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MAXIMAL OPERATORS FOR THE HOLOMORPHIC
LAGUERRE SEMIGROUP

EMANUELA SASSO

Abstract

For each p in [1,∞) let Ep denote the closure of the region of holomorphy of the Laguerre
semigroup {Mα

t : t > 0} on Lp with respect to the Laguerre measure µα . We prove weak type and
strong type estimates for the maximal operator f �→ sup{|Mα

z f | : z ∈ Ep}. In particular, we give
a new proof for the weak type 1 estimate for the maximal operator associated to Mα

t . Our starting
point is the well-known relationship between the Laguerre semigroup of half-integer parameter
and the Ornstein-Uhlenbeck semigroup.

1. Introduction

The purpose of this paper is to analyse a class of maximal operators associ-
ated to the holomorphic Laguerre semigroup on the half-line R+. We shall be
working with the Laguerre probability measure µα of type α, with α ≥ 0,
whose density is µα(x) = xαe−x

�(α+1) with respect to the Lebesgue measure. The
Laguerre semigroup is the symmetric diffusion semigroup {Mα

t : t ≥ 0} on
(R+, µα), whose infinitesimal generator is the differential operator

Lαu(x) = −x ∂2

∂x2
u(x)− (1+ α − x)

∂

∂x
u(x),

i.e. u(x, t) = e−tLαf (x) satisfies the Cauchy problem
∂

∂t
u = −Lαu,

u(x, 0) = f (x).

By virtue of Stein’s maximal theorem [12] the operator

Mαf (x) = sup
t≥0

|Mα
t f (x)|

is bounded on Lp(µα), for 1 < p ≤ ∞. B. Muckenhoupt proved that Mα

is of weak type (1, 1) in the one-dimensional case [9]. This result has been
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extended by Dinger to the Laguerre semigroup, of order α = (α1, . . . , αd) on
Rd+, with d > 1, defined as the tensor product of d one-dimensional Laguerre
semigroups of order αi , with i = 1, . . . , d [3].

The Laguerre semigroup can be extended to complex values of the parameter
t . This is achieved by analytic continuation of the L2(µα)-function t �→ Mα

t f

to the half-plane {
z ≥ 0}. Since Mα
t has an integral kernel mα,t (x, y) with

respect to the Laguerre measure, it is equivalent to substitute t by a complex
variable in the expression of the kernel (for more details, see Section 2). The
resulting operator Mα

z is well defined as a bounded operator on L2(µα) for all
z, with 
z ≥ 0 and α ≥ 0. For any p, with 1 ≤ p ≤ ∞, define

Ep = {x + iy : | sin y/2| ≤ tan φp sinh x/2},
whereφp = arccos |1−2/p|. The above represents the region of holomorphy of
Mα

z acting onLp(µα), i.e.Mα
z is bounded onLp(µα) if and only if z belongs to

Ep (see [10]). The map z �→ Mα
z from Ep to the space of the bounded operators

on Lp(µα) is continuous in the strong operator topology and its restriction to
the interior of Ep is analytic. Therefore the maximal operator

(1) Mα,pf (x) = sup
z∈Ep

|Mα
z f (x)|

is well defined. The aim of this paper is to investigate the boundedness prop-
erties in Lq(µα) of this maximal operator, whenever α ≥ 0. It is well known
that weak type estimates for Mα,p are a key tool to investigate the almost
everywhere convergence of Mα

z f to Mα
z0
f as z tends to z0, for f in Lq(µα).

We remark that Mα,1 is the maximal operator for the heat kernelmα,t , which
is known to be of weak type 1 and of strong type p for each p > 1 by the
aforementioned results of Stein and Muckenhoupt. For 1 < p < 2 we shall
prove that the operator Mα,p is of strong type q for each q in (p, p′) and of
weak type p if p < 2α+2

α+3/2 . On the other hand for p > 2α+2
α+3/2 it is not of weak

type p. Moreover Mα,2 is not of weak type 2.
We follow the same strategy adopted by [6] to study the maximal oper-

ators associated to the holomorphic Ornstein-Uhlenbeck semigroup. By the
periodicity properties of the semigroup Mα

z , we may restrict the parameter z
to the region Fp = {z ∈ Ep : 0 ≤ �z ≤ π}. To obtain the positive results
we decompose the operator into a “local” part, whose kernel is supported in a
sort of neighbourhood of the diagonal, and in a “global” part. For the negative
result, we provide counterexamples by analysing the behaviour of mα,z on the
boundary of Ep. To be more specific, a critical point is zp = | log(p−1)|+ iπ .
Therefore it is natural to investigate the smaller maximal operator defined by
taking (1) only over the set obtained deleting from Ep a small neighbourhood of
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the point zp. Observe that at this point the operatorMα
zp

, with α ∈ N/2−1, may

be reduced to the Fourier transform from Lp(Rn, dx) to Łp′(Rn, dx) acting on
radial functions.

The paper is organized as follows. In Section 2 we recall some basic prop-
erties of the Laguerre semigroup and we decompose the maximal operators in
“local” and “global” parts. In Section 3 we estimate the local part while Sec-
tion 4 is devoted to showing the positive results regarding the global parts of
the maximal operators. Finally the negative results will be proved in Section 5.

2. Preliminaries and statement of results

The Laguerre semigroup on R+ is the family of integral operators {Mα
t : t ≥ 0}

defined by the following kernel expressed in terms of the standard Bessel
function Jα .

(2) mα,t (x, y) = �(α + 1)(1− e−t )−1 exp

(
−e−t (x + y)

1− e−t

)
(−xye−t )−α/2Jα

(
2
(−xye−t )1/2

1− e−t

)
,

with respect to the Laguerre measure µα (see, for instance, [3]). Since this
kernel admits an analytic continuation on the half-plane 
z ≥ 0, it is easy
to see that the Laguerre semigroup has analytic continuation to a family of
operators {Mα

z : 
z ≥ 0} from D(R+) to D ′(R+) such that

(3) Mα
z+2iπf (x) = Mα

z f (x), Mα
z f (x) = Mα

z f (x).

