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ON WEIGHTED MULTIDIMENSIONAL EMBEDDINGS
FOR MONOTONE FUNCTIONS

SORINA BARZA, LARS-ERIK PERSSON and VLADIMIR D. STEPANOV*

Abstract

We characterize the inequality

1/q 1/p
/ fu §C</ fPv) 0<gqg, p<oo,
RY RY

for monotone functions f > 0 and nonnegative weights u and v. The case ¢ < p is new and the
case 0 < p < g < oo is extended to a modular inequality with N-functions. A remarkable fact
concerning the calculation of C is pointed out.

1. Introduction

Let Rﬁ ={(xy,...,xy);x; >0,i =1,2,...,N}and Ry = RL.Assume
that f : RY — R, is monotone which means that it is monotone with respect
to each variable. We denote f |, when f is decreasing (=nonincreasing) and
f 1 when f is increasing (=nondecreasing).

Given 0 < p,g < oo and the weights # > 0 and v > 0 we consider the
inequality

1/ 1/
® (fore) =e(form)

forall f | or f 1.

In the one dimensional case the inequality (1) was characterized in ([4],
Proposition 1) for both alternative cases0) < p < g < ocand0 < g < p < 00
as follows:

(@IfN=1,0< p <g < oo, then (1) is valid for all f | if and only if

t 1/q t N\ ~Upr
2) Agp 1= sup (/ u) (/ v) < 0
t>0 0 0

and the constant C = Ay is sharp.
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bIEN=1,0<qg <p<oo,1/r=1/qg—1/p,then (1) is true for all
f | if and only if

3) By := (/000 (/Ot u)’/l’ </Ot v)r/Pu(t) dt)l/r< 0.

Moreover,

and

0 \Tr/q 00 t \"/4d AN L]
(€)) B = q (Jo M)r/ + 2,/ (/ u) (/ v) v(t) dt.
() P do 0 0

(c) The same characterizations are valid, when f 1, with the only replace-
ment of the integrals over [0, #] by the integrals over [¢, oo].

Since the one dimensional inequality (1) expresses the embedding of clas-
sical Lorentz spaces, the further generalizations and references in this dir-
ections can be found in [2]. The multidimensional case was treated in ([1],
Theorem 2.2), where, in particular the inequality (1) was characterized in the
case 0 < p < ¢ < oo and the sharp value of the constant C was given as

(/5 ”)l/q

(5 C=Ay:= sup ———
T e (fp0)”

and supremum is taken over the set &, of all “decreasing” domains. Moreover
it was shown ([1], Theorem 2.5) that if #(x) and v(x) are product weights, i.e.,
if

(6) u(x) =wui(xy) ... uy(xn), v(x) =vi(xy) ... on(xn),

then the constant C can be calculated in the following way:

a ay  \1/q
u

(7 C = Ag\}) ;= sup ( Oal foaN )1/p‘
“’>0(0 "'fo U)

It was also pointed out in [1], Example 3.1, that if u(x) and v(x) are not
product weights, then the equality Ay = AE\}) is not true in general. In fact,

in this paper we even prove the remarkable fact that theconstants Ay and AE\})
are not comparable in general (for N > 2).
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Section 2 of the present paper is devoted to the modular inequality of the
form

®) d>2‘< /R L (w(x)f(x))u(x)dx) < @1‘( [, (Cf(X))v(x)dx>,

+

where ®; and ®, are N-functions [3] such that

©) Y 0 diH(a) < Kdyo qw(Zan)

for all a,, > 0 with a constant K > 1 independent on {a,,}.

In Section 3 we consider the particular case of (1), when N =2,0 < p <
q < oo, u(x,y) = u(xy), v(x,y) = v(xy) and find an explicit criterion for
this case. One important consequence of this result is that there is no uniform
constant ¢ > 0 such that cA;}) > Ay, le., Ay and AE\}) are not comparable in
general.

The case 0 < g < p < oo of (1) is characterized in Section 4.

CONVENTIONS AND NOTATIONS. Products and quotients of the forms 0 - 0o,
= g are taken to be 0. Z stands for the set of all integers and xg denotes the
characteristic function of a set E.

