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ON WEAK HOLONOMY

BOGDAN ALEXANDROV*

Abstract

We prove that SU(n) (n > 3) and Sp(n)U(1) (n > 2) are the only connected Lie groups acting
transitively and effectively on some sphere which can be weak holonomy groups of a Riemannian
manifold without having to contain its holonomy group. In both cases the manifold is Kéhler.

1. Introduction

Let M be a Riemannian manifold and p be a fixed point in M. Recall that the
holonomy group Hol(p) at p is the group consisting of all parallel translations
7, along piecewise differentiable loops y based at p. The restricted holonomy
group Hol’(p) is the identity component of Hol(p) and consists of those 7,
for which y is homotopic to 0.

In 1955 M. Berger [2] found the finite list of the possible restricted holonomy
groups of the Riemannian manifolds which are neither locally reducible nor
locally symmetric. Later Simons [15] gave another proof of this result by
showing that the hypothesis that the manifold is locally irreducible and not
locally symmetric implies that Hol(p) acts transitively on the unit sphere in
the tangent space T, M. The list of connected Lie groups acting effectively and
transitively on some sphere is [13], [4], [5]

)
SO(m), U (n), SU(n), Sp(n), Sp(n)U (1), Sp(n) Sp(1), G,, Spin(7), Spin(9).

For each of these groups its representation on 7, M is isomorphic to its standard
representation: R” for SO(n), R** = C" for U(n) and SU(n), R** = H"
for Sp(n), Sp(n)U (1) and Sp(n) Sp(1), R” for G,, R® for Spin(7), R!® for
Spin(9). Now it is an easy observation that Sp(n)U (1) cannot be a (restricted)
holonomy group and so one obtains Berger’s list. It was proved later that
Hol’( p) = Spin(9) implies that the Riemannian manifold is locally symmetric
[1], [6] and that the other groups indeed appear as restricted holonomy groups
of non locally symmetric spaces (see e.g. [3], [7], [12]).
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It is well known that the Lie algebra of the holonomy group is determined
by the curvature. Thus, if Hol’(p) # SO(n), the curvature tensor will have
additional properties. Motivated by the search for weaker conditions which will
imply that the curvature satisfies some additional identities, A. Gray introduced
in 1971 the notion of weak holonomy group [11]. To define it one needs the
auxiliary notion of special subspace for a group. We will give two definitions.

DerNITION 1.1. Let T be a real representation of the group G. A subspace
P C T is called special if the following conditions are satisfied:

(i) There exists a proper subspace P’ C P such that g|p is determined by
glp forall g € G.

(i) If P/ ¢ P C P” and g|p~ is determined by g|p/ for all g € G, then
P’ =P.

We call P’ a generating subspace for the special subspace P.
Let us give some examples of special subspaces.

1) For the standard representation of SO(n) on R” the only special subspace
is P = R" and each (n — 1)-dimensional subspace P’ is a generating
subspace.

2) For the standard representation of U(n) on R? = C" the subspaces
P = span{x, Ix} are special ({ is the U (n)-invariant complex structure)
and P’ = span{x} is a generating subspace for P.

3) Consider the standard representation of G, on R7. Let ® : R’ x R7 —
R” be the G-invariant vector cross product [9]. Then each 2-dimensional
subspace P’ = span{x, y} generates a special subspace P = span{x, y,
®(x, ).

In these three examples the dimension of the special subspaces is minimal.

DerNITION 1.2. Let T be a real representation of the group G. A subspace
P C T is called special if the following conditions are satisfied:

(i) There exists a proper subspace P’ C P such that g(P) is determined by
g(P)forallg € G.

(i) If P ¢ P” C P and g(P”) is determined by g(P’) for all g € G, then
P"=P.

Again we call P’ a generating subspace for the special subspace P. The
above three examples are also examples of special subspaces according to
Definition 1.2 which have minimal dimension.

The reason we give two different (and clearly non-equivalent in general)
definitions of special subspaces is the following. In the original paper of
A. Gray [11] the definition of a special subspace is as Definition 1.1 but in
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(ii) the restrictions g|p» and g|p are replaced by the images g(P”) and g(P’)
respectively. In [6] the restrictions are replaced by images in both (i) and (ii).
It is clear that there are typographical errors in these definitions since in this
form they are useless: the only special subspace would be the whole space
T. The most straightforward correction is Definition 1.1 and this is also the
definition used by L. Schwachhofer in [14]. In Definition 1.2 we assume that
A. Gray meant indeed images instead of restrictions but in (ii) P” and P were
misplaced.

Let G be a connected Lie subgroup of SO(n) and P be a reduction of
the structure group O(n) of M to G, i.e., P is a principal G-bundle over
M which is a subbundle of the bundle of orthonormal frames. Each element
u € Pg defines an isometry between R" and 7, M, where p is the projection
of u. Fixing such a u allows us to consider G as a subgroup of SO(7,, M) and
also Hol(p) as a subgroup of SO(n).

DEerFINITION 1.3. The group G is called a weak holonomy group of M if
for each p € M and each differentiable loop y in M with y(0) = y(1) = p
there exists g € G such that 7, |p = g|p whenever P is a special subspace of
T, M of minimal dimension with y (0) € P.

Clearly, the definition does not depend on the choice of u € Pg.

Notice that a Riemannian manifold may have more than one weak holonomy
group. For example, any group G such that Hol(p) € G € SO(n) is a weak
holonomy group. Of course, the interesting situation is when G does not con-
tain Hol(p).

