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LOCAL L? RESULTS FOR 9 ON A SINGULAR
SURFACE

KLAS DIEDERICH, JOHN ERIK FORNZSS and SOPHIA VASSILIADOU*

Abstract

The Cauchy-Riemann equations are fundamental in complex analysis. This paper contributes
to the understanding of these equations on singular spaces. Various methods have been used to
overcome the problem of defining forms near singularities. One can blow up the singularity, restrict
forms from smooth ambient spaces or work on the regular points. In this paper we use the latter
approach to obtain square integrable solutions on singular surfaces. This can be briefly called
the Kohn solution up to the singularity to contrast with results in terms of curvature, weights or
different function spaces.

1. Introduction

The 8 equation is the main quantitative tool in the theory of several complex
variables. It has been used extensively in analysis of domains in C¢ and on
complex manifolds. However, in the theory of several complex variables, one
also needs to investigate complex spaces as they occur naturally as soon as one
considers zero sets of holomorphic functions.

In this paper we address the question whether it is possible to solve the 3
equation with L? estimates in complex spaces. The main motivation is that L?
estimates appear as the most promising tool to solve the Levi problem in Stein
spaces.

The general philosophy is that one can study a complex Stein space by
reducing to a closed k-dimensional subvariety X in C¢ and viewing X as a
branched cover over some suitable C*. Next one can remove a hypersurface S
from X such that the projection 7 : X \ S — CF is unbranched. On X \ S one
can solve du = A using the classical L? theory of Hérmander [4]. Next one
can use a detailed geometric analysis of the singular space to modify this u to
obtain a solution with L2-estimates, up to an explicit finite dimensional set of
obstructions.

We analyze complex (not necessarily algebraic) surfaces in C¢ with an
isolated singularity at the origin. We solve the problem du = A where A is a
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3 closed (0, 1) form in a deleted neighborhood of the singular point 0 of X.
More precisely we show the following:

THEOREM 1.1. There exists a closed subspace H of finite codimension of the
set of d-closed (0, 1) forms X\ in L?(’*E(r){é;)(o, o and a linear operator T : H —

Liig’g)(o, 5) Jor some § < € and a constant C so that

A(TH) = A
IITAIIL;ion,o;W < ClAll 2.0

X*NB(0,€)

The L? norms in the theorem are measured with respect to the induced
metric by the imbedding of X* — C7.

The case of conic singularities was done by Forness in [1].

Our result complements results by Pardon [§8], Pardon and Stern [9]. In the
particular case that X is a complex projective surface with isolated singularities
and the set of regular points of X is given the Hermitian (incomplete) metric
induced by an embedding of X to a projective space Pardon and Stern [9] iden-
tified the (0, ¢) L?-3-cohomology groups with Neumann boundary conditions
of X \ sing X with certain sheaf cohomology groups of its blow-up X. Namely

they proved =
H"? (X \ sing X) = HY(X, O(Z — |Z)))

where the left-hand side is the (0, ¢) L2-3-cohomology with Neumann bound-
ary conditions, X — X is a resolution of singularities of X, Z is the (un-
reduced) exceptional divisor and Z is supported along a divisor with normal
crossings.

In the same paper, Pardon and Stern proved a local vanishing result for the
(n, q) L*-3-cohomology groups of U \ U NsingX, U C X, open, n = dim X,
g > 1 and X is any projective variety with isolated singularities. This allowed

them to identify .
H{"" (X \ sing X) = H™(X)

Applying an L2-version of Serre’s duality theorem to the left hand side of
the above isomorphism and its algebraic version to the right hand side they

obtained 0 .
HY?(X \ sing X) = H*(X)

where the left-hand side is the (0, ¢) L?-3-cohomology with Dirichlet bound-
ary conditions.

In proving the above results essential use is made of the fact that X and hence
X is compact which ensures the finite dimensionality of certain cohomology
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groups and is also necessary in order to apply an L2-version of Serre’s duality
theorem. A similar argument doesn’t seem feasible when X is not compact.
Also key ingredient in proving the result about the L?-cohomology with Neu-
mann boundary conditions is an explicit computation of the pull back of the
Fubiny-Study metric under the blow-up map obtained by Hsiang and Pati [5]
and Nagase [7]. It is not clear to us that such a computation can be generalized
to higher dimensional varieties.

Similar results (as in [8], [9]) for complex algebraic surfaces in projective
space with isolated singularities were obtained by Haskell [3], and Nagase [7].

Our point of view is to work without weights, without essential use of
metrics and mainly on the original singular space. We plan to continue the
investigation in future work.

There is a parallel program to investigate L°° estimates, see [2].

The paper is organized as follows: In Section 2 we describe the geometry
of the variety near the singular point. In Section 3 we introduce the L? spaces
and norms we will be using. Finally, in Section 4 we construct the solutions to
the 9-equation.

2. Geometry of Varieties

We will investigate the surface X in C? with an isolated singularity at the
origin. We first need to make some standard remarks on the choice of generic
coordinates.

LEMMA 2.1. Let X be a 2-dimensional complex variety in a neighborhood
of (0)inC4 0 € X. Let {¢j}i<j<k be a finite family of linear functions. Then
after arbitrarily small perturbations we may assume that (0) is isolated in
XN (g = = 0} foranyi # j.

PrOOF. We prove this by induction in k. If k = 2, perturb ¢, first so that
Z = XN{¢; = 0} has dimension 1. Then perturb ¢, so that ¢, is not equivalent
to 0 on each irreducible component of Z.

