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CONVOLUTION WITH MEASURES ON
POLYNOMIAL CURVES

DANIEL M. OBERLIN*

This paper is concerned with convolution estimates for certain measures on
degenerate curves in R? and R®. Analogous estimates in R", n > 4, were
recently obtained for the (nondegenerate) curve (¢, t2, .. ., t") in [4] — see also
[9] and [10]. Here is some of the history of this problem. Ideas going back
to [6] show, for example, that if u is the measure given by dt on the circle
(cos(t), sin(t)) or on the parabola (¢, t2), then

(1) L2 (R?) € L3(RY).

And it is easy to see that these estimates are optimal — see [7] for more on
this. The feature, common to these two curves, which in retrospect gives rise
to (1) is the fact that on both of them the measure dr is a multiple of the
1 . .
measure k3 (s)ds where ds is arclength and « is curvature. Drury [5] was
the first to notice the importance of the measures u given by du = k3 (s)ds
in the context of (1). In particular, it was Drury’s idea to obtain (1) for the
measure dyu = K3 (s)ds on degenerate curves. His result (Theorem 1 in [5])
applies to curves of the form (z, p(t)), so that du = Ip”(t)lédt, where the
convex function p satisfies certain regularity conditions. The paper [8] contains
a similar result, valid for any real-valued polynomial p. And that estimate is
uniform for polynomials of a fixed degree. Theorem 1 below generalizes this:
the estimate (1) holds for curves (p;(t), p2(¢)) withdu = K3 (s)ds if p; and
p» are real-valued polynomials, and the convolution bounds are uniform in p;
and p, if the degree of these polynomials is fixed.

Part of the motivation for the above-mentioned work of Drury stems from
the fact that convolution estimates for curves in R? can be used to obtain
convolution estimates for curves in R® — see [7]. The main result in [7] is
the following: suppose that p;(¢) and p,(t) are polynomials and that the two
vectors (pij )(t), péj )(t)), Jj = 1,2, are linearly independent for every ¢ €
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[a, b]. Then the measure p given by x..5dt on the curve (¢, pi(t), p2())
satisfies

) wxL3(R%) € LA(RY).

This result, and its proof, were generalized in several papers, e.g., [12], [13],
[5], where the main emphasis was the study of the curves

3) (t, 1%, tF)

with the measures ¢!T+#/6=14; (The method of [7] is not the only one
applicable to the curves (3)—see [9] and, in particular, [15] where the definitive
result is obtained by modifying a homogeneity argument of Christ [3].)

If y(¢) is a curve in R? , we will write D(¢) for the absolute value of the
determinant of the matrix 0

( y" () ) .
y ()

When y(¢) is given by (3), a computation shows that, up to a constant,
D(t) = t'T*+F=6_The convolution results for these curves lead to the conjec-
ture that, under mild additional hypotheses, the measure w given by D'/%(¢) dt
on the curve y (¢) will satisfy (2). Theorem 2 below shows that this conjecture
is true for curves y(t) = (¢, p1(t), p2(t)) when p; and p, are real-valued
polynomials.

The recent papers [1] and [2] contain, among other interesting results, spe-
cial cases of our Theorems 1 and 2 obtained by specializing to compact or
homogenenous curves.

The remainder of this paper, then, is devoted to the proofs of the following
results:

THEOREM 1. Fix a positive integer N. There is a positive constant C (N ) such
that if p1(t) and p,(t) are real-valued polynomials of degree not exceeding N
and if p is the measure on the curve (p1(t), p2(t)), —00 <t < 00, given by

| Py (1) pa(t) — pi(2) pa(t) |3dt,

then
e fllsey < CAD IS5 g

for functions f on R%.

THEOREM 2. Suppose pi(t) and p,(t) are real-valued polynomials. Let i
be the measure on the curve (¢, p1(t), p2(t)), —00 < t < o0, given by

” " 1
Ip1() pS @) — pP () py(0)sd.
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Then there is a positive constant C such that
e Fllws < CUFIL 3 g

for functions f on R3.