In [11], [10] A. Gray studied the question which groups from the list (1)
can be weak holonomy groups of a Riemannian manifold without contain-
ing its holonomy group. He proved that the groups U(n), SU(n) and G,
have this property, the groups SO(n) (for trivial reasons), Sp(n), Sp(n)U (1),
Sp(n) Sp(1) and Spin(7) do not, and the case G = Spin(9) remained un-
resolved. According to his results, weak holonomy group U (n) or SU(n) is
equivalent to the manifold being nearly Kihler, while weak holonomy group
G, is equivalent to the existence of a nearly parallel vector cross product on
M. His proofs relied on the following mysterious argument: If S is certain
G-invariant tensor on M (for example, the complex structure / if G is U (n) or
SU(n) or the vector cross product ® if G is G,), then G is a weak holonomy
group if and only if VxS(X, X5, ..., Xy) =0forall X, X5, ..., Xp.

Unfortunately, it turns out that this argument is not correct. In section 2 we
show that the simplest example of a nearly Kihler manifold, the 6-dimensional
sphere S®, does not have weak holonomy U (3) and that the simplest example of
a manifold with nearly parallel vector cross product, the 7-dimensional sphere
S7, does not have weak holonomy G,. Notice that this does not depend on that
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which of 1.1 and 1.2 is the correct definition of a special subspace since the
special subspaces for U (n), SU(n) and G, determined by Gray are the same
as in the above examples.

Because of this we consider again the above mentioned question studied by
Gray. We prove the following.

THEOREM 1.4. Whichever of Definition 1.1 and Definition 1.2 is used to
define the notion of special subspace, the only connected Lie groups which act
effectively and transitively on some sphere that can be weak holonomy groups
of a Riemannian manifold without containing its holonomy group are SU(n),
n >3, and Sp(n)U (1), n > 2. In both cases the manifold is Kdihler.

Simple examples of manifolds with weak holonomy SU(n) or Sp(rn)U (1)
can be obtained by taking small open neighbourhoods in Riemannian manifolds
with holonomy U (n) or U (2n) respectively. An interesting consequence of
Theorem 1.4 is that it is possible to have groups G’ C G” C G" so that G’
and G"” are weak holonomy groups but G” is not. For example, take G’ =
Sp(m)U (1), G” = Sp(n) Sp(1), G = SO(4n). Another curious fact is that,
with the exception of Sp(n), for all groups from the list (1) the special subspaces
according to Definition 1.1 and according to Definition 1.2 are the same.

2. Examples

Let (-,-) be the standard inner product in R*t1 Denote by ey, ..., e,q1 the
standard basis of R"*! and by e!, ..., ¢"*! its dual basis. We use the notation
el = el A ... A e'*. Let go be the standard metric on the unit sphere
§"  R"™ ! and V (resp. V') be the Levi-Civita connection of " (resp. R"*1).
We have

VyY = VxY — (X, Yy)x, XeTlS', Yel(TS").

Let x, be a smooth curve on " and let ¥ denote the parallel translation from
T.,S" to T, S" along x;. If Xy € T,,,S" and X, := tlo(Xo), then X, satisfies
dX,
dt

Let w be a parallel (k + 1)-form on R**!. Define Q, (X1, ..., X;) = o(x, X1,
..., Xy) for x € §". Then Q is a k-form on S” which satisfies

= — (X, X/)x;.

VxQ(X, Xp,..., X)) =0 forall X, X,,..., Xy.

ExAMPLE 2.1. Consider the 2-form Q on S, defined by Q.(X,Y) =
¢(x, X, Y), where the 3-form ¢ on R” is

¢ = 6123 +el45 _ 6167 +6246 +6257 +€347 _ 6356.



ON WEAK HOLONOMY 173

The 2-form €2 is non-degenerate and therefore it defines an almost complex
structure I compatible with gy on S via the equation go(I1X,Y) = Q(X, Y).
The 3-form ¢ is parallel on R7, so  satisfies VxQ(X, Y) = 0. This means,
by definition, that (S°, go, I) is a nearly Kihler manifold.

Fixr € (0, 1) and let

x, = (rcost,rsint, 0,v/1—17r2,0,0,0) € S°.
Let Xg := %9 = (0,r,0,0,0,0,0). Then

rsin((1+V1—r2)r)  rsin((l = v1-r?))
2(14++/1—=r2) 2(1 —/1=7r2)

rPeos((1+v1—r2y) | ricos((1=VT—1"))
201+ V1 —1r2) 20-V1—r2)

0, —r*sin(v/1 — r2),0,0, o).

X, = 1)(Xo) = (—

We have Yy := 1 Xy = (0,0,72,0,0, —r+/1 —r2,0) and ¥, := t°(Yp) = Y.

The subspace P := span{Xy, Yy} is a special subspace of minimal dimen-
sion for U (3) and SU(3). We have x,, = x¢p and xg = Xo € P.If U(3) (or
SU(3)) were a weak holonomy group for S°, then there would exist g € U (3)
(or SU(3)) such that =y | » = g|p. This means

Xor = 19, (X0) = §(X0),  Yar = 19, (Yo) = g(Yo) = g(IXo) = 1g(Xo).

Hence I Xo, = Yor = Yy = X0, i.e., Xor = Xo. But X3, = rcos(v1—r2-
27r) #r= Xé, a contradiction.

Thus, although (S, g, I) is nearly Kihler, it does not have weak holonomy
group U (3) or SU(3).

ExAMPLE 2.2. Consider the 3-form ¢ on S’ defined by ¢, (X, Y, Z) =
0(x, X, Y, Z), where the 4-form 6 on R3 is

0 = 61234 +€1256 _ 61278 +€1357 +el368 +€1458 _ 61467

4 65678 _ 63456 4 62457 _ 62358 4 62367 4 63478 + 62468.