Next, suppose the statement is true for k and let {¢; }i<;<x+1 be given. We
may assume that (0) is isolated in X N {¢; = ¢; =0} forany 1 <i < j <k.
If we make any sufficiently small perturbations of ¢, . .. ¢y then this remains
true. So, as above, we may assume that X N {¢; = 0} has dimension 1 for any
i < k. But then, as in the first step we can perturb ¢, so that ¢, doesn’t
vanish identically on any irreducible branch in any X N {¢; = 0}, i < k.

We can assume that the ¢; are the coordinate functions x;. It follows that
we can assume that X is a branched cover over C>(x;, x;) for any pair 1 <
i < j < d. To simplify notation, let us consider the branching of X over
C(x,y), x = x1, y = x». The branching occurs over a one dimensional
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variety L in C?(x, y). Then L is a union of finitely many irreducible curves L;,
i =1,..., M. After another small rotation, the Zariski tangent space of each
curve L; at 0 is different from the x- and y-axis. Then L; can be parametrized
by one complex variable ¢ in a neighborhood of 0

x =1t"

y = &) =cot" + et 4 co # 0.
Here g; is holomorphic in a neighborhood of 0, g; (0) = 0.

REMARK 2.2. The above assumption implies that % is bounded and boun-
ded away from O along L; near the origin.

We can assume that similar descriptions are valid with projections to all the
x;xj-planes.

We call 7 the local projection, w : X — C?(x, y). Set¥; = w~!(L;). Then
the Y; are complex curves with finitely many irreducible components Yl.k. Set
b(i, k) := the branching number of 7 along Yik. Then b(i, k) > 1 and for
each i at least one b(i, k) > 1. Also let ¢(i, k) denote the sheet number of the
projection from Yik to L;. Then Yl.k can be parametrized as follows:

¥ = riclh)

Y = 3 (1R = e oy itk o
Zj:hi!,k(t)’ j=3,...,d.

where hl’ « 18 holomorphic in a neighborhood of 0, hlj «(0) = 0. Hence the
parametrization of all L; and Yl.k are of the form:

x=1t"
y=g®) =ct"+---, c#0
Zj=hj(l), ]=3,d

where the first two equations parametrize L; and all equations parametrize Y. ,." .

We need to choose tubular Stein neighborhoods, pinched at 0, for L; in
C2 , and for Y} in X. Let { P; (x, y)}}, be irreducible holomorphic functions,
L; = {P;, = 0}. We can assume that the P; are Weierstrass polynomials,
Pi(x,y) =y"+ Zj<mi aj’: (x)y/, a} (0) = 0. Hence we can write P;(x,y) =
1'[;":"1 (y — yj(x)) with locally defined holomorphic functions y; (x).

Ifi # j, then|P;|*(x, )+ P |>(x, y) is anonnegative real analytic function
that vanishes only at the origin. By the weak form of Lojasiewicz [6] there exist
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C > 0, N > 1 such that
| PP (e, ) + [P (x, y) = Cllee Y.
We will increase N whenever necessary.
For (x, y) € L; we have
, 3o 3 2
dist(Cx, y), Li) = IR ) = SR G y) + 1B, 3)
>3] (e, »I".

We define v
T; :={(x,y);d((x,y), L) < [[(x, ™}

If (x,y) € Tj, let (x’,y") be a point on L; for which dist((x,y),L;) =
I(x,y) — (x', y)Il. Then

d((x7 y)v Lt) = d((x/’ y/)’ Ll) - ”(-x’ }’) - (x/7 y/)”
> 31, OIY = 11, y) = & )l
>3] I = e Iy

Now,
G, 00 = 11Ge, D= 11, ) = & )1 = G/H YN, )
and so
d((x, ). Li) = 5/411Ge, I
Hence,

@) L\{0) C T;
B TNTyj =0,  i#]

For our purposes though, it is more convenient to use tubular neighborhoods
which are circular in the y direction. For this, recall that L; = { P; = 0} where
P, = 1'[;";1 (y — y;(x)). Then Iy, (y; (x) — ye (x))* =: ¢; (x) is a holomorphic
function with an isolated zero at the origin. Hence |¢; (x)| > |x|" for some
larger N. It follows that for x # 0, thediscs {D; (x) := {y; [y—y;(x)| < lx|V})
are pairwise disjoint. We define the tubular neighborhoods

(1) Tpi={(x,y); 3 x =1", |y — &) < x|V} C T,

Then the f, are Stein. Moreover, the 77! (f,-) split into disjoint Stein neighbor-
hoods Qf‘ of the respective Yl.k. To see this, we can use a continuity argument.
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First of all, the Yik only intersect at (0). Hence if p € L; \ (0) and B(p, €)
is a small enough ball centered at p, then =~ ((B(p, €)) splits into disjoint
neighborhoods of the respective points in 7~ (p) in Y*. Hence, if we start
by replacing the T; by thin enough neighborhoods of the L;, then the Qf‘ are
disjoint. If we now continuously increase the T;, then if at some point two Qf‘
overlap, the number of branches of 7 drops and this can only happen where
branches.

NotATION. For variable A, B (complex or real valued objects) we write
A ~ B if there exist positive constants C;, C5, independent of objects that will
be specified later on, such that C||A| < |B| < C,|A]|. Similarly, for E, F real
or complex valued objects we write E < F if there exists a positive constant
C such that |[E| < C|F| where C is independent of the objects and will be
specified later on.

Pick any p = p(t) € Yl.k \ 0, b(i,k) > 1. Then the tangent plane to
X at p is spanned by two vectors, one is tangent to Yl.k , the other is a vector

0,0, z3, ..., zg) perpendicular to the (x, y) plane because Yl.k is in the branch-
ing locus and this second one projects to a unique point Z = [z3 : ... : z4] €
pd=3,

LEMMA 2.3. We can parametrize Z = Z(t), t being the parameter for Yl.k
with Z(t) = (z3(t), ..., za(t)) and with some z; = Z%(t) = 1. Moreover,
Z(t) is holomorphic and extends holomorphically across t = O.