By [10] the operator Mα
z extends to a bounded operator on Lp(µα), for 1 ≤

p ≤ ∞ and α ≥ 0, if and only if z belongs to the set Ep, defined in the
previous section. The set Ep is a closed 2πi-periodic subset of the right half-
plane. Moreover, if 1/p + 1/p′ = 1, then Ep = Ep′ and Ep ⊂ Eq , for each
1 < p < q < 2. In particular, the end-point cases are E1 = {x + ikπ : x ≥
0, k ∈ Z} and E2 = {z : 
z ≥ 0}.

Our purpose is to investigate the boundedness of the maximal operator Mα,p,
defined in (1), on Lq(µα), for 1 ≤ q ≤ ∞. It turns out that we may restrict
the parameter z to the “fundamental domain” Fp = {z ∈ Ep : 0 ≤ �z ≤ π}.
Indeed, by (3) and the properties of the region Ep, it is easy to see that the
maximal operator

M∗
α,pf (x) = sup

z∈Fp

|Mα
z f (x)|,

and Mα,p are simultaneously of weak or strong type.
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Let µ̃α be the Borel measure on R+ with density µ̃α(x) = 2 x2α+1e−x2

�(α+1) , with
respect to the Lebesgue measure, and consider the map � defined on test
functions by

(4) �f (x) = f (x2).

The map� is an isometry betweenLq(µα) andLq(µ̃α) and betweenLq,∞(µα)

and Lq,∞(µ̃α). Define M̃α
z = �Mα

z �
−1. It is quite straightforward to see that

m̃α,z(x, y) = mα,z(x
2, y2) is the integral kernel of M̃α

z . Clearly we may reduce
the problem to the study of the boundedness of M̃∗

α,p on Lq(µ̃α), defined by

M̃∗
α,pf (x) = sup

z∈Fp

|M̃α
z f (x)|.

More generally, we shall consider the family of maximal operators M̃∗
α,p,σ

defined as follows. Let zp denote the point on the boundary of Fp with imagin-
ary part π . For each σ , with 0 ≤ σ < |zp|, let Fp,σ = {z ∈ Fp : |z− zp| ≥ σ }.
Define

M̃∗
α,p,σ f (x) = sup

z∈Fp,σ

|M̃α
z f (x)|.

We are now ready to state our results. Since Ep = Ep′ , we only need study the
boundedness of M̃∗

α,p,σ for 1 ≤ p ≤ 2.

Theorem 2.1. For α ≥ 0, the following hold:

(1) The operator M̃∗
α,1 is of weak type 1 and of strong type q for every q in

(1,∞];

(2) Let 1 < p < 2. The operator M̃∗
α,p is of strong type q whenever p <

q < p′;
(3) Let 1 < p < 2. The operator M̃∗

α,p is of weak type p, when p < 2α+2
α+3/2 ,

but it is not of weak type p, when p > 2α+2
α+3/2 ;

(4) If 1 < p < 2 and 0 < σ < |zp|, the operator M̃∗
α,p,σ is of weak type p

and p′, but not of strong type p;

(5) If α /∈ 2N−1
2 , the operator M̃∗

α,2,σ , with 0 ≤ σ < π , is not of weak type
2.

Remark 2.2. We shall see that the results of statements (1) and (2) can be
extended to thed-dimensional case (see Remark 4.6). Moreover, every negative
result holds also in higher dimension. Indeed, by restricting the operators to
functions which depend only on one variable in Rd+, one sees that it suffices to
consider the one-dimensional case d = 1. In particular, by (3), M̃∗

α,p cannot

be of weak type p whenever p > mini=1,...,d
( 2αi+2
αi+3/2

)
, with α = (α1, . . . , αd).
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Remark 2.3. Recall that the holomorphic Ornstein-Uhlenbeck semigroup
acting on square integrable functions on Rn, with respect to the Gaussian
measure dγ (x) = π−n/2e−|x|2 dx, is the family of operators Hz, with 
z ≥ 0,
defined by

Hzf (x) =
∫

Rn

hz(x, y)f (y) dγ (y), if z �= iπZ,

Hikπf (x) = f ((−1)kx), for k ∈ Z.

Here
hz(x, y) = (1− e−2z)−n/2 exp

(
−|e

−zx − y|2
1− e−2z

)
e|y|

2

is the Mehler kernel with respect to the Gaussian measure γ . It is well known
that the region of holomorphy of the Ornstein-Uhlenbeck semigroup onLp(γ )

is 2Ep (see [6]). The maximal operators

H ∗
p f (x) = sup

z∈2Ep

|Hzf (x)|,

H ∗
p,σ f (x) = sup

z∈2Fp,σ

|Hzf (x)|

have been investigated in [6] and [11]. In particular, in [6] the authors have
proved the analogue of our Theorem 2.1 for the operators H ∗

p and H ∗
p,σ . Note

however that, while the operator M∗
α,p is of weak type p for p < 2α+2

α+3/2 , the
operator H ∗

p is never of weak type p, for all p > 1. Since when α = n/2− 1
and n > 1, the Laguerre operator can be interpreted as Hz acting on the radial
functions on Rn (see [7]), we obtain that for p < 2n

n+1 , the maximal operator
H ∗

p , restricted to the space of radial functions, is of weak type p.

To investigate M̃∗
α,p, we essentially adopt the same techniques of [6]. We

split the operator in a “local” part and the remaining or “global” part. To
describe this decomposition, first we must write the kernel of M̃α

z as an average
over [−1, 1] of a family of kernels m̃α,z(·, ·, s) depending on an additional
variables s in [−1, 1]. Indeed, by using the integral form of Bessel functions,
for α ≥ 0 (see, for instance, [4, p. 15]), and by considering the action of the
isometry �, we may write the kernel of M̃α

z as

m̃α,z(x, y) =
∫ 1

−1
m̃α,z(x, y, s) ds,

where
(5)

m̃α,z(x, y, s) = (1− e−z)−α−1e
1
2

1
ez/2+1

(x2+y2+2xys)− 1
2

1
ez/2−1

(x2+y2−2xys)
$α(s)
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and $α(s) = �(α+1)
�(α+ 1

2 )
√
π
(1 − s2)α−1/2. It will be useful to observe that∫

[−1,1,] $α(s) ds = 1. To split the operator we introduce two sets: the “local”
region

L =
{
(x, y, s) ∈ R+ × R+ × [−1, 1] :