ACKNOWLEDGMENT. The third named author wishes to thank all colleagues
at the department of Mathematics at Lulea University of Technology for hos-
pitality and interesting discussions during the research stay March-April 1998.

2. A modular integral inequality

Let0 < h(x) | and ¢t > 0. Denote
Dy, = {x € RY; h(x) > t},

and

.@d = U UDh”’

0<h| >0

The set 9, consists of all “decreasing” domains Dj, ;. In particular, xp,, is
decreasing in each variable.
Let @ : R — R, be a nonnegative, convex function such that

0] 0]
lim x) =0, lim ) =00

x—0 Xx X—>00 X




306 SORINA BARZA, LARS-ERIK PERSSON AND VLADIMIR D. STEPANOV

Following [3] we call @ an N-function. In particular,

1
(10) d(x) < —P(ax) forall a>1, x > 0.
a

THEOREM 2.1. Let ®,, @, be two N-functions satisfying (9). Given weight
functions w(x) > 0, u(x) > 0, v(x) > 0 the inequality (8) holds for all
0 < f | if and only if there exists a constant A = A(®, Oy, u, v, w) such
that, for all e > 0 and Dy, € Yy

(11) 492_1(/ @2(8w(x))u(x)dx)§<I>1_1<<I>1(Ae) v(x)dx).
Dy,

Dy,

ProoF. The necessity follows, if we replace f in (8) by f = exp,,.
For sufficiency we define for a fixed f |

Api={xeRY;2" < fx) <2y,  nez
D, :={x e RY; f(x) > 2"},

and note that

Dy > Dyt Dy={Jan  RY=JA.
n

k>n

Obviously, A, () Ax = @ for n # k. We have, using (10)

1
[ @ wmseumdr= ¢ [ ox(Kowswhuwdx

= %ZfA (K (x) f(x))u(x) dx

IA

1
e Z/A @, (2" Kw(x)) u(x) dx

1
< Z/D @, (2" Ko (x)) u(x) dx

[applying (11) with ¢ = 2"+1K]

A

1
—Y ®,007! <<I> AK2' ! / )
K Xn: 20 1 ( ) 0, v
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[applying (9)]
< &0 7! (Z @ (AK2") Z/ v>
n k>n Ak
= @) 0 @7 (Z (f v) > o (AK2"+1)>
k Ak n<k

[using the convexity of @]

< @0 P! (Z (/Ak v) CI>1(4AK2")>

k

<®dy0 q>1—1 (Z/ o, (4AKf(x))v(x) dX>
ko V0%

= dy0 0! (/ <I>1(4AKf(x))v(x)dx).
RY

A

Thus, the least possible constant C in (8) satisfies
A < C <4AK.
Theorem 2.1 is proved.

3. Explicit criteria for some cases

As we mentioned in the Introduction in the case of product weights (see (6))
the least possible constant C in (1) satisfies (7). The natural and important
question is whether the constants Ay (5) and Aj\}) (7) are comparable in the
general case. Clearly, Ag\l,) < Ay, but the converse inequality Ay < CAE\I,)
with a constant ¢ independent on weights was so far uncertain. Below we give
a negative answer to this question with the help of the following result:

THEOREM 3.1. Let 0 < p < g < oo and u(s) > 0, v(s) > 0 be two
measurable functions on R such that U (t) := fot u < oo, V() := f(; V< 00
forallt > 0.

Then the inequality

I/p

1/q
(12) ( f"(x,y)u(xy)dxdy> §C</ f”(x,y)v(xy)dxdy>
RZ R

holds for all f(x,y) > 0 decreasing in x and y with a finite constant C > 0
independent on f if and only if

_ . U(r) 1/q t dx 1/g—1/p
1w () ([ve) e
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Moreover,

(14) C=o, if p=q

and
p l/q

(15) 27 < C < (—) o, if p<gq
q

ProOF. We know from (5) that C = I, where

. 1/q
(f(; dx Oh( )u(xy) dy)

(16) I = sup I(t) == sup /p
>0} 1>0,h{ (fot dx foh(x) v(xy)dy)

and thus, by changing variables, we find that

(fy vxnen) &)™
(i vene) =)

