MATH. SCAND. 92 (2003), 141-160

INDICES, CONVEXITY AND CONCAVITY OF
CALDERON-LOZANOVSKII SPACES

A. KAMINSKA*, L. MALIGRANDA** and L. E. PERSSON

Abstract

In this article we discuss lattice convexity and concavity of Calderén-Lozanovskii space E,,
generated by a quasi-Banach space E and an increasing Orlicz function ¢. We give estimations
of convexity and concavity indices of E, in terms of Matuszewska-Orlicz indices of ¢ as well
as convexity and concavity indices of E. In the case when E,, is a rearrangement invariant space
we also provide some estimations of its Boyd indices. As corollaries we obtain some necessary
and sufficient conditions for normability of E,, and conditions on its nontrivial type and cotype
in the case when E,, is a Banach space. We apply these results to Orlicz-Lorentz spaces receiving
estimations, and in some cases the exact values of their convexity, concavity and Boyd indices.

0. Introduction

The Calder6n-Lozanovskii spaces E,, where E is a Banach space and ¢ is a
convex Young function, have been recently studied in several articles mostly in
order to characterize their geometric properties like (local) uniform rotundity
or monotonicity conditions (e.g. [2], [6], [7]). Here we extend our studies to the
Calderén-Lozanovskii spaces E,,, generated by a quasi-Banach space E and
an increasing Orlicz function ¢. This more general setting seems to be a natural
environment for the main purpose of this article which is an investigation of
the lattice convexity and concavity of E,.

The paper is divided into five parts. The first one, called preliminaries, con-
tains all necessary definitions and recalls some auxiliary results. In the second
part we discuss some basic properties of the Calderén-Lozanovskii spaces E,,
such as the Fatou property, its completeness and we state some results on com-
parison between these spaces generated by different functions ¢ and . The
third part consists of the main results of the paper, which are estimations of
convexity and concavity indices and some corollaries on nontrivial type and
cotype of E,. The Boyd indices of E,, in the case when E|, is a rearrangement
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invariant space, are studied in the fourth part. Finally, we apply these results
to Orlicz-Lorentz spaces, that are treated separately in the fifth section. In cer-
tain type of Orlicz-Lorentz spaces some results along this line have been also
obtained in [15] and [23].

1. Preliminaries

We start with some notions and definitions which we will need further in
the paper. In the following N, R, R, and R, stand for the sets of natural
numbers, reals, nonnegative reals and interval [0, oo], respectively. Given a
vector space X the functional x — ||x|| is called a quasi-norm if the following
three conditions are satisfied: ||x|| = 0 iff x = O; |lax|| = |a||x]|, x € X,
a € R; there exists C > 1 such that ||x; +x2|| < C(||x1 || + [|x21D), x1, x2 € X.
We will say that X = (X, || ||) is a quasi-Banach space if it is complete. For
0<p<1,x+ |x| iscalled a p-norm if it satisfies the first two conditions
of the quasi-norm and the condition that for any x;, x; € X, ||x; + x||? <
[lx1]1? + ||x2||”. Recall that the Aoki-Rolewicz theorem (cf. [9]) states that for
any quasi-normed space there exists an equivalent p-norm forsome(0 < p < 1.
We say that a quasi-Banach space X is p-normable, 0 < p < 1, if there exists
in X a p-norm equivalent to the quasi-norm in X. In the case when p = 1 we
simply say that the space is normable. A quasi-Banach space (X, || ||) which
in addition is a vector lattice and ||x|| < |y|| whenever |x| < |y| is called
a quasi-Banach lattice. Following Kalton in [8], a quasi-Banach lattice X or
its quasi-norm | || is said to be p-convex (order), 0 < p < o0, respectively
g-concave (order), 0 < g < 00, if there is a constant K > 0 such that

n 1 n 1
P P
H(E Ixil”) SK<E IIXiII”)
i=1 i=1

(See) =x(Zr) |

for every choice of vectors xy, ..., x, € X. A quasi-Banach lattice X is said
to satisfy an upper p-estimate, 0 < p < oo, respectively a lower q-estimate,
0 < g < oo, if the definition of p-convexity, respectively g-concavity, holds
true for any choice of disjointly supported elements x, ..., x, in X.

It is known that given 0 < p < oo, if X is p-convex (resp. p-concave),
then X is r-convex (resp. r-concave) for0 < r < p (resp.r > p) ([3],[8]). We
also observe that for 0 < p < 1, p-convexity implies p-normability and this
in turn yields an upper p-estimate. The opposite implication is not satisfied

respectively,
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since the weak space L, (0, 1),0 < p < 1,is p-normable but not p-convex
(cf. [8]). For p = 1, 1-convexity is equivalent to normability.

Given a quasi-Banach lattice X we define two types of convexity and con-
cavity indices as follows:

pe(X) = sup{p > 0: X is p-convex},

q.(X) = inf{g > 0 : X is g-concave},

pa(X) = sup{p > 0: X satisfies an upper p-estimate},
qa(X) = inf{g > 0 : X satisfies a lower g-estimate}.