(x2 + y2 − 2xys) ≤ min

(
1,

1

x2 + y2 + 2xys

)}
,

and its complementG, the “global” region. This choice is suggested by the de-
scription of the corresponding local region in polar coordinates in the Ornstein-
Uhlenbeck case [6]. Observe that the diagonal {(x, x, 1)}, is contained in L,
i.e. L is a neighbourhood of the diagonal in R+ × R+ × {1}. The local and
global parts of the operator M̃∗

α,p,σ are defined by

M̃ loc
α,p,σ f (x) = sup

z∈Fp,σ

∣∣∣∣∫
R+

∫ 1

−1
m̃α,z(x, y, s)χL(x, y, s) dsf (y) dµ̃α(y)

∣∣∣∣ ,
M̃ gl

α,p,σ f (x) = sup
z∈Fp,σ

∣∣∣∣∫
R+

∫ 1

−1
m̃α,z(x, y, s)χG(x, y, s) dsf (y) dµ̃α(y)

∣∣∣∣ .
Clearly

M̃∗
α,p,σ f (x) ≤ M̃ loc

α,p,σ f (x)+ M̃ gl
α,p,σ f (x),

we shall study the operators M̃ loc
α,p,σ and M̃

gl
α,p,σ separately. First, however, it

is convenient to simplify the expression of m̃α,z(x, y) by means of the change
of variable

z = τ(ζ ) = 2 log
1+ ζ

1− ζ
.

The same change of variable, without the factor 2 in front of logarithm, was
introduced in [6], to which we refer the reader for the properties of the map τ .
Here we only recall that τ is a biholomorphic transformation of a neighbour-
hood of 0, which maps the ray R+eiφp onto ∂Ep ∩ {z ∈ C : 0 ≤ �z < 2π}.
Therefore the heat kernel becomes

m̃α,τ(ζ )(x, y) = �(α + 1)
(1+ ζ )2+2α

(4ζ )1+α exp

(
−(x2 + y2)

(1− ζ )2

4ζ

)
(
i
xy

4

(
1

ζ
− ζ

))−α
Jα

(
i
xy

2

(
1

ζ
− ζ

))
.

For α ≥ 0, we may also write

m̃α,τ(ζ )(x, y) =
∫ 1

−1
m̃α,τ(ζ )(x, y, s) ds,
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where
(6)

m̃α,τ(ζ )(x, y, s) = (1+ ζ )2+2α

(4ζ )1+α e
x2+y2

2 e
−

(
ζ

4 (x
2+y2+2xys)+ 1

4ζ (x
2+y2−2xys)

)
$α(s).

Remark 2.4. We prove now some identities which will be useful in the
sequel. Assume that f, g are in L1(R+,mα), where mα is the measure with
density

(7) mα(y) = ey
2
µ̃α(y).

Observe that the measure mα is simply proportional to a power of y times
Lebesgue measure.

We define the generalized translation as

ταy f (x) =
∫

[−1,1]
f

(√
x2 + y2 − 2xys

)
$α(s) ds,

and the generalized convolution of f and g as

(8) f #αg(x) =
∫

R+

∫
[−1,1]

f
(√

x2 + y2 − 2xys
)
g(y)$α(s) ds dmα(y).

For α = n
2 − 1, these correspond to the average over the sphere of a radial

funcion and to the convolution of radial functions in Rn, respectively. It is well
known that generalized translations and generalized convolution share many of
the properties of ordinary translations and convolution in Rn [8]. In particular

(i) the function y �→ ταy f is continuous in Lp(mα);

(ii) f #αg = g#αf .

Namely, by the change of variable s = cos θ , we have
(9)

f #αg(x) =
∫

R+

∫
[0,π]

f
(√

x2 + y2 − 2xy cos θ
)
g(y)(sin θ)2αds dmα(y).

For each x̄ in R2, let x denote the absolute value of x̄. If x̄ and ȳ are in R2,
let θ be the angle between the nonzero vectors x and y. Interpreting (9) as an
integral on R2 in spherical coordinates, we obtain that

f #αg(x) =
∫

R2
f (|x̄ − ȳ|)g(|ȳ|)

(
1−

(
x · y
|x||y|

)2)α

|y|2α2
dy

�(α + 1/2)
√
π
.
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Now by the further change of variables, y − x = w, we have

f #αg(x) =
∫

R2
f (|w̄|)g(|x̄ − w̄|)

(
1−

(
x · w
|x||w|

)2)α

|w|2α2
dw

�(α + 1/2)
√
π

= g#αf (x).

Namely, by the sine theorem(
1−

(
x · y
|x||y|

)2)
|y|2 =

(
1−

(
x · w
|x||w|

)2)
|w|2.

This concludes the proof of item (ii).
Moreover, by choosing g = 1, f #αg is well defined for a.e. x ∈ R+ and∫

R+

∫
[−1,1]

f
(√

x2 + y2 − 2xys
)
$α(s) ds dmα(y) =

∫
R+

f (y) dmα(y).

3. Results for the “local” part

In this section we shall prove that M̃ loc
α,p,σ is of weak type 1 and of strong

type q, for each q in (1,∞] and σ ≥ 0. Since M̃ loc
α,p,σ ≤ M̃ loc

α,p,0 = M̃ loc
α,p,

it is enough to consider the latter operator. In the following, we will use the
measure mα defined in (7). Moreover, for each α ≥ 0 and t > 0, let kα,t (x, y)
be the function

(x, y) �→
∫ 1

−1
kα,t (x, y, s)$α(s) ds,

where kα,t (x, y, s) = (4t)−α−1 exp
(− x2+y2−2xys

4t

)
.

Lemma 3.1. Suppose that α ≥ 0. Let {T α
t : t > 0} be the family of integral

operators, defined by

T α
t f (x) =

∫
R+

kα,t (x, y)f (y) dmα(y),

on C∞
c (R+). Then {T α

t : t > 0} is a diffusion semigroup on (R+,mα).
Moreover the maximal operator

T ∗f (x) = sup
t>0

|T α
t f (x)|

is of weak type (1, 1).
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Proof. Let H 1(R+,mα) denote the space of all functions f , such that both
f and its distributional derivative f ′ are in L2(mα). Let Qα be the quadratic
form, defined for f in H 1(R+,mα) by

Qα(f ) =
∫ ∞

0

∣∣∣∣ ddx f
∣∣∣∣2

(x) dmα(x).