The 3-form ¢ is non-degenerate and defines a reduction of the structure group
of (87, go) to G,. The corresponding vector cross product ® is defined by
20(®(X,Y), Z) = ¢(X, Y, Z). The 4-form @ is parallel on R®, so ¢ satisfies
Vxo(X,Y,Z) = 0. Thus (S7, g9, ) is a manifold with nearly parallel vector
cross product [9].
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Fixr € (0, 1) and let
x, = (rcost, rsint, 0,v/1—r2,0,0,0,0) e §.
Let Xo := xy = (0,r,0,0,0,0,0,0). Then
r3 sin((l + M)t) B r3 sin((l - M)t)

X, =1 (Xo) = (—

201+ V1 =r?) 201 =V1=77%)
reos((L4 VI-r2)r) | rieos((1 = VT - r2)i)
201+ V1 =r?) 21 = vV1=77)

0, —r*sin(v/'1 —r21),0,0,0, o).

Take Yy := (0,0,7%,0,0, —r+/1 —r2,0,0). Then ¥, := 7 (¥y) = Y.
Let Zy = ®(Xy, Yy) = (—r>v/1—7r2,0,0,r* r3V/1—7r2,0,0, r2(1 —
r?)). Then

ricos((1++/1—r2)t) ricos((1 —+1—r?))

Z,:=1)(Zo) = (

2(1 + /1 —=7r2) 20 —/1=7r2)
rsin((1+~1—r2))  rsin((1 — V1 —r?))
2(1 ++/1=7r2) 20 —/1=72)
0, r*cos(v/1 —r2t), r’v/1—r2,0,0,r*(1 — r2)>.
The subspace P := span{Xy, Yo, Zo} is a special subspace of minimal di-

mension for G,. We have x,, = xo and xo = X € P. If G, were a weak
holonomy group for S7, then there would exist g € G, such that t) |p = g|p.
This means

Xox = 15, (Xo) = 8(Xo),  Yar = 13, (Yo) = g(Y0),
Zox = 1, (Z0) = 8(Zo) = g(®(Xo, ¥p)) = P(g(X0), g(¥o)),
i.e., Zyx = © (X2, Yor). But
Z5, =1 =r2 £r/1=r2cos(V1 = r2 - 27) = ®(Xaz, Yor)’,

a contradiction.
Thus, although (S7, go, ®) is a Riemannian manifold with nearly parallel
vector cross product, it does not have weak holonomy group G».
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3. Determination of the minimal special subspaces

In this section we determine the special subspaces of minimal dimension for
the connected Lie groups acting transitively and effectively on some sphere
according to Definition 1.1 and Definition 1.2 respectively.

3.1. Minimal special subspaces according to Definition 1.1

Let T be a real representation of the group G. For a subspace P C T in this
subsection we denote Gp = {g € G : g(x) = xVx € P}. Clearly, if P’ C P,
then Gp 2 Gp.

The following lemma is an obvious reformulation of Definition 1.1.

LEMMA 3.1. Let P’ C T be a subspace and let P be the maximal subspace
of T on which G p acts trivially. If P contains P’ strictly, then P is a special
subspace for G generated by P'. Every special subspace arises in this way.

If P is a special subspace generated by P’, then Gpr = Gp. Thus two
different subspaces P| and P, generate the same special subspace iff Gp; =
Gp;.

As an extreme example let us consider the situation in which a special
subspace P is generated by P’ = {0}. Since Gpr = G, we obtain Gp = G,
i.e., there exists a non-trivial subspace of T on which G acts trivially and P is
the maximal such subspace.

The groups we are interested in act transitively on the unit sphere in 7.
So for them dim P’ > 1 and therefore dim P > 2. In particular, if we find a
special subspace P with dim P = 2, then it is a minimal special subspace.

In the rest of this subsection we determine the minimal special subspaces
for the groups from the list (1).

1) G = SO(n)

If P/ C R", dim P’ = m, then Gpr = SO(n — m) and the orthogonal
complement P'* of P'is the standard real irreducible representation of SO(n —
m). Thus P+ contains a subspace on which G p: acts trivially only if n—m = 1.
Therefore the only special subspace for SO(n) is P = R", generated by an
arbitrary (n — 1)-dimensional subspace P’.

2G6=Um),n>2

Let I be the endomorphism of R?" which corresponds to the multiplication
by i in C" under the identification C* = R?". Then, considered as a subgroup
of SO(2n), U(n) = {g € SO(2n) : g(I) = I}.

Let P’ = span{x} C R*. Then Gpr = U(n — 1) and

R*" = span{x, Ix} @ span{x, Ix}*.
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Gp = U(n—1) acts trivially on span{x, Ix} and span{x, /x}* is the standard
real 2(n — 1)-dimensional irreducible representation of U(n — 1). Thus P =
span{x, Ix} is a special subspace for U (n) generated by P’ and has minimal
dimension.

3)G =SU(n),n >3

Let P’ = span{x} C R?. Then Gp = SU(n — 1) and R?" decomposes
as in the previous case. Gpr = SU(n — 1) acts trivially on span{x, Ix},
while span{x, Ix}* is the standard real 2(n — 1)-dimensional representation
of SU(n — 1), which is irreducible since n — 1 > 2. Thus P = span{x, Ix} is

a special subspace for SU(n) generated by P’ and has minimal dimension.

4) G = Sp(n)

Let I, J, K be the endomorphisms of R*" which correspond respectively
to the multiplication by —i, — j, —k on the right in H” under the identification
H" = R*. Then the group Sp(n) = {A € GL(n,H) : A'A = 1}, considered
as a subgroup of SO(4n) under the above identification, is Sp(n) = {g €
SO@n) : g() =1,8(J) = J, g(K) = K}.

Let P’ = span{x} C R*". Then Gp = Sp(n — 1) and

R = span{x, Ix, Jx, Kx} & span{x, Ix, Jx, Kx}t.

Gp = Sp(n—1) acts trivially on span{x, Ix, Jx, Kx}, while span{x, Ix, Jx,
K x}* is the standard real 4(n — 1)-dimensional irreducible representation of
Sp(n—1). Thus P = span{x, Ix, Jx, Kx}is a4-dimensional special subspace
generated by P’.

