theorem 3.2 their .Z.-codimensions must
differ.

(if) If F is not stable then Ar,(f) need not be finitely determined. For
example the folding map

(2, 2) = (3,707, %)
of Example 2.13, (which as we have seen has cod(f) = 2k — 1 and p,(f) = k),
can be unfolded with
(%, ,0) = (6,07, 9 4+ 1, 5y + 1),

The codimension of this map is kK — 1 and hence for k > 1 it is not stable.
Augmenting with the Eq singularity, g(z;,z;) = z? + z3 for k > 1 gives a non-
finitely determined map germ. These calculations can be done using Theorem
2.8.

However, augmenting with g(z) = z", r > 0, in fact gives a map germ with

cod(Arpg(f) = 7(g) - cod(f) + cod(F).
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It would be interesting to see in what generality the type of statement
made at the end of the remark holds. Note that if we augment any map with
an unfolding and the trivial submersion g(z) = z then

cod(Ar:(f)) = cod(F)

by definition. Theorem 3.3 is the analogue of this where we take F to be
“trivial” (i.e. stable). The question is what restrictions do we need on F and
g where both are “non-trivial” for Ar.(f) to be finitely determined?

3.3. Topology of Augmentations.

In Section 2 the definition of a disentanglement of map germ
f:(C",0) — (C?,0) with n < p is given, this space we will denote by Dis(f).
In a similar way one can define a stabilisation of map germ with n > p but
now rather than take the image of f we take the image of the critical locus of
a stabilisation. This we shall call the discriminant disentanglement and will
also denote it with Dis(f) (where this time Dis refers to discriminant). A
more complete description is given in [5]. There it is proved that Dis(f) is a
wedge of (p — 1)-spheres and that the number of spheres, pa(f), which Da-
mon and Mond call the discriminant Milnor number, is related to the alge-
braic codimension of f* by ua(f) > cod(f), with equality if f is quasihomo-
geneous and (n,p) is in the nice dimensions. This result arises from the fact
that the discriminant of f is a free divisor, which is not true for an image in
the n < p case.

The main goal of the local topology of augmentations must be to relate
the topology of Dis(Ar4(f)) to Dis(f) and the Milnor fibre of g. For maps
with n > p then it is obvious that if / and g are quasihomogeneous then

pa(Arg(f)) = cod(Arg(f))
= 7(g)cod(f)
= u(@)ua(f).

This shows that Dis(4r,(f)) is homotopically equivalent to the join of
Dis(f') and the Milnor fibre of g if f and g are quasihomogeneous. A similar
result would be true for maps with p =n + 1 if the Mond conjecture were
true.

We start the investigation by relating a stabilisation of /" to one of A ,(f).
Let F(x,f):= (F(x,7),f) be a l-parameter unfolding of f and let
fi(x) = F(x,1).

THEOREM 3.8. Suppose F is an unfolding of f such that f, is stable for
0 < |t] < for some € > 0. Then (x,z,t)— (F(x,g(z) + 1),z,t) is an unfolding
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of Arg(f) such that Apg(f), = (x,z)+ (F(x,g(z) + t),z) is stable for
0O<|t<e

ProOF. The map Ar.(f), for any ¢ is the augmentation of f; with F and g.
Since f; is stable this augmentation process is obviously a trivial unfolding of
f1, and hence AF4(f), is stable.

The next result is Proposition 8.2 of [3].

PrOPOSITION 3.9. The disentanglement of the augmentation of a codimen-
sion one map germ f : (C",S) — (C"™,0) with g(z) = 22, is homotopically
equivalent to the suspension of the disentanglement of f.

If we augment with g(z) = z* then Cooper’s proof can be generalised to
show that the disentanglement of the augmentation is homotopically
equivalent to the join of the disentanglement of /" and k points.

Note that if F is not stable then Example 2.13 shows that a similar state-
ment would be false. For in this case p;(f) =k, cod(f)=2k—1,
cod(F) =k — 1 and cod(A4rg(f)) = r(2k — 1) + (k — 1), for g(z) =z It is
not difficult to calculate that p;(Arg(f)) = cod(Ar,(f)) using the method in
the proof of Theorem 2.11 or Example 4.16 (2) of [7]. Hence, for k > 1,
i (Arg(f)) # rua(f) = p(&)pi(f).

However, because a similar statement is true for direct sums of singula-
rities, see [1] p. 76, the following seems a natural conjecture.

CoNJECTURE 3.10. Suppose F' is a stable unfolding of the map germ f,
then the disentanglement Dis(Ar,4(f)) is homotopically equivalent to the
join of the Milnor fibre of g and Dis(f).

A possible corollary of this could be that if f* was finitely .o/-determined
and g had an isolated singularity then the monodromy operator of the aug-
mentation is the tensor product of the monodromy for f and for g.

Another point of interest would be that with such a theorem one could
create examples of disentanglements of non-finitely determined map germs.
If f is finitely determined then by Theorem 3.24 of [9] a disentanglementof f
is homotopically equivalent to a wedge of spheres of (possibly) varying di-
mensions. Suppose now that g has a non-isolated singularity and the homo-
topy type of the Milnor fibre of g is known, see [2] p. 71 and references
therein for examples of this type of behaviour. Then, by Theorem 3.2,
Ar¢(f) is not finitely determined. However, a positive answer to the con-
jecture would give us the homotopy type of a disentanglement.
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