The indices p;(X) and g;(X) were introduced by T. Shimogaki in 1965 for
order complete Banach lattices, by J. J. Grobler in 1975 for Banach function
spaces and in 1977 by P. Dodds for general Banach lattices (cf. [28] for suitable
references). Obviously p.(X) < ps(X) < q4(X) < q.(X), and by the Aoki-
Rolewicz theorem, p,;(X) > 0. It is also well known that for Banach lattices,
pe(X) = pg(X) and g.(X) = q4(X) ([17]). For quasi-Banach lattices Kalton
proved (Th. 2.2 in [8]) that p.(X) = ps(X) iff X is L-convex, i.e., there exists
O<e<lsothatify e X with ||y =1and0 <x; <y, i =1,...,n,
satisfy (x; 4+ ... 4+ x,)/n = (1 — €)y, then max;<;<, ||x;|| > €. He also
gave an example of a quasi-Banach space X which is not L-convex, that is
0= pc(X) < pa(X).

Given 0 < p < oo and a quasi-Banach lattice X let X denote the p-
convexification of X. Recall that X» = {x : |x|” € X} and |x||x» =
I1x]7]|'/? is a quasi-norm in X?. Observe that X») is I1-convex (resp. 1-
concave) iff X is 1/p-convex (resp. 1/ p-concave).

By L° we denote the space of all (equivalence classes of) Lebesgue-measur-
able functions f from 7 to R, where either I = (0, 1]or I = (0, o0) or I = N.
In the latter case L is the space of all real valued sequences defined on a
discrete measure space (N, 2N) with a counting measure. A quasi-normed
function space E = (E, || ||g) is a quasi-normed sublattice of L such that

()If fe L’ ge Eand|f| <|glae.,then f € Eand | flz < gl
(ii) There exists f € E such that f(z) 2O forallr € I.

If E = (E,| ||g) is complete then it is called a quasi-Banach function
space. We say that an element f € E is order continuous, if for any sequence
(fy) in E such that | f;,| — 0O a.e. and | f,,| < f a.e., there holds | f, || — O.
Let E, denote the subspace of all order continuous elements in E. Then E
is called order continuous if E = E,. We say that (E, || ||g) has the Fatou
property, if whenever 0 < f, € E forn € N, f € L°, f, 1 f ae. and
sup, || fulle < oo, then f € E and | fulle * I flle-
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A quasi-Banach function space E is said to be rearangement invariant (or
ri.) if for every f € LY and ¢ € E with uy = p,, we have f € E and
lflle = llglle. Recall that uy denotes the distribution function of f, i.e.,
wr) =t € I :|f(®)] > A}, A = 0, where | | is the Lebesgue measure
on (0, 1] or (0, co) or a counting measure in the discrete case. The decreasing
rearrangement f* of f is defined by f*(t) =inf{A > 0: ur(A) <t},t € I.

Given a r.i. space E, let ® be its fundamental function, that is ®(0) = 0
and if / = (0, 1] or I = (0, o0) then ®(¢) = | x©.nlle, t € I. Obviously ®
is increasing. One can also show, by following the proof in the Banach space
case (see e.g. Th. 4.7 and 4.5 in [16]), that ® (u) /u" is decreasing, where r > 0
is the constant such that E is r-normable. This implies among others that &
is continuous on (0, co) and right-continuous at 0 iff £ = E,, whenever E
is defined on (0, 1] or (0, 0o). For a r.i. quasi-Banach space E over (I, ] |)
the lower and upper Boyd indices are defined analogously as for r.i. Banach
spaces that is

p(E) = sup{p > 0 : there exists C > 0, ||D,]| < Ca 7 forall0 < a < 1},
q(E) = inf{g > 0 : there exists C > 0, || D,| < Ca_é foralla > 1},

where D, : E — E is adilation operator defined on I = (0, c0) as D, f(t) =
f(at) andon I = (0,1] as D, f(t) = f(at) for 0 <t < min(a~', 1) and
D, f(t) =0formin(a~', 1) <t < 1([17]). Inthe case of the discrete measure
we define the Boyd indices similarly replacing the dilation of functions by
dilation of sequences defined for f = (x;, x,,...) andn € N as

n n

n 2n
—1
d,f=n (in,g xi,...> or dijyf=(X1,...,X1,X2,...,X2,X3,...).

i=1 i=n+1

For a r.i. quasi-Banach function space E, p.(E) < p(E) < q(E) < q.(E)
(cf. [17], p. 132).

Given an arbitrary function F : J — R,, where J is an interval in R, we
define the lower and upper Matuszewska-Orlicz indices as follows:

a(F) =sup{p € R: F(au) < Ca’F(u)
forsome C > 0andallu e J,0 <a <1,au € J},
B(F) =inf{qg € R: F(au) < Ca?F(u)

forsome C > 0andallu € J,a > 1,au € J}.

If J =R, and F : Ry — R, then a(F) and B(F) will be often denoted by
a?(F) and B4(F). For F : R, — R, we shall also consider the indices for
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“large arguments”

a®(F) =sup{p € R: F(au) < Ca’F(u)
for some C > 0, up > 0andall u > uy,0 <a < 1},

BX(F) =inf{g € R: F(au) < Ca? F(u)
for some C > 0,y > Oand all u > ug,a > 1},

and for “small arguments”

a’(F) = sup{p € R: F(au) < Ca” F(u)
for some C > 0, up > 0andall0 <u <up,0 <a <1},
B°(F) = inf{g € R: F(au) < Ca’F (u)
for some C > 0,up > 0andall0 < u < ug,a > 1}.
Let F(u) = 1/F(1/u) assuming that 1 /oo = 0 and 1/0 = co. Some auxiliary

relations between indices and operations on functions are listed in the following
proposition.