If dim P’ > 1, then either P’ C span{x, Ix, Jx, Kx} or there exists
0 # y € P’ such that y ¢ span{x, Ix, Jx, Kx}. In the first case the spe-
cial subspace P generated by P’ is the same as above. In the second one G p-
acts trivially on span{x, Ix, Jx, Kx} @ span{y, Iy, Jy, Ky},i.e.,dim P > 8.

Thus the minimal special subspaces for Sp(n) are 4-dimensional and have
the form P = span{x, Ix, Jx, Kx}.

5)G=Spm)U(1),n>2

By definition Sp(r)U (1) = (Sp(n) x U(1))/z,. We identify U(1) = e
C C H. Then the action of Sp(rn)U (1) on H" is given as follows: if x € H",
g =[A,a] € Sp(n)U(1), where A € Sp(n),a € U(1), then g(x) = Axa~!.
Thus, under the identification H" = R*', Sp(n)U (1) becomes Sp(n)U (1) =
{g € SO@n) : g(I) =1, g(span{J, K}) = span{J, K}}.

Let P’ = span{x} C R*. Without loss of generality we can assume that
x =e; € H". We have Gp: = Sp(n — 1)U (1), where the embedding Sp(n —
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DHU1) <= Sp(n)U(1) is given by [B, a] — [A, a] with

A= (g g) € Sp(n) C GL(n, H).

Now
R* = span{x, Ix} @ span{Jx, Kx} @ span{x, Ix, Jx, Kx}*

and Gp = Sp(n — 1)U(1) acts trivially on span{x, /x}, irreducibly on
span{Jx, Kx} (because the U(1)-part acts irreducibly on this space) and
span{x, Ix, Jx, Kx}* is the standard real 4(n — 1)-dimensional irreducible
representation of Sp(n — 1)U (1). Thus P = span{x, Ix} is a special subspace
for Sp(n)U (1) generated by P’ and has minimal dimension.

Notice that this result differs from the one in [11] where it is claimed that
the minimal special subspaces for Sp(n)U (1) are 4-dimensional and have the
form span{x, Ix, Jx, Kx}.

6) G = Sp(n) Sp(1),n > 2

By definition Sp(n) Sp(1) = (Sp(n) x Sp(1))/z,. We identify Sp(1) =
S3 C H. Then the action of Sp(n) Sp(1) on H" is given as follows: if x € H",
g =[A,a] € Sp(n) Sp(1), where A € Sp(n), a € Sp(1), then g(x) = Axa~'.
Thus, under the identification H" = R*", Sp(n) Sp(1) becomes Sp(n) Sp(1) =
{g € SO(4n) : g(span{l, J, K}) = span{l, J, K}}.

Let P’ = span{x} C R*. Without loss of generality we can assume that
x =e; € H'. We have Gp = Sp(n — 1) Sp(1), where the embedding Sp(n —
1) Sp(1) = Sp(n) Sp(1) is given by [B, a] — [A, a] with

A= (g g) € Sp(n) C GL(n, H).

We have
R" = P' @ span{/x, Jx, Kx} @ span{x, Ix, Jx, Kx}*.

G p = Sp(n — 1) Sp(1) acts irreducibly on span{/x, Jx, K x} (because this is
isomorphic to the adjoint representation of the Sp(1)-part) and span{x, Ix, Jx,
K x}* is the standard real 4(n — 1)-dimensional irreducible representation of
Sp(n — 1) Sp(1). Thus the maximal subspace on which G p: acts trivially is P’
itself and therefore P’ does not generate any special subspace.

Let now P’ = span{x, y} be 2-dimensional.

a)y € span{/x, Jx, Kx}

Without loss of generality we can assume that y = Ix. Then Gp: = Sp(n —
1)U (1) embedded in Sp(n)U (1) C Sp(n)Sp(l) as in 5). As we saw in 5),
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span{Jx, Kx} and span{x, Ix, Jx, Kx}* are irreducible representations of
Sp(n — D)U(1). Thus the maximal subspace on which G p: acts trivially is P’
itself and therefore P’ does not generate any special subspace.

b) y € span{x, Ix, Jx, Kx}*

Then G p = Sp(n — 2) Sp(1),

R" = P @ span{lx, Jx, Kx} @ span{ly, Jy, Ky}
@ spanfx, Ix, Jx, Kx,y, Iy, Jy, Ky}*

and span{/x, Jx, Kx}, span{ly, Jy, Ky} and span{x, Ix, Jx, Kx,y, Iy,
Jy, Ky}t are irreducible representations of Sp(n — 2) Sp(1) (if n = 2, then
Gp = SO(Q3), span{x, Ix, Jx,Kx,y, 1y, Jy, Ky}L = 0 and span{/x, Jx,
Kx} and span{/y, Jy, Ky} are isomorphic to the adjoint representation of
SO(3), i.e., again irreducible). So again P’ does not generate any special sub-
space.

c)y =y +y,0# y €span{lx, Jx, Kx}, 0 # y, € span{x, Ix, Jx,
Kx}t

Without loss of generality x = e; € H", y; = Ax = Ale;, A > 0,
Y2 =¢€ € H".

If g € Sp(n — 1) Sp(1) is such that g(y) = y, then g(y;) = y; and
8(y2) = y2. Hence Gpr = Sp(n— 1)U (1)NSp(n—2) Sp(1) = Sp(n—2)U (1),
embedded in Sp(n) Sp(1) through [B, a] — [A, a] with

a 0 O
A= (0 a 0) € Sp(n) C GL(n, H).
0 0 B

We have

R* = span{x, Ix, y2, Iy,} ® span{Jx, Kx} @ span{Jy, Ky}
@ span{x, Ix, Jx, Kx, 2, Iy2, Jy2, Kyo} .

G p/ acts trivially on span{x, Ix, y,, Iy,}, while the other summands are ir-
reducible representations of G p: (this is true also for n = 2: in this case
Gp = U(1) and the last summand is O, but {Jx, Kx} and span{Jy,, Ky,} are
again irreducible representations of U (1)).