We begin with the upper bound. By using (13) we obtain

t t xh(x) q/p—1
/ U(xh(x))d—x 5%‘1/ (/ V(s) d—s) V(xh(x))d—x
0 X 0 0 s X

[changing the variables: s = h(x)&]

t x /p=1
:M/O (/O V(éh(x))é—'s)qp V(xh(x))d—x

X

a7) In(t) =

[A(x) < h(§)if & € (0, x)]
t x q/p—1
< M/ (/ V(En(E)) ﬁ) V(xh(x))d—x
0 0 & X

p t ds)ﬂ/l’
=~ V(Eh — .
([ veenens

q

1/q
(1) < (3) of
q

This implies that
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forallt > Oand & |. Thus, (16) brings the upper bound (15) and, in particular,
C < o/ when p =q.
For the lower bound let 0 < § < t < o0 and %(s) be defined as follows

1 if0<s <.
5

hs(s) =1 - if §<s<t.
s
0 if s>1t.

Then, by using (17), we find in the case p < ¢ that

BU@ S+ U@ logt

(ﬁfva)%-rvw)mggny

(18) (1) := Ifg(t) =

Since log % takes all the values of (0, c0), when ¢ > §, we can choose such a

ts so that
log 5 = V<a)/ v

With this #5 (18) gives

I (15) =

s dx | U@ [ dx 1—
hUOTHvg hVOT U6 (/‘3 dx) "

a/p = V(5) V) —
24/p<f08 V(x)dx_x> 0 X

Since § > 0 is arbitrary this implies that
c=2""g, p<q.
In the case p = g we find from (18), that

J U@L+ U@ logt
JoV(x) & 4+ V(8)log

IHOES

and observe that the right hand side tends to U(8)/V (§), when t — 00, so
that

C>d, p=gq

and the proof is finished.
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Now, let .# denote the constant given by (7) when N = 2 and u(x, y) =
u(xy), v(x, y) = v(xy). Thus,

(foa fob u(xy)dx d)’> .
1/p*

S = sup
O<a,b<oo <f0a fob v(xy) dx dy)

Moreover by using (17) with 4 (x) = b and changing variable we obtain

1/q
(v %)
SJi=sup——
/p
(v s)
Obviously, Theorem 3.1 yields
I <1=(p/9)te

and since / and </ are comparable because of (14) and (15) the question is
whether there exists a constant ¢ > 0 independent on u and v such that

(19) o <ct.

Applying the I’Hospital test we note, that

im0 UDT oy, UG (/[ V() d_x>lq/p
1—0 (fot Vx) d7x>q/’3 q =0 V() \Jo X

and a similar equality is valid for the limits at infinity. Since the functions
involved are continuous, we conclude, that &/ and .# are comparable in a
sense, that if .# < oo, then &/ < oo. However, the estimate (19) is no longer
uniform, which can be seen from the following example:

ExamPLE 3.2. Let 0 < ¢ < 1 and let V. (¢) and Uy(¢) be defined by

(20) Up(t) =1t if 0<t<oo
and

té if 0<t <1,
(2D Ve(t) = {

tle if > 1.

Then L Us () _,

AP = su =
R STAT)
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We have ,
dx
/Uo(x)7=t, t>0
0
and
/, dx ét’v’ if 0<t<l,
Velx) — =
o 0 x Lpgle—1) if 1> 1.
Thus,
[ Vgl et!=¢ if0<r<1
x _
== if 1> 1
fo Va(x) 2 é + 8(t1/g _ 1)
and

e [(14+¢e\°
Jgp:=§gg/8p(t)=l+8< . ) — 0, when ¢ — 0.

Consequently, there exists no constant ¢ > 0, independent on u and v
such that, in general, the inequality (19) is true, i.e., so that & < c.#. In
particular, this means that the constants Ag\}) and Ay from the introduction are
not equivalent in general.

4. The case 0 < g < p < ©

Throughout this section we let h(x) > 0, & # 0 a.e., denote a decreasing
function on Rﬁ and ¢ > 0 and use the following notations:

Dy,:={x¢€ RY: h(x) > 1}
and for an increasing sequence {f;} C Ry we set
Dy =Dp:={x eRY;h(x) > 1}, k e Z
Obviously, Dy D Dy and we define
Ar = Ap g := Dy \ Diq1.