ProprosiTION 1.1 ([20], [21]). Let F, G : Ry — R, be strictly increasing
unbounded functions. Then the following equalities are satisfied:

() &“(F) = a®(F), B*(F) = p*(F), a®(F) = a*(F), B~(F) = B°(F).
(i) «/(F~Y = 1/B/(F) for j = 00,0, a.
(ili) @/(FoG) = a/(F)a/(G), B/ (FoG) < B/ (F)B/(G) for j = 0,0, a.
The equalities hold if either F or G is a power function.
A mapping ¢ : R, — Ry is said to be an Orlicz function if ¢(0) = 0,
@ is continuous, strictly increasing and lim,_,~, ¢ (#) = oo. For any Orlicz

function ¢ and any quasi-Banach function lattice (E, || ||g), we define the
Calderén-Lozanovskii space E, by

E¢={feL0:(po(A|f|)eE for some A > 0},

where ¢ o | f[(t) = ¢(|f(¢)|) forany ¢ € I. For every f € E, the following
functional is finite

IfI:=11flly =f{d >0 p,(f/2) < 1},

where .
leolfllle, ifpolflekE

00, otherwise.

p(f) = pe(f) = {
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If E is a Banach function space with the Fatou property and ¢ is a convex
Orlicz function, then (E,, || ||,) is a Banach function space ([2], [6]) and then
E, is a special case of a general Calderén-Lozanovskii construction W (E, F),
where E is a Banach function space and F = L* (cf. [19]). If E = L! then
E, isan Orlicz space. If ¢(u) = u? with p > 1, then E, is a p-convexification
EP) of E and by analogy E,, is called a -convexification of E whenever ¢ is
convex. We also observe that if £ is an r.i. space then E, is also rearrangement
invariant.

In the process of studying the properties of E,, we extract three classes of
quasi-Banach spaces E:

(1) L* CE,
(2) ECL™,
(3) neither L C E nor E C L.

These classes determine conditions imposed on ¢. In general, the first class
is associated with the behaviour of ¢ for large arguments, the second class
with small arguments, and the third one with all arguments. Therefore the
Matuszewska-Orlicz indices marked with “oo” will usually appear in case (1)
of E, those with “0” will occur in case (2) and the indices with “a” will be
of use for class (3) of E. Notice that if E is a r.i. space over ((0, 1], | |) then
L*® C E and if E is over (N, 2N) then E C L™.

Since in the sequel we frequently use the terms “all arguments”, “large
arguments” and “small arguments” we will abbreviate them as “a.a.”, “l.a.”
and “s.a.”, respectively.

Recall that ¢ satisfies condition A, for l.a., s.a. or a.a. whenever there
exist K > 0 and uy > 0 such that ¢(2u) < Ko(u) for all u > ug, for all
0 <u < ugwith ug > 0, or for all u > 0, respectively. It is well known that
¢ satisfies condition A, for l.a., s.a. or a.a. iff 8/ (¢) < cofor j =00, j =0
or j = a, respectively ([20], [21]). The Orlicz functions ¢ and i are said to
be equivalent for a.a. (resp. l.a., s.a.) if there exist positive constants C;, K;,
i = 1,2, such that Cip(Kju) < ¥(u) < Crp(Kyu) for every u > 0 (resp.
u>ug, 0 <u <ugwith ug > 0).

For equivalent functions the suitable Matuszewska-Orlicz indices are equal
([22], [20], [21]), where “a”, “c0” or “0” indices are associated with equival-
ence for all, large or small arguments, respectively.

An arbitrary function F : Ry — R, is said to be pseudo-increasing for a.a.
(resp. l.a., s.a.) whenever there exist C > 0, ug > 0 such that F(u) < CF(v)
forall0 < u < v (resp.ug <u <v,0 <u < v < up). F is said to be
pseudo-decreasing if the suitable reverse inequality is satisfied. The following
result is well known.
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THEOREM 1.2 ([22]). Let ¢ be an Orlicz function.

(1) If o(u)/u is pseudo-increasing (for a.a., L.a. or s.a.), then there exists a
convex Orlicz function equivalent to ¢ (for a.a., L.a. or s.a. respectively).

(1) If o(u)/u is pseudo-decreasing (for a.a., L.a. or s.a.), then there exists a
concave Orlicz function equivalent to ¢ (for a.a., l.a. or s.a. respectively).

2. Properties of Calderén-Lozanovskii spaces

We start this section with two lemmas that have their analogies in Banach
spaces.

LEMMA 2.1. A quasi-normed function space (E, || ||g) with the Fatou
property is complete.

Proor. Let (f,) C E be a Cauchy sequence. By the Aoki-Rolewicz the-
orem we assume that (E, || ||g) is a p-norm for some 0 < p < 1. Follow-
ing the proof of Theorem 1 on p. 96 in [14] we can show that there exists
a subsequence (f;,) and f € L° such that f,, — f a.e.. Assuming that
f» — f a.e. and applying the Fatou property we have that f € E and for all
neN,|f— full <liminf, o || fiw — full g, which completes the proof.

LEMMA 2.2. Let (E, || || g) be a quasi-Banach space with the Fatou property.
Then the following properties are satisfied:
(i) Forall f € Ey, p(f) < lifandonlyif | fIl < 1.
(ii) The space (Ey, || ||) has the Fatou property.
ProOOF. Since (E, || ||g) satisfies the Fatou property, the function A(X) =
p(Lf), f e LY, isleft-continuous on (0, co). This factimmediately implies (i).
In order to show (ii), let 0 < f, € E,, f € LO f, 1 fae and M =

Supen 1 fulle < 00. Assuming f, # O a.e., p(fu/Il full) < 1foralln € N by
left-continuity of 4(A). By the Fatou property of E, ¢(| f|/M) € E and

p(fIM) = lle(fI/M)g < liminf (| ful /I fuIDIlE < 1.