Thus the 4-dimensional subspaces P = span{x, Lx, y,, Ly} with L €
span{l, J, K}, y, € span{x, Ix, Jx, Kx}*, are special subspaces for Sp(n)
Sp(1) of minimal dimension.

If we take P’ = span{x, Ix, Jx}, then Gp = Sp(n — 1) and

R¥ = span{x, Ix, Jx, Kx} & span{x, Ix, Jx, Kx}*t.
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Thus we see as in 4) that P = span{x, Ix, Jx, Kx} is also a special subspace
for Sp(n) Sp(1) of minimal dimension.

It is straightforward to show that there are no other special subspaces for
Sp(n) Sp(1) of minimal dimension (but we shall not need that). Notice that in
[11] only the subspaces of the type P = span{x, Ix, Jx, Kx} were identified
as minimal special subspaces for Sp(n) Sp(1).

G =G,

Let ¢ be the 3-form on R” defined in Example 2.1 in section 2 and the vector
cross product ® : R” x R” — R7 be defined by (®(x, y), z) = ¢(x, y, 2).
Then, as a subgroup of SO(7), G, = {g € SO(7) : g(¢) = ¢} = {g € SO(7) :
g(®) = d).

Let P’ = span{x} C R7. Then Gp: = SU(3). We have R’ = P’ ® P+ and
P’ is the standard real 6-dimensional irreducible representation of SU(3).
Therefore P’ does not generate any special subspace.

Let P’ = span{x, y} be 2-dimensional. Then Gp. = SU(2) (cf. case 3)
above) and

R” = span{x, y, ®(x, y)} @ span{x, y, ®(x, y)}*.

G p = SU(2) acts trivially on span{x, y, ®(x, y)}, whilespan{x, y, ®(x, y)}*
is the standard real 4-dimensional irreducible representation of SU(2). Thus
P = span{x, y, ®(x, y)} is a special subspace for G, of minimal dimension
(three) generated by P’.

8) G = Spin(7)

Let 0 be the 4-form on R® defined in Example 2.2 in section 2 and the
triple vector cross product (cf [9]) ® : R® x R® x R® — R® be defined by
(O, y,2), w) = 0(x,y,z,w). Then, as a subgroup of SO(8), Spin(7) =
{g € SO(B) : g(0) =0} = {g € SOB) : g(®) = B}.

Let P’ = span{x} C R®. Then Gp = G, and P'* is the standard real
7-dimensional irreducible representation of G,. Hence P’ does not generate
any special subspace.

Let P’ = span{x, y} be 2-dimensional. Then Gp: = SU(3) (cf. case 7)
above) and P'* is the standard real 6-dimensional irreducible representation
of SU(3). So again P’ does not generate any special subspace.

Let P’ = span{x, y, z} be 3-dimensional. Then G pr = SU(2) and

R® = span{x, y, z, O(x, v, 2)} ® span{x, y, z, O(x, y, 2)}*.

G pr = SU(2) acts trivially on the first space, while the second is the standard
real 4-dimensional irreducible representation of SU(2). Thus P = spanf{x, y,
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Z,®(x, v, z)} is a special subspace for Spin(7) of minimal dimension (four)
generated by P’.

9) G = Spin(9)

This case resembles the case G = Sp(n) Sp(1).

Let Iy, ..., Io be the generators of the Clifford algebra CI(R®, —(-,-)), con-
sidered as endomorphisms of its 16-dimensional real representation R'®. They

satisfy
2 =1, =1, Ilg = —Igly, a #B.

The group Spin(9), considered as a subgroup of SO(16), is [8] Spin(9) = {g €
SO(16) : g(span{ly, ..., Ig}) = span{ly, ..., Iy}}.

Let P’ = span{x} C R!®. Then Gp = Spin(7) and P'"* = U @ V,
where U is the real 7-dimensional irreducible representation of Spin(7) (via
the projection Spin(7) —> SO(7)) and V is the real 8-dimensional irreducible
representation of Spin(7) (i.e., the real spin representation). Hence P’ does not
generate any special subspace.

Let P’ = span{x, y} be 2-dimensional.

a)yeU

Then G p: is the subgroup of Spin(7) which projects on SO(6), i.e., Gp =
Spin(6). We have R'® = P’® W, @V, where W, is the orthogonal complement
of span{y} in U. Hence W, is the real 6-dimensional irreducible representa-
tion of Spin(6) (through the projection Spin(6) — SO(6)) and V is the real
8-dimensional irreducible representation of Spin(6) (i.e., the real spin repres-
entation). Thus in this case P’ does not generate any special subspace.

byyeV

Then G p = G, (cf case 8) above). We have R'® = P’ @ U @ W,, where W,
is the orthogonal complement of span{y} in V. U and W, are both isomorphic
to the standard real 7-dimensional irreducible representation of G pr = G;. So
again P’ does not generate any special subspace.

AOy=yn+y0#y €U, 0#£neV

If g € Spin(7) is such that g(y) = y, then g(y1) = y1, g(y2) = y». Hence
G p = Spin(6) NG, = SU(3) (because the subgroup of G, preserving y; € U
is SU(3)).

Let |[x| = 1 = |y,|. Let I € span{l, ..., Iy} be the endomorphism de-
termined by x, i.e., the unique element of span{Ii, ..., Iy} such that /> = 1,
Ix = x (I is explicitly given by I = 22:1 (Iyx, x)1y). Then span{x} @ U and
V are the eigenspaces of I for +1 and —1 respectively and V = span{Jx : J €
span{l, ..., Iy}, J LI}. Lety, = Jx. Then J is G p/-invariant. If Wj is the or-
thogonal complement of span{x, y;} in U and W, the orthogonal complement
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of span{y,, Jy} in V, we have
R'® = span{x, yi, y2, Jy1} & W3 & Wy,

Gp = SU(3) acts trivially on span{x, y;, y», Jy1}, while W5 and W, are
isomorphic to the standard real 6-dimensional irreducible representation of
SU@3).