It seems likely that the convolution bound in Theorem 2 is, as in Theorem 1,
a function only of the degrees of p; and p;. A uniform version of Lemma 4
below would give this, but our current proof of that lemma does not seem to
yield such an estimate.

The following lemma furnishes a Fourier transform estimate used in the
proof of Theorem 1. It is an extension of the case n = 2 of Theorem 2 in [8]
and we postpone its proof until after the proofs of our main results.

LEMMA 3. Given N = 2,3,... and A € R there is a constant C(N, \)
such that if s € R and if p and q are real-valued polynomials of degree not
exceeding N, then we have

b
/ PO p" (O] 1g (D)7 dt| < C(N, M(1 + |s])?

independently of a, b € R.

PROOF OF THEOREM 1. Let (a, b) be any interval on which both p, p, — p; p,
and
p'{pf) — p?)p; are of constant sign. Write « (¢) for |(p’1p; — p/l/p/z)(t)| and

define b
Tf(x1,x2) = / fx = pi(@), x — Pz(t))K%(f)dl-

It is enough to show that

ITflls < CN)IIfs.

We will treat the case where the signs of p/1 p; — p/l/ p/2 and p/l/ pf) - pi3) p; are

opposite. The other case is similar. Roughly following [5] (where, on p. 92,
calculations similar to those which follow are done in more detail), we define
an analytic family of operators by

TZf(xl’ x2)

1 b , , 2
=@/0 /af(xl_Pl(t)_upl(t)axZ_PZ(I)_”Pz(t))(K(I))H3dt|”|zd”-
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Since 7_; is amultiple of 7', it will suffice, by analytic interpolation, to observe
that

“) ITis flloe < CANY £ 1y
and
(5) IT_54is 11, < CON) (L4 IsD2 11 £l

To see (4), just observe that the absolute value of the Jacobian of the map
(t,u) = (p1(D), p2(1)) +u(p) (1), py (1))

is
! " " ! " 3 3 "
|(p1p2 — P1Py) — ”(P1P£ ) — Pf )P2)|

which, by our assumption on the signs of p/1 pg - p/l/ p'2 and p'{ pf) - pf) p;,
exceeds «. For (5) we must estimate the Fourier transform of 7_3 . ;; at§ € R2.

If we write p(t) = & - (p1(#), p2(t)) and (1) = (p\p, — p;py)(®), then a
well-known calculation shows that this Fourier transform is a multiple of

b i is
/ei’)(”Ip”(t)li‘”lq(t)lidt-
This integral is controlled by Lemma 3, and so the proof of Theorem 1 is

complete.

The proof of Theorem 2 is an adaptation of the proof in [7]. It depends on
Theorem 1 and on Lemma 4 below. The proof of Lemma 4 is elementary but
tedious, and we postpone it until the end of the paper.

LEMMA 4. Suppose f and g are real-valued polynomials on R. Define
Ga,b) = (f'g" = f"gHNa)(f'g" — fgH D),

(f () — f@)(g'(b) — g'(@) — (f'(b) — f'(@))(g(b) — ga))
(b—a)?

F(a,b) =

ifa,b €eR a#b, and

Fa,a)=(f'g" = f"g)(a).
Then there are a finite partition of R into a union of intervals I; and a positive
constant M such that

|G(a, b)|> < M|F(a,b)|

whenever a and b are both in the same I;.
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PROOF OF THEOREM 2. Fix polynomials p; and p,, take f = p, and
g = p,, and let [; be as in Lemma 4. If I; = [a, b, y(t) = (t, p1(t), pa(t)),

and D(1) = |p,()p5 (1) — pi” (1) py (1), define
b
Tf(x) = f fx—y@)Ds (1) dt

for x € R and functions f on R3. It is enough to prove that 7 maps L*?(R?)
into L?(R3). We will do this by applying Theorem 1 in conjunction with the
method of [7]. By the “method of T*T”, it is enough to show that, if S is the
operator given by