Hence f € E, and || f|| = sup,, || f, |, which completes the proof.
We will need further the following result comparing different E,, spaces.

THEOREM 2.3. Let E be a quasi-Banach function space and ¢ and r be
Orlicz functions with a’ (¢) > 0 and o/ () > Ofor j =00, j =0and j = a
whenever E is in class (1), (2) or (3), respectively. Then

Ey, CE, and |fll, = KIlflly
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forall f € E, and some K > 0, if there exist K;, i = 1,2, and ug > 0 such
that

2.1 p(Ku) = Koy (u),

forallu > ugin case (1) of E, for 0 < u < ug withuog > 0 when E is in class
(2), and for all u > 0 if E is in class (3).

PrOOF. Assume that E is in class (1) and that the inequality (2.1) holds for
large arguments and let «*°(¢) > 0. Let C > 1 be the constant in a triangle
inequality of || || . We choose the constants K;,7 = 1, 2, in (1.1) such that

Cllo(Kiuo)lle < 1/2,
and K, > 1. Letting f € Ey, with || f]l, < L [[¥(IfDllz < 1 and

e(Kilf DD = o(Kuo) + K29 (1 f (D)D)

for all t € I. Hence
lo(KilfDIe < Cllo(Kiup)llg + CKy = M,

where M > 1. By the assumption ¢ (¢) > 0, for some p > Qand all ¢ € I,

(K1/QMO)P|f(1)]) < o(Kyuo) + QM) (K| f(D)]).
Thus for K~ ! = Kl/(ZMC)l/P,

Po (K~ f) < Cllp(Kiuo)lle + CMC) oK fDIlE < 1,

which implies clearly that || ||, < K. Thus || f|l, < K| flly and Ey C E,,.
The proofs of the other two cases are similar so we omit the details.

We are able to provide partial converse of the above comparison result.
Below we present a sample of such result in the case when L*° C E and the
measure is nonatomic.

THEOREM 2.4. Let E be a quasi-Banach function space on (0, 1] or (0, c0)
with the Fatou property. Assume that L C E and that E, # {0}. Given
Orlicz functions ¢ and r, a necessary condition for the inclusion E, C Ey is
the inequality (2.1).

Proor. Without loss of generality we assume that £, = E. Let0 <r <1
be the number such that E is r-normable. At first observe that v(A) = || xalle
defined on a o -algebra of Lebesgue measurable sets in / is a submeasure in
the sense of Definition 1 in [5]. Indeed, lim, v(A,) = O for every sequence
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(A,) with A, N\ ¥, in view of order continuity of E. Moreover, for every set
Aande > 0if § = ((v(A)+€)" —v"(A))!/", then for every B with v(B) < §,

V(AU B) < (Ixall” + lIxzIDY" < 0" (A) + 8DV = v(A) +e.

Similarly, in view of vV"(A \ B) > v"(A) — v"(A N B), it yields that if § =
(V" (A) — (v(A) —€))V/" and v(B) < § then

v(A) —v(A\ B) < v(A) — (V' (A) — 8DV =e.

As a consequence, by Theorem 10 in [5], we conclude that the submeasure
V(A) = || xallg has the Darboux property.

After this preparation, assume that inequality (2.1) is not satisfied for large
arguments. Thus, for every n, m € N there exists u,,, > 0 such that u,,,, — 00
asn,m — oo and

o (27" uy,,) = 22y (uy,,,)

for all n, m € N. By the Darboux property of v, there exist measurable disjoint
sets A,,, such that

IXam e = Ixille /(2" (am)),

for sufficiently large n, m € N. Define for ¢ € I,

) :unm, ift € A,
N 0, otherwise.
Then
o0 o r
Iolrp(f) unm)XA,,,,,
P — E
o0 o0 o0 o 1
ZZ U ) Xl = 101 YD Sy < 00

n=1 m=1

and so f € Ey. However, on the other hand for any A > 0 there exists M € N
such that 2= < ) and assuming that p(Af) € E we have foreveryn, m > M,

Z Z @ (2_(n+m)unm)XAnm
E

n>M m>M

00 > py(nf) = llpOf)lls =

s )
=@ = Y ()

+
tm ) | X A, | E Ixrlle = 2" I xi N e,
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which is a contradiction. Thus p,(Af) = oo forevery A > 0, and so f ¢ E,.

REmARrk. If E, = {0} then the above result does not need to hold. Indeed,
let E = L°°. Then E, = {0} and for any Orlicz functions ¢ and v, E, =
Ey =L and 7' (DI flly = I flloo = ¥ ' (DI £y forevery f € L.

THEOREM 2.5. Let E be a quasi-Banach space with the Fatou property and
@ be an Orlicz function such that o’/ (p) > O for j =00, j =0o0rj =a
whenever E is in class (1), (2) or (3), respectively. Then || ||, is a quasi-norm
in E, and the space (E,, || |,) is complete.