ProOF. The case d=3is trivial, so we assume thatd > 3. Let{H;, ..., H,}
be functions generating the ideal sheaf of X at every point in a neighborhood
of 0. Then[zz:...:z4]atp € Yik \ 0 is uniquely determined by the equations

n

S M0 va
8xj 4= '

j=3

Since the solutions of the above system form a 1-dimensional complex sub-

space of C?~2, the rank of (%’;” )a’j;j23 is d — 3. Notice that each entry

. 3Hd . . . k . _
@) = By, 1S holomorphic in # on Y/, including across = 0.

Not all % =0forj >3 o <v, on Yi". Therefore, there will exist
]

3H,
ki € {3,...,d}, a1 € {l,...,v} such that o

1
at t = 0. After rearranging the coordinates making sure that x3" =: x;, and
letting «; correspond to the first equation, we obtain as the first equation of
the system;

L vanishes to smallest order

Mz + -+ £ 0z =0
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where fj3’1(t) are holomorphic functions of ¢, and | ff’l(t)| < f; ’l(t)l for

j=3,...,dand £ (t) # 0 when r # 0.
We can solve the above equation with respect to z3' and substitute the
corresponding expression in the remaining equations of the system. We obtain;

Oz + o+ £ Dzl =0
S0z 4+ 20z =0

VP Oz A+ P D2 =0
where ;"' (¢) are holomorphic functions of ¢ (due to the fact that | ;"' (1)| <
| f33’1 ()|, and fj“ are holomorhic functions in 7).
Notall f/''(1) = 0,4 < j <v+2,4 <k < don YF Therefore there
will exist x, € {4,...,d}, ap € {4, ..., v + 2} such that f,ff’l(t) vanishes to
smallest order at# = 0. Rearranging the coordinates making sure that x3” = x}

and x4” = x; and reordering the equations so that &, corresponds to the second
equation we get:

205"+ 720z + -+ £ 02 =0

ff’z(t)Z4// 4o f;,Z(t)Zd// =0

where | £2(0)] < £ for j = 3,....d and |£* ()] < |£;7 ()] for
j=4,...,dand fj3’2(t), fj4’2(t) are holomorphic functions of ¢.
Continuing this way we can finally obtain the following system;

d

fj3’d_3(t)zj -0

J=3

for holomorphic functions fij (1), fjj (t) not identically equal to O, | fij o=

| fjj (t)],i > j.Atthispoint, by rank considerations all the remaining equations
are identically zero. We obtain from the last equation that z;_1 = c4—1(f)z4,
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d—1,d-3
Cca—1(t) = w Moving upwards in the above system we can compute

zj = ¢j(t)za,¢j(t) = O()on Y} for j =3,...,d — 1.
We write z; =: z as in the Lemma.
Hence we can write X as a multivalued graph (unbranched Riemann do-

main) over the x, z plane in some neighborhood of Yl.k . In fact we can describe
X near Y} by

@ y—ale) = &~y (x))'0
—he(xr) = (g —hj(x)ve  €# ],
fora > 2, ¢, ¥, depending on x, z;. The above lemma implies that each

3) Ye=0(1) on Y}

L

Since the projection to the (x, y) plane has locally b(i, k) =: b preimages we
can assume that a = b and ¢ = ¢(x%, z— hj(xrl’z)) # 0, when z = hj(xﬁ),
x #0.

For such (x, z) close to 0 in C? let y,(x, z) denote the y, coordinates of
points in X. Then H(x, y, z) := I1(y — y,) is holomorphic in a neighborhood
of 0 and vanishes on X.

Points in Yl.k satisfy H (x(t), y(¢), z(¢)) = 0.

LEMMA 2.4. Suppose b(i, k) =: b > 1. There exist integers m >1,r>0

¢ b1
so that on Yf, 5 ~ Gb ~ 1", 98121 = =8 = 0and 52 ~ 1" (fort
close to 0).
ab—1 . . .
PROOF. The fact that ﬁ == aazb - — 0 follows since Y; kK is in the

branch locus. Since 2

5 (x (t) y(t), z(¢)) is holomorphic in ¢, it follows that
" H

S ~ t" forsome integer r > 0. By the chainrule, ﬁ d—x + %[; g + 33';’ Zf =0

But 4% ~ d" > by Remark 2.1 and 5~ (’H = 0 since b > 1 Slnce VH # 0on Y},

% ~ %y ;é 0. Slnce (x(t) y(t) z(t)) is holomorphic in ¢ it follows that

aH

oy 1" for some integer m > 0.

Next we want to show that X is nearly flat as a graph over the (x, z) plane
in the y-direction near those Y* for which b > 1. More precisely, we want
uniform bounds on the slopes.

LEMMA 2.5. Suppose that b>1. For alarge enough N, if (x, y, 23, ..., 24) €
X*NB(0, €) forsome smalle > 0, X* := X\Oandd((x,y,23,...,24), Yik) <
l(x, v, 23, ..., za)|IY, then % ~ % ~ X, x|~ |y 2 |%| The
constants in the estimates are arbitrarily close to those of Lemma 2.4.
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PRrOOF. Recall thatif (x, y, z3, ..., z4) =: p € Y}, then %_IZ — 0 and %_1: ~
% ~ t" ~ x» ~ yn. The second derivatives of H are uniformly bounded.
Let p' = (', y', 25, ...,2,) be a point on Y} closest to (x, y,z3, -, Za)-
Then

aH / / / !/

a—z(x,va&--',Zd) SNy, za, e za) — (XL Y, 25,005 2

Sy a2l ~ I Y 2zl
Also
‘—(p) <lp'Y
If N is large,
JuN oH

P’ < o

H
ence, O H O e 5K

—(p)N—(p) and a—z(p)sa(p)

similarly: SH S H
B_x(p) ~ E(P)

We remind the reader that z =: z;. We pick £ # j and want to study the
slopes of X near Y,.k as a graph over the (x, z) plane in the z,-direction. This
slope can be unbounded when we approach the origin. Let z,, denote the
z¢-coordinates of points in X with given (x, z). We define H (x, z, z¢) =
I1(z¢ — z¢,¢). The treatment is similar to H (x, y, z). In analogy to Lemma 2.4
we have

LEMMA 2.6. There exist integers my, ry, S¢ such that on Yk, % ~ "™ (or
14 14 . 14
aH 0)—~t’5,rg20,%~t”,sz2rg r%:O.