b b
Sf (x) =/ / f&x —y@) +7(s))Di (1) Di (s) dt ds,

then S maps L¥/?(R?) into L*(R?). Writing x = (x;, x’) for x € R* = R x R?
and ¢ (t) = (p1(¢), p2(¢)) and then changing variables leads to

b—a

Sf(x],x/):/ ff(xl—u,x/—¢(s+u)+¢(s))Dé(s+u)Dé(s)dsdu,
a—b 1,

where [, is the appropriate subinterval of [a — b, b — a]. Writing

P1u(s) = p1(s +u) — pi(s)

and similarly for p, ,, the conclusion of Lemma 4 shows that |Sf(x)| is ma-
jorized by

Pf(xi,x') =

b—a ’ 7 ” ’ 1 2
/ £ (=, X' = (P11 (5)s P2u))|(P1 P2 —P1uP2) )| dslul 3 du.
a—bJI,

For fixed x; and u, Theorem 1 shows that

is bounded by a constant times || f (x; — u, -)||3/2, and so

! " " ’ l
/ |f|(~x1 —Uu, x' — (pl,u(s)’ pZ,M(S)))|(p],up2,u - pl,up2,u)(s)|3ds
Iu 3,)(’

b—a
IPfls<C / ILf Ger —u, )ls2lul ™3 du
a—>b

3,X1

The boundedness of the one-dimensional Riesz potential of order % as a map-
ping of L*?(R) into L*(R) now completes the proof of Theorem 2.
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The two lemmas which follow are used in the proof of Lemma 3. The first
is Lemma 3 in [8].

LEMMA 5. Fix a positive integer N. There are positive constants K = K(N)
and L = L(N) such that if

Ji Jo
ry=[]e—ap [] (¢ —a)*+b7
j=1

j=di+1

is a monic polynomial of degree not exceeding N with the a;’s distinct and

each b; real, then there exists a collection {11}1L=]1» with Ly < L, of pairwise
disjoint subintervals of R satisfying

/R"‘*UI[

and such that for eachl thereare C =C() € (0,00), j=j) € {1,2, ..., J»},
and a nonnegative integer n = n(l) with

r/

r

<K

C
E|t—aj|"§|r(t)|§CK|t—aj|", tel,

and 1 r K
—_— < | < —, IEI[.
Klt—ajl |t—aj|

r

LEMMA 6. Given a positive integer N, there is a positive constant C = C(N)
such that if p(t) is a real-valued polynomial of degree not exceeding N, then,
forany p > 1, K > 0,

dt
/ U (log(p) + 1).
(K

<ipyi<pky 11~
ProOOF OF LEMMA 6. Without loss of generality we can write
@) =" [T —ap [ —op* +eH [ +diy =" [T pio)

where the number of factors p; does not exceed N. Let C be a constant de-
pending only on N, but which may not be the same at each occurrence. For
nonnegative numbers A and B, we will write A ~ Bif B/C < A < CB.We
begin by observing that for each p; there is a partition

R=IJU<U1})

!
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of R into at most ten intervals such that
dt
— =
|]
I
and such that on each I,j either |p;| ~ clj for some positive constant clj or
|pj(@)| ~ |t| or |pj(t)| ~ t2. (For example, if pj(t) =t —a; witha; > 0, then

—4 aj

4
—rst=,
2 2

|pj (O] ~ |t] iftS_T, Ipj (O] ~ laj| if

3uj

2 dt
[ mfmm
7f

and . 3a;
|p; ()] ~ |t] lfT <t)

It is a consequence of this observation that the complement of UJ; can be
represented as a union of at most C disjoint intervals J; on each of which
[tp(t)| ~ ¢;|t]™ for some positive ¢; and some nonnegative integer n;. Then

dt
/ / T = Cdog(p) + 1).
{K=<|tp@®)|<pK}NJ; |f| 7<|t|n[<pKC |t|

ProoOF OoF LEMMA 3. This is similar to, but more complicated than, the
proof of Theorem 2 in [8]. We begin with some reductions: replacing g by a
power of g shows that we can assume 0 < A < 1. It is clear that we may
asssume that ¢ (¢) is monic, and a scaling argument shows that we may assume
p'(¢) to be monic. Then an approximation argument shows that it is enough
to prove Lemma 3 under the additional hypothesis that both () = p/(¢) and
r(t) = ¢(t) meet the other requirements of Lemma 5. Finally, it will suffice
to show that the conclusion of Lemma 3 holds if p’, p”, and

1
©10(1 + |s))

(p")?

are of constant sign on (a b) =1.