Hence, Ay (A, =0, k #nand RY = [J, A;.
Let0 < g < p < oo and r € Ry be determined from the equation
1/r=1/q = 1/p.
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If u(x) > 0 and v(x) > 0 are measurable functions on Rﬂ\r’ we define the
following quantities:

o0 —r/p r/q
(22) B" := sup / (/ v) d(— (/ u) ),
Ofl’ll 0 Dh,t Dh.t

and

Z r/q —r/p
(23) P = sup sup (/ u) (/ v) .
O<h| {a}t Ay Dy

THEOREM 4.1. Let0) < g < p < 0.
(1) The inequality (1) is valid for all decreasing functions with a finite
constant C > 0 independent of f if and only if < co. Moreover,

(24) B<C<4ligp
(i1) The following inequality is true:
(25) B < B <2Ya@ria 4 orinylir g,

(iii) The following representation takes place:

- (fRQ’ u)r/q 00 r/q —r/p
(26) B": —<f )r/p +Osu}g‘/0 (/D u) d((/D v) )
Rﬁ v < h.t h.t

Proor. For a fixed 0 < A | and an increasing sequence {t;} we define the
function fj(x) by

r/q —r/q\ 1/p
wo=2(Z(Lr) (L) ) e

Then fj,(x) > 0 is a decreasing function and

Jo=2(Z (L) U ) L
[

[changing the order of sums]

S ([

n
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[using 3", [, v = [p, vs —r/qa + 1= —r/p]

r/q —r/p
27) :Z(/A u) (/D v) 1= B 1)

Suppose now that (1) is valid with a finite constant C > 0, and assume
temporarily that # € (0, 00). Then, forany & | and {#;} such that %} |, , > 0,
we obtain by using the representation formula (27),

ar/p q/p
C? (Bhi) ch(/wa’fv) Z/RN i

XAz U )

n<k

[reducing the interior sum to one term with k = n]

r/q —r/p
> u v =% .
() (fr) =

C = B

Hence,

and the lower bound (24) follows. The temporary assumption 4 € (0, co) can
be removed in the usual way (see [4], p. 178).
Next we consider the upper bound. Given f | we define

U(t)=/ u; V(t):/ V.
Dy Dy,

Obviously, U(t) and V (¢) are decreasing functions.
Now we construct a special increasing sequence {t;} C R, as follows: Put

=1,

Tpy1 = inf {t:min (M,M):2}, k>0,
V() U@)

rk_1=sup{t:min (&&>=2} k <0,
V(w) U(w)
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and let

1
Z = {k €l:V(tir1) = EV(Tk)}7
(28)

1
22 = {k e’l: U(‘L’k+1) = EU(‘L’/()} .
We assume without a loss of generality that
(29) z=7,Jz

and note that Z; () Z, = @. Now, we write

I:= flu =Z flu
RY

kY Dk
where
A = Apx = Dyy \ Dygy1 = Dy \ Dyy1.
Since
T < f(x) < Tegrs x € Ay,
we find

/
I < q _ f]? (fAk_l u)q !
= Z fk R u = p q/r
s T (Sl 0 V@)

I—q/p r/p y q/r
. VP (g,
(L) (L) )

[applying Holder’s inequality with 2 and 7]

q/p

Z flg’ fAk_lu
= ;
¢ (Znsk(fmfl”)r/pv_r/p(”’))p/

i / an q/p ya/
) VP (g, =1
(S )2 (o) vore) =
r/p r/p
Z(f u) V"/”(fn)z(f u) VP (5,).
n<k Y An-1 Aji

We have
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Thus,
I < ZTka(‘Ek).
k

We also note that the sequence {7} is constructed in such a way that
(30) V() = 2V (tkr1), U(tr) = 2U (tg41) forall k e Z.

Therefore, in particular,
V(o) = / v+ V(tig1) = 2V (try1).
JAV?