Thus P = span{x, y;, y2, Jy1}is a special subspace for Spin(9) of minimal
dimension generated by P’.

It is straightforward to see that every minimal special subspace for Spin(9)
has this form (but we shall not need that). Notice that the minimal special
subspaces for Spin(9) have dimension 4 in contrast to the result in [11] where
it is claimed that they are 8-dimensional.

3.2. Minimal special subspaces according to Definition 1.2

Let T be a real representation of the group G. For a subspace P C T in this
subsection we denote Gp = {g € G : g(P) = P}. The other notations are as
in the previous subsection.

Definition 1.2 is equivalent to the following.

LEMMA 3.2. Let P’ be a proper subspace of T. Let P be a subspace of T
which strictly contains P’ and such that g(P) = P for each g € Gp. If there
does not exist any subspace P" such that P C P” C P and g(P") = P” for
each g € G pi, then P is a special subspace for G generated by P’.

Notice that, since g(T) = T for each g € Gp/, every proper subspace
P’ C T generates a special subspace according to Definition 1.2, which is not
the case with Definition 1.1.

The determination of the special subspaces simplifies for subgroups of
SO(n).

LEmMA 3.3. Let G preserve an inner productonT. Then P C T is a special
subspace generated by P' C T iff P = P' & V, where {0} # V C P'* isan
irreducible G p:-representation.

If P’ = {0}, then Gp = G. Thus, if we suppose that T is an irreducible
representation of G, then the special subspace generated by P’ = {0} is T.
Therefore, when looking for the minimal special subspaces, we can always
assume that the generating subspace P’ has dim P’ > 1 and hence the minimal
special subspaces are at least 2-dimensional.

In the remainder of this subsection we determine the minimal special sub-
spaces for the groups from the list (1).

1) G = SO(n)
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If P C R",dim P’ = m, then Gp: = SO(m) x SO(n — m) and Ptis
irreducible with respect to G p:. Thus the only special subspace for SO(n) is
the whole space R".

2G=Um),n=>2
Let P’ = span{x} C R*". Then Gp' = U(n — 1) and the decomposition of
P'* into irreducible U (n — 1)-representations is

Pt = span{/x} @ span{x, Ix}*.

Thus the minimal special subspaces for U (n) are P = span{x, [x}.

3)G=SU@n),n>3

Let P’ = span{x} C R*. Then Gp. = SU(n — 1) and the decompos-
ition of P'* into irreducible SU(n — 1)-representations is the same as in
the previous case. Hence the minimal special subspaces for SU(n) are also
P = span{x, Ix}.

4) G = Sp(n)
Let P’ = span{x} C R*". Then G p» = Sp(n — 1) and we have the following
decomposition of P'* into irreducible Sp(n — 1)-representations:

Pt = span{/x} & span{Jx} & span{K x} @ span{x, Ix, Jx, Kx}*t.

Therefore the minimal special subspaces for Sp(n) are 2-dimensional and have
the form P = span{x, Lx}, where L € span{/, J, K}.

5)G=Spm)U(1),n>2

Let P’ = span{x} C R*. Then Gp = Sp(n — 1)U(1), embedded in
Sp(n)U (1) as in 5) in the previous subsection. The decomposition of P’ L into
irreducible G p.-representations is

Pt = span{/x} @ span{Jx, Kx} @ span{x, Ix, Jx, Kx}*.

Hence the minimal special subspaces for Sp(n)U (1) are 2-dimensional and
have the form P = span{x, Ix}.

6) G = Sp(n) Sp(1),n > 2

Let P’ = span{x} C R*. Then Gp. = Sp(n — 1)Sp(1), embedded in
Sp(n) Sp(1) as in 6) in the previous subsection. The decomposition of P’ =
into irreducible G p.-representations is

Pt = span{/x, Jx, Kx} @ span{x, Ix, Jx, Kx}*.
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Thus the special subspace generated by P’, which has smaller dimension, is
P = span{x, Ix, Jx, Kx}. We shall see that P is indeed a special subspace of
minimal dimension for Sp(n) Sp(1).

Now let P’ = span{x, y} be 2-dimensional.

a) y € span{/x, Jx, Kx}

Without loss of generality we can assume that y = Ix. Obviously Gp: 2
Sp(n — 1)U (1). The decomposition of P’ L into irreducible Sp(n — 1H)U(1)-
representations is

L

P~ =span{Jx, Kx} @ span{x, Ix, Jx, Kx}l.

These spaces are also G p/-invariant and therefore the special subspace of smal-
ler dimension generated by P’ is again P = span{x, Ix, Jx, Kx}.

b) y € span{x, Ix, Jx, Kx}*

Then Gp 2 Sp(n — 2) Sp(1). The decomposition of P’* into irreducible
Sp(n — 2) Sp(1)-representations is

P'" = span{lx, Jx, Kx} @ span{ly, Jy, Ky}
@ span{x, Ix, Jx, Kx,y, Iy, Jy, Ky}l

and the decomposition with respect to G p: cannot be finer. Therefore the special
subspaces generated by P’ are at least 5-dimensional, i.e., they are not special
subspaces of minimal dimension for Sp(n) Sp(1).