Case 1: m < | T | on I. The argument here is identical to that for
Case II in the proof of Theorem 2in [8].

Case 2: | T | < m on /. After making the change of variables u =
p(t), we need to estimate an integral of the form

p'(p~(w))
P'(p~t(w))?

1 .
5 Fis

©) / s Tog |p/(p~ ()l s log lg (p~ @) du,
J
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where J = p([I). The derivative of the phase function is

S p'(p~ () q'(p~' ()

7 142 .
@ T i @) (o))

For any subinterval J' of J we have

1, 1
3 tHis 5

d | p"(p~' () T d | p'(p” W)

ff el B e A M vl e T
1" n—1 % .
EC(N)|%+is|sup{ % :ueJ’} < C(N)( +Is])?.

Here the first inequality follows from the fact that, since p is a polynomial of
degree not exceeding N,

1
2

d
du

p'(p~ )
p'(p~w)?
will have at most C(N) sign changes on J'. The second inequality is a con-
sequence of the Case 2 assumption. It follows from a variant of van der Corput’s

lemma ([16], p. 334), thatif J' is a subinterval of J on which the absolute value
of (7) exceeds, say, +, then the part of (6) corresponding to J’ is bounded by

1
m’
C(N)Y + |s] 2. Since J is a union of at most C (N) intervals on each of which
either [(7)] > % or |[(7)| < %, it suffices to estimate (6) with J replaced by
some J' on which |(7)] < %. From the Case 2 assumption it follows that then

7 <' q'(p~' W) ‘< 13
10Is% = [g(p~T@)p'(p~1w)) | ~ 10l

®)

on J’ and again that

p'(p~ () 1 1 ‘ q'(p~' ()
(p'(p~tw))?| ~ 101 + Is]) ~ 10[s|]x ~ |g(p~ () p'(p~'(u))

on J'. Now take r = ¢ in Lemma 5 and let the intervals I’; be such that

9

(10) / 1 <c.
R~UI"; q
Let I’ = p~!(J’) so that on I’ we have the inequalities
/!
) 7 _| 4 (1) - 13
10[s[A — |g(@®)p'(r)| — 10]s|A
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and

VA t / t
©) e(z 5‘ q(?

(p' (1)) q@)p'(1)
From (9’) and (8’) it follows that on I’ we have
q' , q'
IPNISCIP/I;, Ip’| < Cls||—],
and so
(11) P17 < Cls|? q—‘.
q

Now (10) and (11) give
1

1
/ Ip"1?> < Cls|>.
r~ur,

On the other hand, on an I’; we have, by Lemma 5,

q'(t) 1
q(1t) [t —c

~

(12)

for some c. With (8) this gives the inequalities

1 1 C
< < —
Clsla = [p'®llt —c| — Is|2

on I’ N I';. And with (11) and (12) this gives

s 1 1 dt
Ip"1? < Cls|> < Cls|? .
niry, ni { L <7<C} [t —c]

Clslx = \(r—c)lp’m\ =k
Thus Lemma 6 completes the proof of Lemma 3.

/

q

q

Proor oF LEMMA 4. This is a consequence of the following two facts:
SUBLEMMA A. If xo € R then there are 6 > 0 and M < oo such that the
inequality
(13) Gla, b)|* < M|F(a,b)|
holds if a, b € (xo — 6, xo) orifa, b € (xg, X9 + 6).