PROOF. We use the fact that all partial derivatives of H* are holomorphic
functions of ¢ in Yl.k. The estimate s, > r, follows since H'(x, z, hy + (z —

hi)ye) =0, so
! oH' _ oH"

Recall that
Yy=0(1) on Y

as seen in (3).
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The unboundedness of the slope of X over the (x, z) plane in the z,-direction
arises if m, < r,. In analogy to Lemma 2.5 we obtain from Lemma 2.6:

LEMMA 2.7. For a large enough N, if (x,y,23,...,24) € X* N B(0, €)

and d((x,y,23, .-, 2a), Y*) < 1(x, ¥, 23, -, za) IY, we can write 74 =

.z, 370 -
Zoo(x,2), £ # j, with d—; = O). If my > ry then 5= = O(1), if
me < 1y, then % N

‘We now come back to Qf‘ , the Stein neighborhoods of Yik as introduced
after (1). We set p := (x,y, z3, ..., zZ4) and for some small § > 0

Vki={peX*NB©,8;d(p.Y" < |pIV}

for a large enough N, with N as in Lemma 2.6 and 2.7. We want to show that
for large enough N, the QF are contained in V.
We can locally write y = Y (x, z) near Yi" as long as we are close enough that

Lemma 2.5 applies. Since H(x, Y (x,z2),z) =0wegetY, = —H,/H, ~ 1
and |Y;| = | — H;/H,| < 1. Similarly for £ # j, as in Lemma 2.7 we can
write 2y o = Zg.4(x, z) and
0Z o 0Zy o o
“ = o), 1S x5
0z 0

for some s > 0.

Let(x,y,zj1),...,(x, ¥, Zj.cik)denotethe (x, y, z;) coordinates of points
in Yi" with given (x, y). Then I, £4 (2} « —Zj’/g)z is holomorphic on L; \ (0) and
by the removable singularity theorem it vanishes to finite order. Increasing N if
necessary, it follows that for every point (x, y) € L; the (z; +, z; g) are at least
a distance of |x|V apart. Similarly for given x, the v, for which (x, y,) € L;
are at least |x|" apart. It follows that we can find neighborhoods of the form
{(x,2); |z — hj(x'/")| < |x|V} over which X is a graph

“4) y=Y(x,2) =g+ (= hp)Po(x"", 2 — hj(x""))
Zta = Zoa(x,2) = he(x"") + (2 = hp) W™, 2 — by (x'™)

These graphs are contained in VF.
We can write

DO,z =y M) = (M, 0) + O (M, 2 — hy(x/)

|z = hj (")l < |z = e |z = R < x|
1

Un — _ pot/n <
|¢(x , < j(x ))| ~ |Z _ hj(xl/n)|b—1
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On X we have %—’Z/ 33—1; + %—IZ = 0. By differentiating repeatedly this equation
with respect to z and taking into account that on Yl.k, % =...= % =0,

H L aH . .1 . aby o m .

S~ X and Gy X (Lemma 2.4) we obtain W|Yik\(0) x = . Noticealso
b .. .

that (x'/", 0) = % ‘2’7{ on Y¥. Combining these observations we conclude that

for x # 0 we have:

(*) ¢ (x'",0) = x?"u(x'my

for p € Z and a unit u.
Since a holomorphic function on a disc takes its maximum on the boundary,
we get forx # 0

Un o V) < ———

1
O 2=y S g
X

6. (x"", 2 — by (x| < if |z —hMYM] < x)MH

B3k
— i (xlUn
e =BGl

0",z = k(x| =
1™

|z = Ry VM < M

Suppose |z — hj(x'/")| =[xV, x # 0, N’ > N + 1. Then
B, 2= hp)l = 1", 0) + 6", 2z — hy)l
> |p(x'/",0)] — [0(x"", 2 — hy)]
We have seen that
lz — h;(xm]x]Y
x|V x|V

|6 ('™, 0)] ~ |x]/"

0",z —hy)| <

Hence x|V

PGz =l 2 x| — —
x|V

We can increase N’ such that for |x| small

N/
i > l|x|ﬂ/”

|x|ﬂ/n_ _ >
x|V 2
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hence

1
w&”ﬂz—mnziuvm

L

4 1 !
|y—aﬂ”n=qﬂNVWu”ﬂz—mu”ﬂnziuW”~qu

if N is big enough such that N > bN’ + 2. The above estimates imply:

LEMMA 2.8. Qf C Vik.

3. L? Spaces

Here we describe forms and L? norms on X*. We use the notation || - ;2 )
XY,

to denote the L? norm in an open set V C X using the standard metric in the
(x, y) coordinates. Similarly, we use the notation || - || 13, for the L? norm in
V given by the induced metric on X. Usually the set V is supressed from the
notation, and we write || - || 2l L2 respectively. We will also similarly use
the norms || - |2 and || - [z .