The form Qα with dense domain H 1(R+,mα) is closed, so Qα is the form
of a self adjoint operator −1α ≥ 0, which on C2

c (R+) coincides with the
differential operator

− d2

dx2
− (2α + 1)

x

d

dx
.

We claim that −1α is the infinitesimal generator of {T α
t : t > 0}. Indeed, by

Remark 2.4 we have that
(10)∫

R+
kα,t (x, y) dmα(y) = (4t)−α−1

∫
R+

∫
[−1,1]

exp

(
−w2

4t

)
$α(s) ds dmα(w)

=
∫

R+
e−w

2
dmα(w) = 1,

and for each δ > 0 it is quite simple to prove that

(11) lim
t→0+

∫ ∞

δ

kα,t (x, y) dmα(y) = 0.

By (10) and (11), it is easy to prove that for every f

lim
t→0+

∫
R+

kα,t (x, y)f (y) dmα(y) = f (x)

in L2(mα). So the claim is proved once we verify that ut (x) = T α
t f (x) solves

the Cauchy problem {
∂tut = −1αut
u0 = f.

We have that ∂tkα,t (x, y) = −1αxkα,t (x, y). Indeed, by a straightforward
calculation, we get that∫

[−1,1]
[∂tkα,t (x, y, s)+1αxkα,t (x, y, s)]$α(s) ds = 0.

Now by Lebesgue dominated convergence theorem we can differentiate under
the integral sign. Hence ∂tut = −1αut . This proves the claim.
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We observe that, by (10) T α
t can be extended to a contraction on L1(mα)

and, by duality, to a contraction on L∞(mα). By interpolation we get that T α
t

is a diffusion semigroup. Notice that t �→ T α
t f is a continuous function on

R+ for each f ∈ L2(mα). Thus, since the supremum over t > 0 coincides
with the supremum over all rational t > 0, T ∗f is a measurable function.
By the Littlewood-Paley-Stein theory, the maximal operator T ∗ is bounded
on Lp(mα), for 1 < p < ∞. It remains now to prove the weak type (1, 1)
boundedness. Let Et be the ergodic means of {T α

t : t > 0}, i.e.

Et f = 1

t

∫ t

0
T α
σ f dσ,

onLp(mα)∩L2(mα) and with t > 0. The associated ergodic maximal operator
is defined by

E ∗f = sup
t>0

|Et f |,

on Lp(mα)∩L2(mα). The Hopf-Dunford-Schwartz ergodic maximal theorem
asserts that

(12) mα{x ∈ R+ : E ∗f (x) > λ} ≤ 2

λ
‖f ‖1, ∀λ > 0, ∀f ∈ L1(mα).

For f ≥ 0, since T α
t is positivity preserving, by Fubini’s theorem we have that

E2t f (x) ≥ 1

2t

∫ 2t

t

T α
σ f dσ

= 1

2t

∫ 2t

t

∫
R+

kα,σ (x, y)f (y) dmα(y) dσ

=
∫

R+

1

2t

∫ 2t

t

kα,σ (x, y)f (y) dσ dmα(y)

≥
∫

R+

1

2t

∫ 2t

t

(4σ)−α−1 dσ
∫

[−1,1]
e−

x2+y2−2xys
4t $α(s) dsf (y) dmα(y)

= CαT
α
t f,

for some positive constant Cα . So, for any f in L1(mα),

(13) T ∗f ≤ sup
t>0

T α
t |f | ≤ Cα sup

t>0
Et |f |.

Now the weak type (1, 1) estimate for T ∗ follows from (12) and (13) and this
concludes the proof.
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Remark 3.2. By the definition of generalized convolution, T α
t f = f #αk,

with k(x) = (4t)−α−1e−
x2

4t . So when α = n
2 − 1, with n ∈ N and n > 1, the

operator T α
t corresponds to the heat semigroup acting on radial functions of

Rn.

Lemma 3.3. For each p ∈ [1, 2), there exists a constant C such that for
every t in (0, 1] and (x, y, s) in L

sup
|φ|≤φp

|m̃α,τ(teiφ)(x, y, s)|
≤ Ct−α−1ey

2
exp

(
−cosφp

4t
(x2 + y2 − 2xys)

)
$α(s).

Proof. By (6) we have

|m̃α,τ(teiφ)(x, y, s)| ≤ Ct−α−1e
x2+y2

2 exp

(
−cosφ

4t
(x2 + y2 − 2xys)

)
$α(s).

Since, if (x, y, s) ∈ L, then

x2 − y2 ≤
√
(x2 − y2)2 + 4(1− s2)x2y2

≤
√
(x2 + y2 + 2xys)(x2 + y2 − 2xys)

≤ 1,

then we may majorise e
x2+y2

2 by Cey
2

and the result follows.

Theorem 3.4. For each p ∈ [1, 2), the operator M̃ loc
α,p is of weak type 1

and of strong type q, whenever 1 < q ≤ ∞.

Proof. For any fixed f ≥ 0, Lemma 3.3 yields

(14)

M̃ loc
α,pf (x) ≤ C sup

t>0
t−α−1

∫
R+

∫
[−1,1]

exp

(
−cosφp

4t
(x2 + y2 − 2xys)

)
χL(x, y, s)$α(s) dsf (y) dmα(y).

We claim that M̃ loc
α,p is bounded on L∞(µ̃α). Namely, by Remark 2.4, we get

|M̃ loc
α,pf (x)|

≤ C‖f ‖∞ sup
t>0

t−α−1
∫

R+

∫
[−1,1]

exp

(
−cosφp

4t
w2

)
$α(s) ds dmα(w).
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Since α ≥ 0, the integral

t−α−1
∫

R+

∫
[−1,1]

exp

(
−cosφp

4t
w2

)
$α(s) ds dmα(w)

is finite and bounded by a constant independent of x and t . This concludes the
proof of our claim.

It only remains to prove that M̃ loc
α,p is also of weak type 1. By Lemma 3.3,

our operator is bounded by

W f (x) = sup
t>0

t−α−1
∫

R+
e− cosφp

x2+y2−2xys
4t χL(x, y, s)$α(s) dsf (y) dmα(y),

whose kernel is supported in the local region. Since, by Lemma 3.1, W is of
weak type (1, 1) with respect to the measure mα , M̃ loc

α,p is of weak type (1, 1),
with respect to the same measure. We consider the vector-valued operator S
given by

Sf (x) =
{∫

R+

∫
[−1,1]

m̃α,t (x, y, s)χL(x, y, s) dsf (y) dµ̃α(y)

}
t∈Q

.