ProoF. We shall show that || ||, is a quasi-norm under the assumption that
a?(¢) > 0. For other indices the proof will be analogous. At first observe that
if E is r-normable for some 0 < r < 1 and when ¢ is convex then

n n 1/r
YA < (Z ||f,-||;)
i=1 ¢ i=1

forany f, ..., f,in E,. Indeed, forany € > 0,settinga” = >\, (|l fill,+€)",

we obtain
illﬁllere(p( Ji )
Ly 1 fille +¢ /1

(14| /4)
i=1
N filly + € fi "\
5<Z a w(llﬁll¢+€) E> =1

i=1

Since a®(¢) > 0, there exists 0 < p < 1 such that ¢(u'/?)/u is pseudo-
increasing for a.a., and by Theorem 1.2 one can find an Orlicz function
equivalent to ¢ such that ¥ (u'/?) is convex. Thus, in view of Theorem 2.3, we
can assume that ¢(u'/7) is convex. Observe also that || f |, = |||f|1’||(1p/(5,/p).
By combining the above, for any f1, ..., f, € E,,

n n l/p n
S (Zw) =S
i=1 i=1 @ i=1
n 1/rp n 1/rp
5(Zu|ﬁ|”n;(ul/,,)> =(Z||f,-||:;’) :
i=1 i=1

which means that || ||, is a quasinorm. Finally we note that the space is com-
plete in view of Lemmas 2.1 and 2.2, which ends the proof.

=
E

1/p
=<
@

@'/p)
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3. Indices of convexity and concavity of Calderén-Lozanovskii spaces
Before we prove our main result we will need the following lemma.

LEMMA 3.1. Let ¢ be an Orlicz function and 0 < s < 0o. Asume also that

@(u’) is convex (resp. concave). Then for any [ € E,, the following holds
true:

@ If p(f) < Lthen || fIl = p*(f) (resp. | fII = p*(f)).
(i) If p(f) = Lithen || fIl < p*(f) (resp. || 1| = p*(f))-

PrOOF. We shall prove only (i) assuming that ¢ («*) is concave. Indeed, if
p(f) < 1then '
e(w/p(f)") < eW®)/p(f),

for all u > 0, whence

p(f10° () =l f 1Y/ o(I)E < llefD/e(Hlle =1,

Hence || fI| = p*(f).

THEOREM 3.2. Let E and ¢ be as in Theorem 2.5. Then the following
inequalities hold:

() pa(E)a’(9) < pa(Ey) < pa(E)B (9),

(i) qa(E)a’ () < qa(Ey) < qu(E)B (9),
for j =00, j =0o0r j = awhenever E is in class (1), (2) or (3), respectively.
Proor. We shall prove only the right hand side inequalities in both (i)
and (ii) for j = oo. The remaining inequalities can be obtained analogously.
Starting with (i) we assume that both 8°°(¢) and p,;(FE) are finite. For any

r > pg(E), E does not satisfy an upper r-estimate, that is for every n € N
there exist disjoint nonnegative functions fi, ..., f, in E such that

m 1/r
> 2" (Z ||f,~||2)
E i=1

and Y 1" || fill; = 1. Setting g; = @~ 1(f,) it holds

m

> oS

i=1

m m

p(g) =Iflle <1 and p(Zgi)= Y/

i=1 i=1

> 1.
E

Letg > B>®(¢)r.Thenq/r > B>(¢) and so ¢(u'/?) /u is pseudo-decreas-
ing for La.. Thus in view of Theorems 1.2 and 2.3, we assume without loss of
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generality that ¢ (u'/9) is concave. Now by Lemma 3.1,

m q m
Zgi‘ > p’(Z&-)-
i=1

i=1

lgill? < p"(gi) and

Consequently

m 1/q m 1/q m 1/r
(2")’/‘1(Z||gi||‘1) s(z"y/‘f(Zp’(gi)) =<2"(Z||fi||g) )
i=1 i=1 i=1

m r/q :m m
> o5 =p’/q<2gf>§ Zgi)
i=1 E i=1 i=1

which proves that £, does not satisfy an upper g-estimate. We conclude that
Pa(Ey) < pa(E)B>(@).

In order to show (ii) we shall prove at first that E, satisfies a lower g-
estimate whenever E satisfies a lower ¢ /s-estimate and ¢(u'/*) is concave.
Since «*°(¢) > 0, ¢(u”")/u is pseudo-increasing for l.a. and some » > 0. Thus
in view of Theorem 1.2, we can assume that ¢ (u") is convex.

Now let {f;}?_, C E, be a sequence of functions with disjoint supports.
Setting a? = Y7, || f;|1, we shall show that p(}_ f;/a) is bounded below.
Assuming that p(}_ f;/a) < oo it follows

o3 5) = o35 )|
i=1 i=1 E
n s/q
> K(Z ||<o(ﬁ/a>||%“)
E i=1
s/q

n s/q n s
= K(Z(p‘“(ﬁ/a))‘f) > K(Z ||f,»/a||‘1) =K,
i=1 i=1

where K is a constant in the lower g/s-estimate. Since we can always take
0 < K < 1, by convexity of ¢(u") we obtain

n 1 n 1/r\ r
(L) = ol (L))
i=1 i=1 E
> (1/K>H<o(2 ﬁ/a) = p(Z ﬁ/a>/K > 1,
i=1 E i=1

which simply means that E,, satisfies a lower g-estimate.

r/q

=

El

> e(fila)
i=1
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If g > g4(E)B*(¢p) then there exist r, s such that » > ¢4(E) and s >
B>X(p) and rs = ¢q. Thus g4(E) < gq/s. Since B*(¢) < s, the function
@W'*)/u is pseudo-decreasing for l.a., and by Theorem 1.2 there exists an
Orlicz function ¥ equivalent to ¢ for l.a. and such that v (u'/*) is concave. By
the first part of the proof, £y and hence E,, satisfies a lower g-estimate. Thus
we have showed the right hand side of inequality (ii) and so the proof of the
theorem is complete.