LEMMA 3.1. Let A be a (p, q) formon V C X*. Then

M2z, < Mz, i (p.q) =(0,0),(1,0) or (0, 1)

x,y,V. ™
Mz, = I, i (P g) = (2.0) or (0.2)
1A, = 1M, i (p.g) = 2. 1), (1.2) or (2.2)

For (p, q) = (1, 1) there is no inequality.

ProorF. The case of functions, i.e. (0, 0) forms is obvious. We prove the
Lemma for (0, 1) forms, the others go similarly.

We consider a form defined on a small open set V in X* where 7 is biholo-
morphic, U := (V). The projection 7 : C* — C? can be viewed as compos-
ition of projections from C*! — C*. The restriction of 7 to the tangent plane
of X then becomes a composition of projections of the form P x C — P for
a 2-dimensional plane P. Hence we may assume that we are in C3(x, y, 2).
The set of points on X with vertical tangent over the (x, y)-plane has zero
measure, so we ignore these points. Then, either this tangent plane will be
parallel to the (x, y)-plane (in which case the norms are equal) or the tangent
plane will intersect the (x, y)-plane along a line. Without loss of generality,
we may assume that this line is the x-axis.

Let z = ay be the equation for the tangent plane, for a # 0, a € C. Set

u=x, v=yy1+lal?
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Then {u, v} form an orthonormal system of coordinates for the tangent plane
to X.

Let us assume A’ =: (71~")"A = adX + Bdyin U C Cﬁ,y Then A = *\/
is the corresponding (0, 1)-form on V C X*.

Then A = (¢ om)du + (Bom)

«/1+\ P
2 _ 2 _ 2 |,3°7T|2 _ _
”}\'”Liv —/‘./l)\.l dVX—/‘;<|OtOT[| +m>d”/\du ANdv Adv

_ 2 18I ) L
_/U<|a| +—(1+|a|2)>(1+|a| )dx dx dy dy

=/(|a|2+1)|a|2+|ﬂ|2dxd7cdydv
U

> [ ol + 16 drdzayay = 1083, |
U Xy,

4. Solutions of 3

Let A be a d-closed (0, 1) form on V, := X* N B(0, €), |All 3, < oo. We

want to solve the 9 -problem, 8f = A, ||f||Lz < Cs, e||)»||L. for suitable
Vs

0 < § < €. We suppress explicit mention of the nelghborhoods Wthh will be

shrunk several times in the proof.

4.1. Piecewise solutions
Removing the branching curves Y; from X, ¥ = U;Y; = U,»,le.", we get
an unbranched, Stein Riemann domain X’ = X \ Y over C; . We have the

Hormander solution uy on X', solving duy = A in the L2 norm of the x, y
coordinate plane. So all norms are calculated with respect to the euclidean
metric in the x, y plane. Our first goal is to analyze the singularities of uy at
the curves Y. k_ Assume first that 7 is unbranched at Yik \ (0).

across all those Yik \ (0), on
which 1 is unbranched, as a solution to duy = A.

LEMMA 4.1. The solution uy extends in L%, y

PROOF. Assume that 7 is unbranched (away from 0) on Y. Then there is
for any point p € Y] ¥\ (0) a small neighborhood W, and a solution v, on W,
v, = Aand v, € Li W, Then uy — v, is holomorphlc and in L2 TANE
Hence uy — v, extends holomorphically as a function f, on W, Therefore
uy extends as v, + f, across Yl.k. In other words, the Hérmander solution u g

extends across all Yik where 7 is unbranched.



282 KLAS DIEDERICH, JOHN ERIK FORNASS AND SOPHIA VASSILIADOU

4.2. Estimates in C;

We now consider a pair (7, k) so that 7 branches on Yik . For this it is convenient
to compare u y with the Hérmander solution Uik on Qf‘

More precisely, in Qf‘ we can use x, z =: z; as coordinates and we will let
U; ¥ be the Hormander solution with respect to these coordinates as described
below Let p : ¢! - C(x,y,2) and 7’ Cz(x y,z) — C(x, ) be the
projections, so w = 1’ o p. Let X, Qk and Y; Yk denote the pI’O]CCthHS in
C(x,y,z2) of X, Qf‘ and Y¥ respectlvely. Note that p, 7 and 7’ are finite
covers on QF \ YX, Qf‘ \ )?ik . Hence we can write A = p*A for a form A on
Qf‘ \ I?l.k, but the form A lives naturally on a finitely sheeted Riemann domain
over this set, i.e. the form A might be multiple valued. Notice that according
to Lemma 2.5, fo is a finitely sheeted unbranched cover graph with bounded
slope over C?(x, z). Hence the L?-norms in X and SAZf‘ (x, z) (or equivalently
Qf‘ (x, z)) are comparable.

We let (7 ¥ denote the Hérmander solution of 50}‘ =) on Qf in the (x, z)
coordinates, and set U} U ko pon QF.

The function vl" =ug — Ulk is holomorphic on Qf \ Yl.k and is in L? with
respect to the (x, y) coordinates since

= llunlle:

k k
1ol 0= e HIUS
1 1 -

x \',Qk\}’.k

(A

Tk
= (U U
ez IO

< |lu
S lulez

+ I 0,~k ||L§( - (by Lemma 3.1)

ok
100,

~ ||U 2
el |,

+ 5\ 2
e,

X, 2,28\ V!
iV

= [|All 22

xy.Qkrk

<2f A2 <00
x.2k\rk
The function vf‘ has at most a local singularity like 1/(z — h; (x1/my)b—1
since it is integrable in the L? sense in the x, y direction.
Note that the curve x = ", z = h;(¢) can also be described by ¥ (x,z) =0
for a function vanishing to first order at all regular points of the curve.