)y =y 4+ y2,0# y €span{lx, Jx, Kx}, 0 # y, € span{x, Ix, Jx,
Kx}t

Without loss of generality x = e; € H", y; = Alx = Ale, A > 0,
yva=e €H".ThenGp = U(1) x ((Sp(n —2) x H)/z,), where

H={a+pi:a’>+p>=1}U{aj + Bk:a®>+p> =1} c Sp(1)
(i.e., H = Pin(2)). The group U(1) x ((Sp(n — 2) x H)/z,) is embedded

in Sp(n) Sp(1) in the following way: (¢'¢, [B, a]) — [A, a] € Sp(n) Sp(1),
where

iAsing &, 81N @
(wo+ 750) e FEme o
A= sin @ iAsing
ﬁ-a SL,(cosrp—ﬁ)-a 0
0 0 B

€ Sp(n) C GL(n, H),
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withe, = lifa =a+ Biand e, = —1ifa = aj + Bk (i.e., &, = det(w(a)),
where 7w : Pin(2) —> O(2) is the projection). The decomposition of P’ L
into irreducible G p.-representations is

P'" = span{—Ix + Ay, Iy,} ® span{Jx, Kx, Jy, Ky»}
@ span{x, Ix, Jx, Kx, y2, Iy2, Jy2. Kyo}.

Thus P = span{x, Ix, y,, Iy,} is the special subspace of smallest dimension
generated by P’.

So we see that the minimal special subspaces for Sp(n) Sp(1) are 4-dimen-
sional and that all subspaces P = span{x, Lx, y, Ly}, where L € span{/, J,
K} and y1 span{x, Lx}, are special for Sp(n) Sp(1) of minimal dimension. It
can be shown that these are all special subspaces for Sp(n) Sp(1) of minimal
dimension (but we shall not need that).

G =G,

Let P’ = span{x} C R’. Then Gp: = SU(3) and P’ 1 is an irreducible
representation of SU(3). Thus the only special subspace generated by P’ is the
whole space R’.

Let P’ = span{x, y} be 2-dimensional. Then Gp: 2 SU(2). The decom-
position of P’ * into irreducible SU(2) -representations is

P'" = span{®@(x, y)} @ span{x, y, d(x, y)}*-.

These spaces are also G p/-invariant and therefore this is also the decomposi-
tion of P’* into irreducible G pr-representations. Thus the minimal special sub-
spaces for G, are 3-dimensional and have the form P = span{x, y, ®(x, y)}.

8) G = Spin(7)

Let P’ = span{x} C R®. Then G p» = G, and P’* is an irreducible repres-
entation of G,. Thus the only special subspace generated by P’ is the whole
space R®.

Let P’ = span{x, y} be 2-dimensional. Then G p 2 SU(3) and Pt s an
irreducible representation of SU(3) and therefore also of Gp/. So again the
only special subspace generated by P’ is the whole space R®.

Let P’ = span{x, y, z} be 3-dimensional. Then G p: 2 SU(2). The decom-
position of P'* into irreducible SU(2) -representations is

P = span{©(x, y, 2)} @ span{x, y, z, O(x, y, 2)}*.

These spaces are also preserved by Gp: and therefore this is also the de-
composition of P'* into irreducible G pr-representations. Hence the minimal
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special subspaces for Spin(7) are 4-dimensional and have the form P =
span{x, y, z, O(x, y, 2)}.

9) G = Spin(9)

Let P’ = span{x} C R!®. Then Gp = Spin(7) and the decomposition of
P'* into irreducible Spin(7)-representations is Pt = U@®V.Thusthe special
subspaces generated by P’ are P’ @ U and P’ @ V and they have dimensions
8 and 9 respectively.

Let P’ = span{x, y} be 2-dimensional.

a)yeU

Then G pr 2 Spin(6) and the decomposition of P’ L intoirreducible Spin(6)-
representations is P'Y = W, ® V. Thus the special subspace of smallest
dimension generated by P’ is at least 8-dimensional.

byyeV

Then G pr 2 G, and the decomposition of P'*intoirreducible G,-represen-
tations is P'* = U @ W,. Thus the special subspace of smallest dimension
generated by P’ is at least 9-dimensional.

Ay=y+y0#ye€lU,0#necV

Without loss of generality |x| = 1 = |y,|. Let |y;]| = A and I,J €
span{/y, ..., Iy} be asin 9c) in the previous subsection. We have G p» 2 SU(3)
and the decomposition of P’ * into irreducible SU(3)-representations is

P = span{—y; + A2y} @ span{Jy;} & W5 ® Wa.

It is not hard to see that span{—y; + A%y,, Jy,} is G p-invariant and G p-
irreducible. Thus the special subspace of smallest dimension generated by P’
is P = span{x, y1, y2, Jy1}.

So the special subspaces of this type are special subspaces of minimal
dimension for Spin(9) (and every minimal special subspace for Spin(9) has
this form but we shall not use that).

4. Proof of Theorem 1.4

Let G be a connected Lie subgroup of SO(n) and M be a Riemannian manifold
whose structure group is reduced to G.

LEMMA 4.1. Let the Lie group G be compact. Suppose the subspace P <
T,M is such that for each differentiable loop y in M with y (0) = y(1) = p
and y(0) € P there exists g € G satisfying t,|p = g|p. Then for each
a € Hol(p) there exists g € G such thatalp = g|p.

PRrROOF. Let y be a piecewise differentiable loop based at p with y(0) € P.
There exists a continuous family of loops y; based at p such that yy = y, y;s
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is differentiable for s > 0 and y,(0) = y(0). The parallel translation along
a curve is a solution of an ODE and therefore 7, is continuous with respect
to s. In particular, we obtain that there is a sequence of differentiable loops
vk such that y,(0) = y(0) € P and r,, —> 7, as k —> oo. Thus there
exist gr € G such that 7,,|p = gix|p. Because of the compactness of G we
can assume that the sequence g; is convergent. Let g € G be its limit. Then
7,|p = g|p. Hence the property in the hypothesis of Lemma 4.1 is true also
for piecewise differentiable loops.

Let a € Hol(p). Then a = t; for some piecewise differentiable loop §
basedat p. If u = §oy~'oy, wehave 7, = 15 = a. Since 1(0) = y(0) € P,
there exists g € G such that 7, |p = g|p,1e.,alp = glp.