Hence,

V() < / v
A

and, consequently,
(31 Viw) < 2/ v.
A

This implies that

llgzzf{/vgzzf f”v§2/ fPo.
k Ak kA RY

Now we return to the estimate of 1. Write

r/
’2=Z(/ u) pv—’/f’(rn)z u
Ay

n k>n Ag-1

r/p
= Z (/ ”) VP (@)U (1) = Lyt + Do,
n Ayt

where, using (29), we put

r/p
L= Z (/ ”) VP (g,)U (th-1),
Ap—y

n:in—1€z;

and

r/p
Ly = Z (/ ”) VP (U (Tm1).
PV

n:n—1ez,
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Similar to the derivation of (31) we obtain that
(32) U(m) < 2/ u.
JAV?

Hence, by using (28) and (32), we find that

r/q 1 —r/p
Ly <2 Z (/ M) <EV(Tn—l))
Ay

n:n—1€ez,
r/q
< 21+r/P Z (/ I/l) V—r/p(_[n) < 21+r/p<%r‘
n A’l

For the second term we use again (28) and (32). We have

U(t—1) =2U(7y), n—1e7,,

/ U= Ulty) = Ulty) = Uw) < 2/ u.
Ap—y

Ay
Thus,
r/q
12)2 < 21+r/p Z (/ M) vfr/p(rn) < 21+r/p%r‘
nin—1€z, Ay

Summarizing the above estimates we obtain the upper bound

1/q 1/p
(L) =sren( ] )
RY RY

and the part (i) of the Theorem 4.1 is proved.
For the proof of the lower bound (25) we fix 0 < h(x) | and define

A ={x:1t <h(x) <t}

Then
r/q Tk41 r/q r Tk41 r/p
(L) =L o) ) =5 (L) el )
A 17 At q Jy Apt At
Since

/A u<U(@); d(—/A u) :d<—U(t) +/D u) =d(-U®)
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we obtain

r/q tit1 Tkt1
( f u) < 5 / Uy d(~U®) = f d(=U""®).
Ay 7 173

Applying this estimate and that

—r/p
(f v) =V7P@) < VR@), t € [t, i1l
Dy

we find

r/q —r/p lk+1
£(L) (L) 2L v
A Dy

k

IA

/ VP )yd(-U" (1)) < B'.
0

Thus,
%A < B.

For the proof of the upper bound (25) we observe that for 0 < h(x) | and
an increasing sequence {f;} C R} we have

B, = /OOO VP d(-UT (1) = Z/W VP d(-U(1))
kY

<Y VP U W) =
k

Now suppose that {#;} is taken in the same way as the sequence {7z} was
taken in the proof of part (i), thatis #; = 1, kK € Z. Then

T=N 4+ =S+

EZ] kGZz

Therefore, by using (30), (31) and (32), we find that

r/q
7, < 2r/atrlp Z VP (1) (/ ) ,
JAV?

keZl

r/q
S < 22’/qZV’/”(rk+1)</ u) .
JAVES|

ke,
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Thus,

r/q
I < orla (2r/q+r/17) Z Vir/p(fk) (/ u) < or/lq (2’/4“/%@(
keZ A

This implies that B <2/ (Zr/q-',—r/p)l/r B

and, hence, the upper bound (25) is proved.
For the proof of part (iii) we suppose first that B < oo. Then by putting,
for a fixed 0 < h(x) |,

V(t)=/ v, U(t):/ u,
Dy Dy,s

oo
0o > B > / Ve d(-U @) -0, T oo

we see that

Hence,
o
/ VP d(-=UT @) = VU (1) - 0, T — oo

This implies, by integration by parts, that

U’ 0)
Vr/p(0)

/Oo VP d(-UT(@1) = + /OO Ua@)ydv=",7()
0 0

and the inequality

r/q
u o0 r/q —r/p
(33) oo>B’z%+sup/ (f u) d(/ v)
(fRi“ v) o<h Jo Dy, Dy

follows.
Now suppose that the right hand side of (26) is finite. Then, for a fixed & |,
integration by parts gives

U4 0)
Vr/p(0)

/oo Uiy dv="rri) > — + /oo VP d(—UT (1))
0 0

and we obtain the reversed inequality to (33). Thus, also (26) is proved and
the proof is complete.

— 1/pN _r
ExamMPLE4.2. Letv =u € L'(RY). Then B" = 7 fRf v.
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