We can write, shrinking Qf‘ , and using x1/7 and Y as local coordinates

vlk: Z lk s/nI//_ (X Z)

m>1—b,s>—sg

on ©F with sy € N suitably chosen.
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The set (1 = 0) N X in C¢, consists of Yik U X for some finite union ¥ of
complex curves intersecting Yik at (0) only. Let 1 be a holomorphic function in
aneighborhood of 0 in C?, ujx = 0 and py+ vanishing only at 0. Raising j to
a high power if necessary, we may assume that # extends holomorphically
across X except at 0.

m+1 . .
Note that if m is large enough, then x = ¢""*1 is the restriction of a

v}
holomorphic function on the germ, C¢, of C¢ at 0. Also we can write Wyt =

xs/"u(xi) for a unit u. Again we may assume u = 1. Finally we get:

LEMMA 4.2. There exists an integer M > 1 so thatifo =0,1,...,n—1,
then the functions leJr ™ extend to Uy ON Cg so that they vanish to high order

i

at %, in the sense that w’f,"l is holomorphic across ¥ except at 0.

We want to decompose vf‘ into a sum of three terms of a certain type. The
first two can be absorbed into u# and Uik respectively, while the third gives
finitely many possible obstructions to solving d in the first place. We start by
giving a preliminary decomposition of v¥ and then proceed with estimates.

Inductively, we write, using that

M =+ OW) = o+ Y cphIxy

m>0,5>—s;

on Qf‘

G = ) a2

m>1—b,s>—sg

:wl—b Z Z‘l;'nkY S/n'(// ()C Z)

m=>0,s>—s¢

n—1
_ . 1-b o/n ~ik P m
=V ZX Z Ao.p.m*X 14
o=0

peZ,m=>0

1 b M+o/n p
Zx D Dl

peZ,m=>0

n—1

=y bZMa > B T

peZ,m=>0

+w1 bZ(XM+d/n Lo ) Z bop,m

peZ,m=>0
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=y b[Z Ho )bty p®” + ﬁ(w]

pel
_wl h[ZMaZbgp1 g ]
pel
S i ow)]
o=0 pel
DR M SUEES S TR
m=1—b o=0 pel m=>0,seZ
Z va po ik, () + ot (e )

m=1-b o=0

Next we go through the steps above giving Lﬁ,y estimates of the various
terms. (Our decomposition is not orthogonal.)

LEMMA 4.3. We have the estimates

m ik
”]// /-’LUUO',m”Li,yYs_Z;{ ~ ”vl ||L2 Qf{
ik k
v =~ ||Y;
0§ S Ioflee

where Qf‘ are thinner neighborhoods than the Qf‘ of the same type.

ProOOF. We only show that

1-b k
(K 2Y b||L2 L Sl -
¥, x.y.Qi

The other inequalities follow by finite induction with similar details.

We can write (x, y) = ®(x, ¥) for some finite mapping ®. Then 7 (®) =
oy _ 1 1
W T @y ’V’ &

Y = (z—hjk(x,2)
R(x,z) ~ x'/", teZ

5 -
]/I—K+(Z—h)—~x/
0z
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We have seen in Section 2 that we can find neighborhoods of the form
{(x,2): |z —h; (xﬁ)l < |x|V} over which X is a graph. In particular

Y=gty = (2 — hjx (a2 — hy(xh)

Differentiating with respect to y we obtain
_ 0z
=@ =h)""'b¢ + (2 = he.] =~

Hence, 92 |

Ay (= )" [bp + (z — )]
Izbfl

Yb=1[bx " u 4 b0 + (z — h;)b.]

t(b—1)
X n

wb—le

Recall that O(x!/",0) = 0, |6,] <
more.
Thus,

~

if we shrink our neighborhood a bit

IN’

1 .
- ~ Yty ret
Bz oy

(6) F(®) =

REMARK 4.4. We can assume that _# ($) ~ Yhlxn, %—‘/Z’ ~ x forathinner
neighborhood Qf ",

Hence,

[ofl: = lvfed r@]:
x,y,9} Y, Q

i

n—1

1-b M+2 b—1_r
A0 DA D D el A A
o=

peZm=>0

2

12
’
.x.v/,szf?

2

1-b M+o/n nik m.y b—1_r/n
‘ﬂ X / E bapmxpw W x/ ,
peZ LY sk

x,|//.Ql.

n—1
=)
o=0m=>0

le —b M+a/n Zb

pel L.x.v/ Qk

N
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_ 1bM+ E
_Hw baplhx

pel

N leb“"zbl pi-bX"

pel

2

L~ |
x )Qf

2

L* .
X,y ak

i

= v Puovih i
x.y.04

To pass from the 1st line to the second one we need to shrink the original
neighborhood Qf into Qf.‘/, of the same type as Q{.‘, to guarantee that ¢ (®) ~
Y?~1x7 holds there. To pass from the 2nd line in the above estimate to the
3rd one we need to replace the neighborhood Qf’ by a smaller one which is
circular with respect to the variables (x, V). Therefore the different monomials

in (x, ¥) will be orthogonal. Recall also that bg pi—b = bg 0"

4.3. Estimates in X near the branch locus

LEMMA 4.5.

los Nz, = lvfle
X.Q Y,

where Qf‘ are thinner neighborhoods than the Qf‘ of the same type.

Proofr. Recall that

k 1 ik 3
vy = > B xry”
m>0,5s>—s,

k

The argument goes in two steps. First we use the fact that U’ € L2 ».Gt

(Lemma 4.3) to obtain estlmates on the coefficients B,‘nkY Secondly, we use

these estimates to show that v ke L2 .- There are two cases for the second

step. The first case is when X is a graph with bounded slope over the (x, z)
coordinates. This correspond to my; > ry, £ # j in Lemma 2.7. The second
case is when m;, < r,. In that case we will use (z, w) as coordinates where
w =:Zs, § £ J maximizing mg — rs.