SUBLEMMA B. There are positive constants P and M such that (13) holds
ifa,b> Pora,b<—P.
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PROOF OF SUBLEMMAS A AND B. Without loss of generality we will take
xo = 0. Let n be the maximum of the degrees of f and g. Write

fO =Y exl, g =) dxl.
Jj=0 j=0

Letting 7} stand for the sum

k
§ akflbl’
=0

we see that
f(b) f(a) gb)—g'a) .
2:: and T = 12:2:.]61]7}2

With similar expressions for

/') — () g(b) —g(a)

_ and ==

b—a b—a
this leads to
(14) F(a,b) = Z (¢ dj, — dj cjy) o Ty -1 Tjp 2.
J1=1, p=2

Let n(ji, j», 1) stand for the cardinality of the set
(L) 0<h<ji—1L,0<hb<jp—-2L+L=1I}.

Then the coefficient of a/b in (14) is

Z (ledjz - djlcjz)jzn(jla j27 l) = Z (Cj,dj2 - dlejz)m(jl, j2, l)

h=1 /2 2 Ji, 2=l
Jiti—=3=j+l R
Ji+j—=3=j+l
Thus

n

(15)  F(a,b) = E E a’b' E (cjydj, — dj,ci)m(ji, ja. D).
J>0 j+i=J jlzjz;l
J1<J2
Ji+p—3=J
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We will need to know that the term m (j;, j», [) is positive if 0 <[ < j; + j, —3.
Since m(ji, j2,1) = jon(jr, j2, ) — jin(ja, j1, 1) and j > jy, it is enough to
check that n(jy, j2,1) = n(j2, ji,1) > 0. But, by definition,

n(Gi j. D=, L): i +L=10<l < ji—1,0<] < j, -2}
and so
n(io, j.D=|{.L): h+b=1,0<L <ji—20<hL<j—1}

A picture in the [;/;-plane now shows that n(ji, j»,!) = n(j, ji,1) > 0 as
desired.

In addition to (15) we will use

16)  (f'g" = f'eh) =Y _"x" D" jijala — jn)(ejdy, — djcpy).
J>0 Ji, =1
J1<j2
J1tip=3=J

We will also need the following fact:

SUBLEMMA C. For some fixed J suppose that either

(17) cjd, —djc, =0 whenever j+ j»—3 </,
or
(18) cjd, —djc, =0 whenever j+ j,—3>J.

Then there is at most one pair (jy, j)withl < j| < jo <nand ji+j,-3=J
such that c; d;, — dj cj, # 0.

ProOF OF SUBLEMMA C. Suppose that (17) holds (the proof under the
hypothesis (18) is similar) and that c¢;dj > — c¢;j42d; # 0. Then either ¢; # 0
or di # 0. Without loss of generality, assume c¢; # 0. Suppose also that
1 < ji < j» <nandthat j; + j, —3 = J. We will start by observing that
ledjz —dj]Cjz = 0. Since 1+]1 -3 < 1+]2—3 < J, wehavecldjz —Cj2d1 =0
and cd;, — cj,di = 0 by assumption. Multiplying the first of these by c;, and
the second by c;, and subtracting leads to ¢;, d;, —d;, ¢;, = 0 as desired. Thus our
conclusion holds if ¢idy 2 —cy2d; # 0. The nextcase, ca;dy 1 —cyi1ds # 0,
and all subsequent cases, are handled similarly.

CONCLUSION OF PROOF OF SUBLEMMA A. Let J; be the first J such there
are ji and j, with j; + j, —3 = J and ¢;, d;, — d;,c;, # 0. Then, by (15) and
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Sublemma C, there are j; and j, with j; + j, —3 = J; and

F(a,b) = (c;dj, — djc)) > a/blm(jl,jz,l)+0( > afbl>.

JH=J jH=J;+1

It follows from (16) that

(f'g" = f'ghx) = o(xI™).

Thus Sublemma A follows from the fact that the m(j;, j»,[)’s are positive
along with the inequality

abl < Y @b,

jH=1

The proof of Sublemma B is similar, starting with the choice of J; as the

greatest J such that there are j; and j, with j; + j>—3 = Jand ¢; d;, —d; c;, #

0.

10.

11.
12.

14.
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