Now let M be a Riemannian manifold with weak holonomy G, where G is
one of the groups in the list (1). The results of the previous section show that
if G # Sp(n) the notion *weak holonomy group G’ is independent of which
of the two definitions of special subspace is used.

1) G = SO(n)
There is nothing to prove in this case.

2G=Um),n=>2

Leta € Hol(p). If x € T,M, then P = span{x, /x} is a special subspace
of minimal dimension. Definition 1.3 and Lemma 4.1 imply that there exists
g € U(n) such thata(x) = g(x),a(Ix) = g(Ix). Butgo I = I o g. Hence
a(Ix) = la(x) foreachx € T,M,i.e.,a € U(n). Thus Hol(p) C U(n).

3) G =SU(n),n >3

As in the previous case Hol(p) C U (n). Manifolds with weak holonomy
SU(n) and holonomy U (n) do exist. For example, every sufficiently small
neighbourhood in a manifold with holonomy U (n) has this property.

4) G = Sp(n)

Leta € Hol(p),x € T,M.

If we use Definition 1.1 to define the special subspaces, then P = span{x,
Ix, Jx, Kx} is a special subspace of minimal dimension. Hence, by Defini-
tion 1.3 and Lemma 4.1 there exists g € Sp(n) such that

a(x) =gx), a(x)=glx), a(Jx)=g(Jx), a(Kx)=g(Kx).
But g commutes with 7, J, K and therefore
a(Ix) =Ia(x), a(Jx)=Jalkx), a(Kx)=Ka(x)

for each x € T,M. Thus also a € Sp(n), i.e., Hol(p) € Sp(n).
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If we use Definition 1.2 to define the special subspaces, then span{x, /x},
span{x, Jx}, span{x, Kx} are special subspaces of minimal dimension. As in
case 2) this implies that a commutes with /1, J, K, i.e., again Hol(p) C Sp(n).

5) G =Spn)U(1),n =2

Asincase 2) Hol(p) € U (2n). Manifolds with weak holonomy Sp(n)U (1)
and holonomy U (2n) do exist. For example, one can take a sufficiently small
neighbourhood in a manifold with holonomy U (2r).

6) G = Sp(n) Sp(1),n > 2

Leta € Hol(p), x € T,M, L € span{l, J, K}, y € span{x, Lx}*. Then
P = span{x, Lx, y, Ly} is a special subspace of minimal dimension. By
Definition 1.3 and Lemma 4.1 there exists g € Sp(n) Sp(1) such that a|p =
glp. Since g € Sp(n) Sp(1), g(L) =al + BJ + y K. Hence

a(Lx) = g(Lx) = g(L)g(x) = g(L)a(x) = ala(x) + pJa(x) +y Ka(x).

But la(x), Ja(x), Ka(x) are linearly independent and so «, 8, y depend only
ona(Lx) and a(x) and not on g.
The equality a|p = g|p implies similarly

a(Ly) =ala(y) + BJa(y) + yKa(y)

with the same «, 8, y, which depend only on a(Lx) and a(x)). Thus this is
true for each y € span{x, Lx}*.
Finally, since L? = —c -1, we have

a(L’x) = —c-a(x) = —c - g(x) = g(L’x) = g(L)g(Lx)
=ala(Lx)+ BJa(Lx) + yKa(Lx).

Thus a(Lz) = ala(z) + BJa(z) + yKa(z) foreachz € T,M.
Hence foreach L € span{/, J, K} thereexistw, 8, y suchthata(L) = ol +
BJ+y K. Thismeans thata € Sp(n) Sp(1). Therefore Hol(p) € Sp(n) Sp(1).

7 G =Gy

Let a € Hol(p) and x,y € T,M be linearly independent. Then P =
span{x, y, ®(x, y)} is a special subspace of minimal dimension. By Defin-
ition 1.3 and Lemma 4.1 there exists g € G, such that a|p = g|p. Since
g € Gy, g(®) = . Hence

a(®(x,y)) = g(P(x,y) = P(gx), g(y) = P(a(x), a(y)).

By continuity, a(®(x, y)) = ®(a(x), a(y)) also when x and y are linearly
dependent. Thus a(®) = ®, i.e., a € G,. Therefore Hol(p) C G».
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8) G = Spin(7)
In a similar way as in the previous case we see that Hol(p) < Spin(7).

9) G = Spin(9)

This case is similar to case 6).

Leta € Hol(p) and I, J € span{[y, ..., Iy} be such that I’=—-1,11J.
Let x € T,M satisfy Ix = x and y; € U (ie., Iy = y1, y1Lx). Then
P = span{x, y;, Jx, Jy} is a special subspace of minimal dimension. By
Definition 1.3 and Lemma 4.1 there exists g € Spin(9) such that a|p = g|p.
Since g € Spin(9), g(1) = Zg Ao l,. Hence

a=1

9
a(lx) =a(x) = g(x) = g(Ix) = g(Ng(x) = g(Na(x) = Y _ Alaa(x).
a=1

But l1a(x), ..., Isa(x) are linearly independent. So A, ..., A9 depend only
on a(x) and not on g.

The equality a|p = g|p implies similarly a(Iy;) = Y o_,
the same Ay, ..., Ag. Thus this is true for each y; € U.

We have also

Ao Ipa(yy) with

a(lJx) = —a(Jx) = —g(Jx) = g(IJx) = g(1)g(Jx)

9
= g(Na(Jx) =) haloa(Jx)
a=1

and similarly a(IJy;) = 35

a=1 Aalga(Jyr).
Thus a(Iz) = 22:1 rolqa(z) for each z € T,M. Therefore a(I) =

29 Aaly,ie.,a(l) € span{ly, ..., Iy} foreach I € span{/, ..., Iy}. Hence

a=1

a € Spin(9), i.e., Hol(p) C Spin(9).

This completes the proof of Theorem 1.4.
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