ProprosITION 3.3. Let E be an L-convex quasi-Banach function space with
the Fatou property and let ¢ be an Orlicz function such that 0 < a’(¢) <
Bl () < oo for j = 00,0,a if E is in class (1), (2), (3), respectively. Then
E, is L-convex.

PROOF. Suppose at first that ¢ is convex and let 1/r > B/ (¢). Then in view
of Theorems 1.2 and 2.3, we assume without loss of generality that ¢(u") is
concave. Letnow 0 < f; < h, ||h|| = 1 and

(fi+...F+ fu)/n=(=5h,

where § > 0 is such that (1 — 8)!/" = 1 —¢,and 0 < € < 1 is the constant
from L-convexity of E. Then ¢ (h) > ¢(fi), lle(h)||g = 1 and

(e(f)+...+o(f)/n=e((fi+...+ fu)/n)
> (1 = 8)h) > (1 —8)" o) = (1 — e)p(h).

The L-convexity of E then implies that max ||¢(f;)||g > €. Thus
max ||@(fi/€)lg = max ||[(1/e)e(fi)|lg = 1 and so max || f;|| > €. It follows
that E, is L-convex whenever ¢ is convex.

By the assumption that the lower index of ¢ is positive and in view of
Theorems 1.2 and 2.3, we assume that ¢ («!/7) is convex for some 0 < p < 0.
Now applying the first part, E 1 is L-convex and so s-convex for some

0 < s < 1by Th. 2.2 in [8]. Therefore, for any functions fi, ..., f, in E,,
n 1/ps n 1/s
(B) "] -I(Er)
i=1 ® i=1 P'/p)
n 1/s\ 1/p n 1/ps
< ((Z |||f,-|P||;,(u1/,,)) ) = (Z ||f,-||5f) .
i=1 i=1

Thus E, is ps-convex and so it is L-convex.

1/p

The next Corollary is an immediate consequence of Theorem 3.2, Propos-
ition 3.3 and Th. 2.2 in [8].
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COROLLARY 3.4. Let E and ¢ be as in Proposition 3.3. Then py(E) =
pe(E), pa(Ey) = pc(E,) and in consequence

P(E)a’ (9) < pe(Ey) < pe(E)B (9)

for j =00, j =0o0r j = awhenever E is in class (1), (2) or (3), respectively.

COROLLARY 3.5. Let E and ¢ be as in Proposition 3.3, and assume that
0 < p < 1. Then E, is p-normable whenever pe(E)a’ (p) > p, and it is not
p-normable when p.(E)B’ () < p. In particular if p.(E)a’/ (@) > 1 then E,
is normable, and if p.(E)B/(¢) < 1 then E, is not normable.

PrOOF. If p.(E)a’(p) > p then pe(E,) > p by Corollary 3.4, and so
E, is p-convex which yields p-normability. If p > p(E)B/(¢) then p >
pe(Ey) = pa(E,), and then E, does not have an upper p-estimate and hence
it is not p-normable.

In the case when E is a Banach function space and ¢ is a convex Orlicz
function, so E, is a Banach lattice, we can restate Theorem 2.5 in terms of
indices p.(E,) and q.(E,). We can also infer some corollaries about type and
cotype of E,. We refer to [17] for definition of type and cotype of Banach
spaces and their relations with convexity and concavity in Banach lattices.

COROLLARY 3.6. Let E be a Banach function space with the Fatou property
and ¢ be a convex Orlicz function. Then the following inequalities hold:

(i) pe(E)a!(9) < pe(Ey) < p(E)B (9),
(ii) ge(E)a!(9) < q.(Ey) < q.(E)B’ (9),
for j =00, j =0o0r j = awhenever E is in class (1), (2) or (3), respectively.

In the next two corollaries we will say that ¢ satisfies condition A, whenever
@ satisfies A, for L.a., s.a. or a.a. for E in class (1), (2) or (3), respectively.

COROLLARY 3.7. Let E be a Banach function space with the Fatou property
and ¢ be a convex Orlicz function. Then E,, has a finite cotype if and only if
E has a finite cotype and ¢ satisfies condition A,.

ProOOF. If E has a finite cotype then g.(E) < 0o, and if ¢ satisfies condition
A, then B/ (p) < oo for suitable j. Now, by (ii) of Corollary 3.6, q.(Ey) < 00
which yields that cotype of E,, is finite ([17], p. 100). Conversely, if E, has
finite cotype then again by (ii) of Corollary 3.6, E must also have a finite
cotype. If ¢ does not satisfy condition A, then by Corollary 5 in [6], E,, is not
order coninuous and thus, it contains an order isomorphic copy of [*° ([14],
[17]), and so E, has no finite cotype.
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COROLLARY 3.8. Let E and ¢ be as in Corollary 3.7. If ¢ satisfies condition
A> and E has a finite cotype and either E has a nontrivial type or o’ (¢) > 1
then E, has a nontrivial type. If E, has a nontrivial type, then ¢ satisfies
condition A, and E has a finite cotype.

Proor. It follows from the estimation of p.(E,) in (i) of Corollary 3.6, the
relations between type and convexity ([17], p. 100) and the well known fact
that a Banach space with a nontrivial type must possess a nontrivial cotype.