It is clear that M̃ loc
α,pf (x) = ‖Sf (x)‖5∞ . In order to prove that M̃ loc

α,p maps
L1(µ̃α) into weak-L1(µ̃α), it is enough to prove that S maps L1(µ̃α) into
weak-L1

5∞(µ̃α). Now the conclusion follows by applying to S a vector-valued
version of the arguments in Section 5.2 of [10] (see also [5, Section 5]).

4. Results for the “global” part

In this section we shall estimate the global maximal operators M̃
gl
α,p,σ , for

1 ≤ p < 2 and σ ≥ 0. Our estimates are a consequence of the inequality

(15) sup
|φ|≤φp

|m̃α,τ(teiφ)(x, y, s)|
≤ Ct−α−1e

x2+y2

2 − cosφp
4 (t (x2+y2+2xys)+ 1

t
(x2+y2−2xys))$α(s),

for all t in (0, 1] and all (x, y, s) in R+ × R+ × [−1, 1], which follows easily
from (6). First we give two different expressions for the right hand side of this
inequality. Since cosφp = 2

p
− 1, we have that

e
x2+y2

2 − cosφp
4 (t (x2+y2+2xys)2+ 1

t
(x2+y2−2xys))

= exp

(
x2

p
+ y2

p′
− cosφp

4t
Qt (x, y, s)

)
= exp

(
x2

p′
+ y2

p
− cosφp

4t
Q−t (x, y, s)

)
,
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where Qτ(x, y, s) is a quadratic form in x, y defined by

Qτ(x, y, s) = (1+ τ)2x2 − 2xys(1− τ 2)+ (1− τ)2y2.

For each x in R+, consider the section G(x) = {(y, s) : (x, y, s) ∈ G} and for
every fixed δ > 0, define

J±(x, t) =
∫
G(x)

exp

(
−δ

t
Q±t (x, y, s)

)
$α(s) ds dmα(y).

Lemma 4.1. For each δ > 0 and (x, y, s) ∈ G,

(i) there exists a constant C such that

sup
0<t≤1

t−α−1 exp

(
−δ

t
Qt(x, y, s)

)
≤ C

[
(1+ x)2α+2 ∧ (x2(1− s2))−α−1

] ;
(ii) for each p in (1,∞) and each η in (0, 1), there exists a constant C such

that

sup
0<t≤1−η

t−p(α+1) exp

(
−δ

t
Q±t (x, y, s)

)
J
p/p′
± (x, t)

≤ C
[
(1+ x)2α+2 ∧ (x2(1− s2))−α−1

]
.

Proof. We claim that for each η in (0, 1) there exists a positive constant C
such that for all x, y, s and t ≥ −1+ η

(16) Qt(x, y, s) ≥ Cx2(1− s2).

Moreover for all (x, y, s) ∈ G and t < (1+ x)−2/8

(17) Qt(x, y, s) ≥ C
1

(1+ x)2
.

Assuming the claim for the moment, we prove the lemma. To obtain (i) first,
we observe that (16) implies

t−α−1 exp

(
−δ

t
Qt(x, y, s)

)
≤ C(Qt(x, y, s))

−α−1 ≤ C(x2(1− s2))−α−1.

Next, we observe that on the one hand, if t ≥ (1 + x)−2/8, it is enough to
majorise the exponential by 1, to get

t−α−1 exp

(
−δ

t
Qt(x, y, s)

)
≤ C(1+ x)2α+2.
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On the other hand, if t < (1+ x)−2/8, by (17)

t−α−1 exp

(
−δ

t
Qt(x, y, s)

)
≤ C(1+ x)2α+2

and this concludes the proof of (i). Next we prove (ii). By Remark 2.4, we
have

(18) J±(x, y) ≤ C

∫
R+

e−
δ
t
(1−t)2w2

dmα(w) ≤ Ctα+1,

since 1∓ t > η. Hence by (16)

t−p(α+1) exp

(
−δ

t
Q±t (x, y, s)

)
J
p/p′
± (x, t) ≤ C(x2(1− s2))−α−1.

To prove the other inequality, we majorise the exponential by 1 and we consider
separately the cases t ≥ (1 + x)−2/8 and t < (1 + x)−2/8. In the first case,
by (18) we obtain that

t−p(α+1)J
p/p′
± (x, t) ≤ C(1+ x)2α+2.

In the second case, by (17) and Remark 2.4 we get that

J
p/p′
± (x, t) ≤ C

(∫
w>C(1+x)−1

e−w
2/t dmα(w)

)p/p′

≤ Ctp/p
′(α+1)

(√
t(1+ x)

)2α+2
,

which, again, implies (18).
We must finally prove the claims. To prove (16), consider two vectors v̄ and

w̄ in R2, such that |v̄| = (1+ t)x, |w̄| = (1− t)y and the angle between v̄ and
w̄ is arccos s. Then |Qt(x, y, s)|1/2 = |v̄ − w̄| is minorised by the length of
the projection of v̄ on the direction orthogonal to w̄. This gives the inequality
|Qt(x, y, s)|1/2 ≥ (1+ t)x(1− s2)1/2, which implies (16). For (17), it is quite
straightforward to verify that, if (x, y, s) ∈ G, then

(19) (x2 + y2 − 2xys) >
1

4

1

(1+ x)2
.

Namely, when y ≥ 1+x, this follows from x2+y2−2xys ≥ 1. If y ≤ 1+x,
we have that

(x2 + y2 + 2xys)1/2 ≤ x + y ≤ 2(1+ x),
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and so min(1, (x2+y2+2xys)1/2) > 1
2

1
(1+x) . Since (x, y, s) ∈ G, this implies

(19). Now to obtain (17), observe that, if t < (1+ x)−2/8, then 1− t > 7
8 and

Qt(x, y, s)
1/2 ≥ (1− t)(x2 + y2 − 2xys)1/2 − 2tx

≥ 7

16

1

1+ x
− 1

4

1

1+ x
≥ 3

16

1

1+ x
,

where the first inequality follows from the geometric interpretation of
Qt(x, y, s). This concludes the proof of the claims and of the lemma.