Step 1. We use again the coordinate change ® (x, ¥)=(x, y), with _# (®) ~
Y= 1x"/" as in (5). So,

Z Bt k r*‘ 1ﬁb—l+m

m=>0,s>—s;

[o ) = lw' s @l ~
x.y.84 w.Q

i

2
Lx,w.flff
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Hence,
2
m=>0,seZ Liw.fz’f

— sz 2(r+¢) 2h— 2+2md ¥ di d
= ik | it xd¥dy dy

mZO,sEZ

2(r+\)+(2b+2 )N

_ Z |Bi‘k 2fx|<,, |x] "
- m,s

m=>0,seZ 2b +2m

ik 12 25 | (2hpImINA2
2(r+
m>0,seZ 2b+2m % + 2b+2m)N +2

287

Since the L? norms are finite, we must have @ + 2b +2m)N > =2 if
Bj,;’fs # 0. Since 2b + 2m > 2b > 2 we can increase N so that the powers

28 4 (2b + 2m)N > 0 whenever BLK # 0.
All together we have obtained

| Bi:k |2 nL';” +Qb+2m)N+2

L PP Ll 1%

™
2

vk ek 2b+2m  2CED 4 (b 4 2m)N +2

m=>0,seZ

Step 2.
Case (i). We use the coordinate change

(8) W(x,¥) = (x,2)
V= (z—hj)k(x,2)
R(x,z) ~ x'/", teZ

P

K+(Z—h)—~x/”
3z

S (V) = —~x o

Bz

O Tl ~ L

ey 22,82

=t s®l:
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o IRCRDES

— Z Blk} / x| 5 g P dx dx dy dy

m=>0,s€Z
2D +(2m+2)Ndxdx

m=>0,seZ

2m 4+ 2
2(s—t) N7
W0 4 QmA2)N+2

_ Z Bik |2 n
" @m o+ 2) (2 + 2m 4+ 2)N +2)

m>0,seZ

where we choose N = 2bN and N sufficiently big to guarantee that N — = >

0.
We notice that the right hand side of (7) is of the same order of magnitude

as the right hand side of (9) hence,

< vl |
x,3.9f

Jus”| v’
Yo [lz2 . ~ Y |2
x.0k x.vﬂk

M R

Case (ii). We can write X as a graph (possibly multisheeted but unbranched)
over (z;, Z;), withs # j chosenasin the beginning of the proof of Lemma4.4 in
a neighborhood of Yik. We get x = X (2, 25), Yy =Y (2, 25), 2m = Zn (2}, Zs),
Im F Zj, Ls-

On Yl.k:
7y = Zs(x, Zj)

x =7z, 7))
2 = Z,(Zj(25, 7)), 7))
Differentiating the last equation with respect to z; we obtain:

3Zs 0Z;  men 37,
— ~X (Lemma 2.7)

© 9x gz, 0Zs
82] rs—mg (| |)
—_— ~ X =n = 0o(|xX

02

072,02 3Z,

T x 0z, az;

0Z;

=01) (Lemma 2.7)

0z

dZ;

S5~ o) = o(lx])
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Next, for £ # s, j,
20 = Ze(x, 7)) = Zu(Zi (25, 2)), 2))

9ze  0Z,0Z; _
9z,  Ox 0z,

OO =00

02 _ 32,37  3Ze _ o) o () + 6(1) = 0(1)

dz;  dx dz; 9z

The estimates show that the tangent space of X over the (z;, z;) plane has
uniformly bounded slope. As before this remains true in a tubular neighbor-

hood.
In this case we use the coordinate change

(L Y) — (1,2) —> (5. 25)

m

s—Ts

Since Z(A) = —% ~ x5 we have

mg—rs—t

F(AoW) ~x™5

Using similar arguments as in Case (i) we obtain

ik k
V, < ||v;
|| 0 H 2 ~ ” t” 2
LX,QI.‘ Lx.y Qk

i N

We have therefore reduced (5) to the case when

—1 n—1
k__ § : m § 2 ik p
Ui - W Mo ba,p,mx

m=1-b o=0 pel

4.4. Estimates in wa on X

LEMMA 4.6. There exists an integer K > O so thatif p < —K, then bf;’kp’m =0.

Proof. From Lemma 4.3 we know that for eachm =1 —b,..., —1,
o =0,...,n — 1 the functions

m ik P 2
1/f Ho Zbo,p,mx € nyy,fsz
peZ
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s/n

We have for ¥, u, estimates of the form ¢ ~ (y — g)%x and u, ~

xM+o/n Hence,

ms +<7

b M 2
o= g)m/ " ZbapmeEL 5.k

pel

Shrinking to a thinner neighborhood Qf ={ly — gl < x|V, |x| < R} we get:

”UkHL2 " > Z|bopm| / |x |2p+2M+2<mr+a) ly — g|2m/bdxdxdydy

pel
2/ ‘ |x|2p+2M+W+(zm/b+2)N
R
— Z|b:7 | x| <
p.m
v 242m/b

Hence 2p + 2M + 2('"”0) + @2m/b+2)N > -2 1fbgpm # 0.

REMARK 4.7. For later use, we observe that we have obtained the following
estimate:

ao [l
..

N

R2PT2M 2D 4 (2m [b+2)N+2

=
;’ @pm (2—|—2m/b)(2p +2M + 229D 4 Qm/b + )N +2)

Next, we would like to show that

(k) Yy MgaE,pmx”eLﬁ}X

foralargeenough]?andform:1—b,...,—1,0=0,...,n—1.

LEmMA 4.8. There exists aninteger T so thatif p € X \Qf close to the origin,
then |[Y"us (p)| < 1/|x|T forallm =1—b,...,—1,06 =0,...,n— 1.