REMARK. The full converse of the first part of the above corollary does not
hold. The following example of E and ¢ (cf. [2]) shows that p.(E) = 1 =
a’(p), E has finite cotype, ¢ satisfies condition A, for a.a., and yet type of
E,is2. Let

u, if0o<u<li

w(u)z{ 5

u=, ifu>1,

u?, fo<u<l1

v = {2u—1, ifu > 1,

and let £ be an Orlicz space Ly, on (0, c0). Itis easy to check thata (@) =1 =
a“(y) and that both ¢ and 1 satisfy condition A, for a.a.. Thus () < oo.
Moreover, it is well known that p.(Ly) = a“(¥) and g.(Ly) = B*(¥) (cf.
[17], p. 139). Hence p.(Ly) =1 and g.(Ly) < oo. The latter means that the
cotype of Ly is finite. However E, = Ly, = L?, and so the type of E, is 2.

4. Boyd indices of Calderén-Lozanovskii spaces

Below there are given some estimations of the Boyd indices of the Calderdén-
Lozanovskii space E,, in the case when E is a r.i. space.

THEOREM 4.1. Given a r.i. quasi-Banach function space E with the Fatou
property and an Orlicz function ¢ the following inequalities are satisfied:

(i) p(E)al(p) < p(Ey) < q(E,) < q(E)B'(p) for j = oo, j = 0 or
Jj = awhen E is in class (1), (2) or (3), respectively.

(ii) If I = (0,1] or I = (0, 00) then p(E,) < 1/B(¢™" o @), q(E,) >
1/a(¢~" o @), where ® is a fundamental function of E.

PRrOOF. (i) We will carry out the proof only for lower index, in the case
when L® C E. Assume that ||1| = 1, p(E) > 0 and «®(p) > 0. Let
0 <p<a®@and0 < r < p(E). Forany f € E, with || f|| < 1it
holds ||¢(|fDIle < 1. Thus (| f]) € E and clearly ¢(|D, f|) € E for any

0 < a < 1. By the definition of p(E) we have the estimation

lp(IDafDlle < Ka™ o fDlle < Ka™'",
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for every 0 < @ < 1 and some K > 1. Since p < a®™(p), in view of
Theorems 1.2 and 2.3 we assume without loss of generality that ¢(u'/?) is
convex. Thus forany 0 <a < landallu € 1

K~'a"o(IDa f@))) = o(K~Pa'/"™P|D, f (w)])

and so

lp(K="7a' "Dy fDlle < K~'a"" (I Da fDIIE < 1.

Hence || D, f1l < K'Pa=""P for every f with || f|| < 1 and thus p(E,) >
P(E)a™(p).

(ii) Let’s show only the first inequality. By the assumption of symmetry
of E, for every measurable A C I with |A| < o0, x4 € E,. Moreover,
lxall = ¢! o ®(JA]). Now, forany 0 < p < p(E,) there exists C > 0 such
that

I X©.a-11apll < Ca™"Pllx,ap

for every 0 < a < 1, every measurable A with |[A| < oo and such that
a”! |A] < lincaseof I = (0, 1]. By the definition of the fundamental function
we obtain forr = 1/p,

G lod(at) < Ca ¢~ o ®(1)

foreverya > 1 andevery ¢t > 0if I = (0, 00), and foreverya > 1 andz > 0
withat < 1inthe case when I = (0, 1]. Itfollows that p(E,) < 1/B(@¢ to®).

5. Orlicz-Lorentz spaces

Now we apply the results from the previous part to Orlicz-Lorentz spaces.
Although we will consider only spaces defined on I = (0, 1] or I = (0, 00),
the discrete case may be handled analogously. Let w : (0, co) — (0, c0) be a
measurable function such that

t
S(t)::/ w<oo foralltel,
0

and S satisfies condition A,, thatis S(2¢) < KS(¢t) for all t € %I and some
K > 0, and

o
/ w = oo in the case when I = (0, 00).
0
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Such a function w will be called a weight function. If «(S) > 0 then the weight
w is often called regular. The Lorentz space A, is the set of f € L defined
on (0, 1] or (0, c0) and such that

1 flh = /If*w _ /If*(S)w(S)ds < o,

where || ||, is a quasi-norm and (A, || |l») is a r.i. quasi-Banach function
space with the Fatou property and its fundamental function equal to S ([11]). It
is clear that L*° C A, ,, whenever I = (0, 1] and that neither L*° C A, nor
L*® D> Ay, whenever I = (0, co). Thus Ay, is in class (1) when I = (0, 1]
and in class (3) when I = (0, 00).

Given an Orlicz function ¢, let Ay, = (A1,w)e. The space Ay ,, is then
called the Orlicz-Lorentz space (cf. [10], [20]). In the case when ¢(u) = u?,
0 < p < 00, Ay is denoted by A, . If @/ (p) > O for j = aor j = oo
depending on whether I = (0, 1] or I = (0, c0), then by Theorem 2.5, A, ,,
is a r.i. quasi-Banach function space with the quasi-norm || f'[| := || f|la,, =
infle > 0: [, o(f*/e)w < 1}.

The Boyd indices of A, ,, under these general assumptions that0 < p < oo
and w is an arbitrary weight, can be calculated analogously as in the case when
A, . is a Banach space, that is when w is decreasing and p > 1 ([16]). Its
convexity and concavity indices are also known (see [11] and [25] in case of
arbitrary weight w and 0 < p < oo and also [26] in case when w is decreasing
and p > 1). Below we summarize all these results.

THEOREM 5.1. Given 0 < p < 0o and a weight function w, the following
holds true:

(i) p(Apw) = pa(S™), ¢(Apw) = pBS™H.