These estimates imply that the operator M̃
gl
α,1 is of weak type 1. This result

is known (see [9]), but here we give a new proof, based on Lemma 4.2 below,
which will also be useful to study M̃

gl
α,p,σ . Let T be the operator on L1(µ̃α)

defined by
T f (x) = Fα(x)

∫
R+

f (y) dµ̃α(y),

where

Fα(x) = ex
2
∫

[−1,1]
(1+ x)2α+2 ∧ (x2(1− s2))−α−1$α(s) ds.

Lemma 4.2. The operator T is of weak type 1.

Proof. It is enough to prove that the function Fα

x �→ Fα(x) = ex
2
∫

[−1,1]
(1+ x)2α+2 ∧ (x2(1− s2))−α−1$α(s) ds

is in L1,∞(µ̃α). We can choose a constant C0, such that λ > C0 implies that
the positive zero r0 of the function

ξ �→ eξ
2
(1+ ξ)2α+2 − λ

is greater than 1. Fix λ > 0 and let Eλ = {x : Fα(x) ≥ λ}. We must prove
that µ̃α(Eλ) ≤ C

λ
. Since µ̃α is a finite measure it is enough to assume that

λ > C0. Moreover, since Fα(x) ≤ ex
2
(1 + x)2α+2, Eλ does not intersect

the ball B = {x < r0}. Finally, we need to consider the intersection of Eλ

with the ring R = {r0 < x < 2r0} only. In fact, the elementary relation∫∞
M

e−ρ2
ρ2α+1dρ ∼ e−M2

M2α for M > 1 implies

µ̃α{x > 2r0} =
∫ ∞

2r0

2x2α+1

�(α + 1)
e−x

2
dx

≤ Ce−4r2
0 r2α

0 ≤ Ce−r
2
0 (1+ r0)

2α ≤ Cλ−1.
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Thus we need only to estimate µ̃α(Eλ ∩ R). Let r ′ be the smallest point in
(r0, 2r0), such that r ′ ∈ Eλ. Then Fα(r

′) = λ, by continuity. Hence

er
′2
r−2α−2

0

∫
[−1,1]

[
r

2(2α+2)
0 ∧ (1− s2)−α−1

]
$α(s) ds ∼ λ

and

µ̃α(Eλ ∩ R) ≤ C

∫ 2r0

r ′
e−ρ

2
ρ2α+1dρ ≤ Ce−r

′2
r2α

0

≤ Cλ−1r−2
0

∫
[−1,1]

[
r

2(2α+2)
0 ∧ (1− s2)−α−1

]
$α(s) ds.

Now it suffices to observe that∫
[−1,1]

[
r

2(2α+2)
0 ∧ (1− s2)−α−1

]
$α(s) ds ≤ Cr2

0

to conclude that µ̃α(Eλ ∩ R) ≤ Cλ−1, as desired.

Theorem 4.3. The operator M̃
gl
α,1 is of weak type 1 and of strong type q

for every q in (1,∞].

Proof. Since the operator is clearly bounded on L∞(µ̃α), it is sufficient to
prove that it is of weak type 1. By (15) and Lemma 4.1(i), M̃

gl
α,1 is controlled

by the operator T . So the conclusion follows by Lemma 4.2.

Now in order to study the Lq-boundedness of M̃
gl
α,p,σ , for each η in (0, 1),

we introduce the new maximal operator

(20)
Ap,ηf (x) = sup

0<t≤1−η
t−α−1

∫
G(x)

e
x2+y2

2 e−
cosφp

4 (t (x2+y2+2xys)+ 1
t
(x2+y2−2xys))

$α(s) dsf (y) dµ̃α(y).

Lemma 4.4. For each p in (1, 2), the following hold

(i) if η > 0 the operator Ap,η is of weak type p and p′;
(ii) the operator Ap,0 is of strong type q, whenever p < q < p′.

Proof. We claim that there exists a constant C such that for every f ≥ 0

(21) Ap,ηf (x) ≤ C min(|T f p(x)|1/p, |T f p′(x)|1/p′).
Assuming the claim for the moment, we complete the proof of the lemma. First
of all, statement (i) follows easily by the proof of Theorem 4.3. Next, to prove
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(ii), fix r in (p, p′) and let λ = cosφp/ cosφr > 1, so

t (x2 + y2 + 2xys)+ 1

t
(x2 + y2 − 2xys)

= λ
cosφr
cosφp

(t (x2 + y2 + 2xys)+ 1

t
(x2 + y2 − 2xys))

≥ cosφr
cosφp

(
t

λ
(x2 + y2 + 2xys)+ λ

t
(x2 + y2 − 2xys)).

Thus
Ap,0f (x) ≤ λα+1Ar,1− 1

λ
f (x).

Then (i) implies that Ap,0 is of weak type r and r ′ for each r ∈ (p, p′). By
interpolation, it is of strong type q, with p < q < p′.

Now it remains to verify (21). By (15)

Ap,ηf (x)

≤ C sup
0<t≤1−η

t−α−1ex
2/p

∫
G(x)

e−
δ
t
Qt (x,y,s)$α(s) dsf (y)y2α+1e−y

2/p dy,

where δ is a positive constant, which depends on p. Applying Hölder’s in-
equality, we see that the right hand side is controlled by

C sup
0<t≤1−η

t−α−1ex
2/p

(∫
G(x)

e−
δ
t
Qt (x,y,s)f p(y)$α(s) ds dµ̃α(y)

)1/p

J
1/p′
+ (x, t).

So by Lemma 4.1(ii), Ap,ηf (x) ≤ C(T f p(x))1/p. The second inequality
follows by the same arguments, observing that

Ap,ηf (x)

≤ C sup
0<t≤1−η

t−α−1ex
2/p′

∫
G(x)

e−
δ
t
Q−t (x,y,s)$α(s) dsf (y)y2α+1e−y

2/p′dy.

The rest of the proof is similar.

Theorem 4.5. For each p in (1, 2) and σ in (0, |zp|), the following hold

1. the operator M̃
gl
α,p is of strong type q, whenever p < q < p′;

2. the operator M̃
gl
α,p,σ is of weak type p and p′.