ProofF. The ., are holomorphic functions on Cg which vanish along ¥ =
{(y =0)NX}\ Yl.k to higher order than v*~!. Hence, |/" ts| < 1 on some
tubular neighborhood Q = {p € X; d(p, £) < ||p|IV}. It remains to consider
points on X outside 2 U Qf . But there || > |x|* for some t. Since [, is
bounded, the Lemma follows.

Because of Lemma 4.6 we can put K=Tin (k).
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LEMMA 4.9. Foreachm =1 —b,...,—1,0 =0,...,n — 1 we have

< v
= v "
x,y.9

ik
[ Tt
p>T

x,y,X

Proor. Lemma 4.3 shows that the estimate holds when the L2 y,x-norm

of the left hand-side is replaced by the Li 3¢~ hOrm S0 it suffices to cons1der
X\ QF. Hence it suffices to show that || doper bﬁ,kp 2P| 2 < |lvf ”Liv.ﬁlf

where P, is the bidisc P, =: {|x|, |y| < n}. But, by Remark 4.7

o PP2TH2

p— _ 2 e k
E:bopm 7'[17 §:|Upm p—T+ls||U"HL2.~k
p>T Lx.y,P,, p>T AR

2

4.5. Estimates on X

We have decomposed vf in the following way;

S 3D R

m=1-bo=0 —K<p<T

-1 n-1
+ Z ZZb;kpmmeax”—i—vgk

m=1-b o=0 p>T
p
_Ai —i—Bi—l— ik

= Ay kT Y -

Next we modify the Hormander solution u i by subtracting from it Z(i, o B !
over all branching loci Yl.k (with b(i, k) > 1). All together we show:

PROPOSITION 4.10. There exist finitely many d-closed (0, 1) forms {v; };‘zl C

Li* so that if A is any d-closed form in L%, (near 0), then there exist unique
constants {c;} and a functionu € L)zcﬁygxfor which du = A—7_ cjv;. Moreover,

2
ue LX* loc*

PrROOF. Let uy be the Hormander solution in L? Then uy € L%(*,loc
except possibly on the branch-loci Yik with b(i, k) > 1. For each such Yik we
also considered local Hérmander solutions U,.k = Ul.k on neighborhoods Qf
Note that these were found in suitable (x, z;) coordinates over which X is
locally a graph perhaps without uniform bound on the slope as we approach

k
the singularity. Nevertheless, U;" € L2 X.loc*

x,y, X"
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We found a decomposition of Ul-k =uyg — Ul.k;

-1 n—1

d= XYY M

m=1-bo=0 —K<p<T

-1 n-1
b Y Y e 4ol

m=1-b o=0 p>T
_Ai +Bl —i—'Ui’k
— Yk k 0 -

Letu = uy — ) ;; B!. By Lemma 4.8 u is also a solution to du = A in
Lﬁ,y outside the branching loci. Hence u isin L3. . and solves du = A except
possibly on the curves UYik with b(i, k) > 1.

Next we investigate u near each branching curve Yik. On Qf \ Yl.k (after

shrinking) we have

Jloc

u=uy—y Bl =vf+U' =) B/ = A +B+v5" +Uf =) B]
j.l Jj.l .0

=A;;+[U;<_ ) Bg+ug;k]

(.0 #.k)
i Tk
= AL + Uk,

The function U} € L%moc on QF and solves U = A on QF (across YF).
ik
¢ Since vy
is holomorphic on QF it follows that U} € L%(*’loc on Q¥ and solves aU} =
there. The A} are possible obstructions to solving 9-globally.

We consider the operator

The B'Z are holomorphic on Qf since they are only singular on Qf Since v,

d(L) = (Al =CA

since there are finitely many pairs (i, k). Pick {v;} so that {®(v;)} is a basis for
the range of ®. Then for a given A there are constants {c;} so that @(X) =0if
A=Ar-Y ¢; v;j. For each such A the function u = ﬁi" on Q so we are done.

Everything that has been done for x = x;, ¥y = x, can be done for any pair
xi, xj withi < j. We let H,,,, denote the closed subset of finite codimension
of the d-closed (0, 1) forms in L3 for which all the corresponding {c;} vanish.
Then the forms from H,,,, are solvable with solutions in L)zci,x, which are in
Lg(*’loc. Suppose next that A € N;-;Hy,,, =: H. Hence there exist solutions
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{uy,x;} with 5ux,-x,- = A. The differences uy,y;, — Uy, =: fijrs, are holomorphic

on X* and belong to L%(*,loc'

Let (f( , X, ) be the normalization of X i.e. X is anormal holomorphic vari-
etyand 7: X — X is a finite branched holomorphic covering map of branching
order one which is a biholomorphism on X*. Let U be a neighborhood of 0 in
X. We consider the pull back 7* f; ., in =1 (U\0). Then t* f; irs 18 holomorhic
in 77!1(U \ 0) and belongs to L?ﬁ 0" Since X is a normal variety T* fijrs €X-
tends holomorphically to a full neighborhood of 0. Hence it is bounded in a
full neighborhood of 0. So, the f;;,, are bounded in a neighborhood of 0. But
then,

s lleg, D Mwllzz = D Mty =ty + 2z,

< Z [[Z2% ”Lﬁl__xj + Z ||f12ij||L§[_xj
S Mg + D Mfillz < 14

Hence u,,,, is a global solution on X*.
We conclude:

THEOREM 4.11. There exists a closed subspace H of finite codimension of
the set of 9-closed (0, 1) forms A in L?(’*E(r)w’ézo,e) and a linear operator T: H —

L2,(O,O)

X*rB(0.5) Jor some 8 < € and a constant C so that

AT =\

<
1ML, = Mg,
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