(i) pa(Apw) = pe(Apw) = pmin(a(S~H), 1),
Qd(Ap,w) = QC(Ap,w) =Pp maX(,B(Sil)’ 1).

Note that A, ,, is L-convex. Indeed, by condition A, of §, (S - =
1/B(S) > 0, which means that A, ,, has some positive convexity and so it is
L-convex.

In view of Theorems 3.2 and 5.1, Corollary 3.4 and the above characteriz-
ation for p = 1, we can state immediately the following theorem.

THEOREM 5.2. Let ¢ be an Orlicz function and j = a or j = oo for I =
(0, 00) or I = (0, 1], respectively. Assume that 0 < o’ (p) < B/(p) < .
Then the following inequalities are satisfied:

(i) min(@(S™"), Da/ (P)<pe(Agw) = Pa(Apw) < min(@(S~), DB (¢),
a(STHal (@) < p(Agw) < 1/B@ 0 S);
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(i) max(B(S™H), D/ () < qa(Ayw) < max(B(S~), DB (),
BS™HB () = g(Apw) = 1/a(g™' 0 S).

REMARK. In view of the above estimations, the Boyd indices of A, ,, may
be exactly calculated in the case when either ¢ or S is a power function (for w
decreasing and ¢ convex see Th. 6.3 in [20]). Indeed, if e.g. I = (0, co) and
S() =tP, p > 0, then in view of Proposition 1.1,

B@ ' 0 8) =BG HBS) = B(S)/a(@) = B(S)/a(p) = 1/a(p)a(ST).

Thus p(Ay.,) = a(S™a(p). With the same S and I = (0, 1], S : (0, 1] —
(0, 1]. Applying the same techniques as in the proof of Proposition 1.1, we
can show that (¢! o S) = B¢~ B(S) and that B(S) = 1/a(S~"). Hence
P(Ayw) = a(S™Ha>® (). In other cases we obtain similar results. Notice
also that the estimations of Boyd indices of A ,, given in the above theorem
can be obtained from the estimations given in Theorem 3.1 in [23] as well.

By applying Theorem 5.2(ii) we can easily state an appropriate result on
p-normability of A, ,,. Since the question on normability is always of some
importance let’s state this result explicitely.

COROLLARY 5.3. Let ¢ and j be the same as in Theorem 5.2.
Ifmin(a(S7Y), Da/ (@) > 1, then Ay, is normable.
Ifmin(a(S™1), 1B/ (p) < 1, then Ay is not normable.

Itisknown that the Lorentz space A, ,,, 0 < p < 00, isnormable whenever
the Hardy operator

1 t
Hﬂ0=;ﬁfﬂww

is bounded on A, ,, ([25], [27]). We obtain the similar result in the case of
Orlicz-Lorentz space.

COROLLARY 5.4. Let ¢ and j be the same as in Theorem 5.2.
If (S~ Ya/ (@) > 1, then the Hardy operator H is bounded on Ag w.
Consequently, if min(a(S™"), Da/ () > 1 then

AN == [1H fl A,

is anormin Ay equivalent to || f | a,,-

ProOF. The boundedness of H follows from Theorem 5.2(i) and the Mon-
gomery-Smith result ([24]), stating that the Hardy operator H is bounded on a
r.i. quasi-Banach function space iff its lower Boyd index is strictly bigger than
one.
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Recall that L, (w) denotes the space of all f L such that I, @) < oo,
where || f L, w) = inf{e > 0 : f, (| fl/e)w < 1}. If g isconvex then || ||, ()
is a norm. Now, if min(a(S~!), a/(¢) > 1 then o/ (¢) > 1, and in view of
Theorems 1.2 and 2.3 we assume that ¢ is convex. For every f € A, ,, the
functional || H f|| s, is finite and equivalent to || f|| 4, by boundedness of H.
Moreover, ||Hf||a,, = IHflL,w) since (Hf)* = Hf. By subadditivity of
H, |Hf|lL,w satisfies the triangle inequality and so || f |l = |Hf]la,, is a

norm in A, ,, equivalent to || |4, -

We conclude the paper with a corollary on type and cotype of A, ,,. Recall
that ¢, () = sup,-of{uv — @(v)}, u > 0, is a complementary function to ¢.

THEOREM 5.5 ([15]). Let ¢ be a convex Orlicz function and w be a decreas-
ing weight function.

(1) Ay, has afinite cotype if and only if a(S) > 0 and ¢ satisfies condition
A, for a.a. (resp. l.a.) when I = (0, 00) (resp. I = (0, 1]).

(i1) Ay w has a nontrivial type if and only if a(S) > 0 and both ¢ and its
complementary function @, satisfy condition A, for a.a. (resp. l.a.) when
I = (0, 00) (resp. I = (0, 1]).

Proor. (i) By Theorem 5.2(ii), A, has finite cotype iff «(S) > 0. Now
it is enough to apply Corollary 3.7.

(ii) Note that ¢, satisfies condition A, for a.a. or lLa. iff «/(¢) > 1 for
Jj = aor j = oo, respectively. Thus the sufficiency holds in view of (i) and
Corollary 3.8. Conversely, if the type of E, is nontrivial then the cotype is
finite and so «(S) > 0 and ¢ satisfies a suitable condition A,. It has been
proved in [13] that if ¢, does not satisfy condition A,, then A, ,, contains an
isomorphic copy of /', and so it has a trivial type ([4], [17]).
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