Proof. Assume that f ≥ 0. The first statement is a straightforward con-
sequence of the fact that M̃

gl
α,p is controlled by Ap,0. Namely, since τ maps

the sector Sφp onto the set Fp,

M̃ gl
α,pf (x) ≤ sup

0<t≤1

∫
G(x)

sup
|φ|≤φp

|m̃α,τ(teiφ)(x, y, s)|f (y) ds dµ̃α(y),
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for each f ≥ 0. Combining (15) and (20),

M̃ gl
α,pf (x) ≤ Ap,0f (x).

The conclusion follows by Lemma 4.4(ii).
Next we prove that M̃

gl
α,p,σ is of weak typep andp′. For each η in (0, 1∧φp)

let Sφp−η and Tp,η be the sets

Sφp−η = {ζ ∈ C : | arg ζ | < φp − η},
Tp,η = {ζ ∈ Sφp : |ζ | ≤ 1− η}.

The transformation τ maps the point eiφp to the point zp, such that τ ′(eiφp ) �= 0.
Thus for each σ > 0 there exists a small η > 0, such that Fp,σ ⊂ τ(Sφp−η ∪
Tp,η). Let Bp,η be the maximal operator

Bp,ηf (x) = sup
0<t≤1

∫
G(x)

sup
|φ|≤φp−η

|m̃α,τ(teiφ)(x, y, s)| dsf (y) dµ̃α(y).

Thus,

M̃ gl
α,p,σ f (x) ≤ sup

ζ∈Tp,η

∫
G(x)

|m̃α,τ(ζ )(x, y, s)| dsf (y) dµ̃α(y)

+ sup
ζ∈Sφp−η

∫
G(x)

|m̃α,τ(ζ )(x, y, s)| dsf (y) dµ̃α(y)

≤ CAp,ηf (x)+Bp,ηf (x).

By Lemma 4.4, we know that Ap,η is of weak type p and p′. Moreover
Bp,ηf (x) ≤ CAr,0f (x), with φr = φp − η and r in (1, p). Thus Bp,η is
of strong type q, whenever r < q < r ′. Hence Bp,η is of strong type p and p′
and the theorem is proved.

Remark 4.6. Theorems 3.4 and 4.3 can be extended to higher dimensions.
As a consequence, (1), (2) and (4) of Theorem 2.1 hold in the multidimensional
case. Now we briefly describe how to prove these results. Most of the arguments
require only obvious changes. In particular, we point out that the expression
of the kernel mα,z is replaced by its higher-dimensional analogues (see [10]).
The local region L becomes the subset of Rd+ × Rd+ × [−1, 1]d , defined by{
(x,y,s) :

(
|x|2+|y|2−2

d∑
i=1

xiyisi

)
≤ min

(
1,

1

|x|2+|y|2+2
∑d

i=1 xiyisi

)}
.
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The strategies in the proof of these theorems are the same. So the operator
M̃ loc

α,p is controlled by

T ∗f (x) = sup
t>0

|T α
t f (x)|,

with T α
t f (x) =

∏d
i=1 T

αi
t f (x). Moreover, it is quite straightforward to adapt

the proof of Lemma 3.1 to verify the weak-type (1, 1) boundedness of T ∗ in
higher dimensions. For the global part, the operator T which controls M̃∗

α,1 is
not so simple. Its expression is

T f (x) = e|x|
2
∫

Rd+

∫
[−1,1]d

(1+ |x|)2|α|+2d

∧
(
|x|2

(
1−

(∑d
i=1 xiyisi

|x||y|
)2 ))−|α|−d

$α(s) dsf (y) dµ̃α(y),

where $α(s) = ∏d
i=1 $αi (si) and dµ̃α(y) is the Laguerre measure on Rd+

obtained as the tensor product of d one-dimensional Laguerre measures. So
its kernel depends on x and y in a more complicated way with respect to the
one-dimensional case. This choice of T is suggested by the comparison with
the Ornstein-Uhlenbeck case. Indeed, the maximal operator H ∗

1 is controlled
by the operator

(22) f �→ e|x|
2
∫

R|n|
(1+ |x|)|n| ∧ (|x| sin θ)−|n|f (y) dγ (y),

where θ = θ(x, y) is the angle between the vectors x and y [6].
Observe that when α = ( n1

2 − 1 . . . , nd
2 − 1), with ni ∈ N and ni > 1 for

each i = 1, . . . , d and |n| = n1 + · · · + nd , the operator T coincides with the
operator defined in (22), acting on a polyradial function.

We set cos θ =
∑d

i=1 xiyi si
|x||y| and sin θ =

(
1−

(∑d
i=1 xiyi si
|x||y|

)2)1/2
, which can be

interpreted as the expression of the cosine and the sine of the angle between
two vectors by means of polyradial coordinates.

Now to prove that T is of weak type (1, 1), we use an adaptation of proof of
Lemma 4.2. Assume that ‖f ‖1 = 1. Choose a constant C0, such that λ > C0

implies that the positive zero r0 of the function

ξ �→ eξ
2
(1+ ξ)2|α|+2d − λ

is greater than 1. Fix λ > 0 and let Eλ = {x ∈ Rd+ : T f (x) ≥ λ}. As in one
dimensional case, to prove that µ̃α(Eλ) ≤ C

λ
, it is sufficient to estimate the

measure of the intersection of Eλ with the ring R = {r0 ≤ |x| ≤ 2r0} and
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λ > C0. Write x = ρx ′, with ρ > 0 and |x ′| ∈ Sd−1. We let E′ denote the
set of x ′ ∈ Sd−1 for which there exists a ρ ∈ [r0, 2r0] with ρx ′ ∈ E. For each
x ′ ∈ E′ we let r(x ′) be the smallest such ρ. Then T f (r(x ′)x ′)(r ′) = λ, by
continuity. Hence

er(x
′)2

r
−2|α|−2d
0

∫
Rd+

∫
[−1,1]d

r
2(2|α|+2d)
0 ∧ (sin θ)−2|α|−2d$α(s) dsf (y) dµ̃α(y)∼λ.

Clearly

µ̃α(Eλ ∩ R)

≤ Cλ−1r−2
0

∫
Rd+

∫
[−1,1]d

r
2(2|α|+2d)
0 ∧ (sin θ)−2|α|−2d$α(s) dsf (y) dµ̃α(y).

Now, it suffices to prove that∫
Rd+

∫
A(x,y)

r
2(2|α|+2d)
0 $α(s) dsf (y) dµ̃α(y) ≤ Cr2

0 ,∫
Rd+

∫
A(x,y)c

(sin θ)−2|α|−2d$α(s) dsf (y) dµ̃α(y) ≤ Cr2
0 ,

with A(x, y) = {s ∈ −1, 1d : r2
0 < (sin θ)−1}. First one considers the case

where α = ( n1
2 −1, . . . , nd

2 −1), with ni ∈ N and ni > 1 for each i = 1, . . . , d.
In this case the integrals can be interpreted as integrals over

R|n| = (R+ × Sn1−1)× · · · × (R+ × Snd−1)

with respect to the Gaussian measure, in polyradial coordinates. In these cases,
the desired estimates can be found in [6, Lemma 4.3]. The same estimates are
obtained also α ∈ Nd

2 − 1 + iRd . Finally the result for the other values of α
are obtained via the multidimensional extension of Stein’s complex interpol-
ation theorem [1, Appendix A] (for more details, see [10, Theorem 3]). Now
Theorem 4.5 follows by a simple adaptation of the one dimensional case.

Finally, we give our last positive result.

Theorem 4.7. For each α ≥ 0 and p < 2α+2
α+3/2 , the operator M̃

gl
α,p is of

weak type p.

Proof. By Theorem 4.5, we only need to prove that for any fixed σ , with
0 < σ < |zp|, the operator

Np,σ f (x) = sup
ζ∈Fp\Fp,σ

∫
G(x)

|m̃α,τ(ζ )(x, y, s)| dsf (y) dµ̃α(y)
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is of weak type p. This is equivalent to study the boundedness from Lp(mα)

to Lp,∞(µ̃α) of the operator N ∗
p,σ = Np,σ@

−1
p , where @p is the isometry from

Lp(µ̃α) to Lp(mα), defined by

(23) @pf (x) = f (x)e−x
2/p

and mα is the measure, given in (7). Now, assume that f ≥ 0 and ‖f ‖Lp(mα) =
1. There exists a positive angle φ̄, such that

N ∗
p,σ f (x) ≤ C sup

1−σ≤t≤1
sup

φ̄<φ≤φp

∣∣∣∣∫
G(x)

exp

[
−y2

p′
+ x2 + y2

2
− 1

4

(
teiφ+ 1

t
e−iφ

)
(x2 + y2)

]
Jα

(
ixy

2

(
1

t
e−iφ − teiφ

))
(ixy)−αf (y) dmα(y)

∣∣∣∣.
Using the identities 1/p − 1/2 = 1/2− 1/p′ = cosφp

2 , we have

N ∗
p,σ f (x) ≤ C sup

1−σ≤t≤1

∫
R+

sup
φ̄<|φ|≤φp

exp

[
−cosφ

4t
((t − 1)y + (t + 1)x)2

]

exp

(
−y2

2
(cosφ− cosφp)

)
exp

(
x2

2
(1+ cosφ)

)
exp

(
−cosφ

2t
(1−t2)xy

)
∣∣∣∣Jα (

ixy

2

(
1

t
e−iφ − teiφ

))∣∣∣∣ (xy)−αf (y) dmα(y).

The function E defined by

E(φ) = e−
cosφ

4t ((t−1)y+(t+1)x)2)e−
y2

2 (cosφ−cosφp)e
x2

2 (1+cosφ),

is increasing on (0, π). Indeed

E′(φ) = sin φE(φ)

(
1

4t
(x − y)2 + t

4
(x + y)2

)
> 0.

Thus E(φ) ≤ E(φp) for |φ| ≤ φp, thus

(24) N ∗
p,σ f (x) ≤ C sup

1−σ≤t≤1
e

x2

p

∫
R+

exp

[
−cosφp

4t
((t − 1)y + (t + 1)x)2

]
{

sup
φ̄<φ≤φp

e−
cosφ

2t (1−t2)xy

∣∣∣∣Jα (
ixy

2

(
1

t
e−iφ − teiφ

))∣∣∣∣}(xy)−αf (y) dmα(y).
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Let Z be the region defined by

Z =
{
(x, y) ∈ R+ × R+ : y ≤ 1− σ

σ
x

}
and let Zc be its complement. We may control N ∗

p,σ by the maximal operators
NZ and NZc whose kernels are the product of the kernel of N ∗

p,σ and the
characteristic function of Z and Zc respectively. Thus

N ∗
p,σ ≤ NZ +NZc .

Next we study these operators separately. First we analyse NZ . Since (t −
1)y + (t + 1)x ≥ x for all (x, y) in Z and t in [1− σ, 1], NZf (x) is bounded
by

Ce
x2

(
1
p
− cosφp

4

)
sup

1−σ≤t≤1

∫ {
sup

φ̄<|φ|≤φp
e(−

cosφ
2t (1−t2)xy)

∣∣∣∣Jα (
ixy

2

(
1

t
e−iφ − teiφ

))∣∣∣∣}(xy)−αy2α+1f (y) dy.

Applying Hölder’s inequality

NZf (x) ≤ Ce
x2

(
1
p
− cosφp

4

)
sup

1−σ≤t≤1

(∫ {
sup

φ̄<|φ|≤φp
e(−

cosφ
2t (1−t2)xy)

∣∣∣∣Jα (
ixy

2

(
1

t
e−iφ − teiφ

))∣∣∣∣}p′

(xy)−αp
′
dmα(y)

)1/p′

.

We claim that

(25) sup
1−σ≤t≤1

(∫ {
sup

φ̄<|φ|≤φp
e(−

cosφ
2t (1−t2)xy)

∣∣∣∣Jα (
ixy

2

(
1

t
e−iφ − teiφ

))∣∣∣∣}p′

(xy)−αp
′
dmα(y)

)1/p′

≤ Cx
− 2α+2

p′ .

Assuming the claim, it follows that NZ is of strong type p, because

x
− 2α+2

p′ e
x2

(
1
p
− cosφp

4

)
is in Lp(µ̃α). It only remains to prove the claim. By the

asymptotic behaviour of Bessel functions, there exists a R > 0, such that for
each complex number w, with |w| > R

(26) e−|�w| |Jα(w)| ≤ C|w|−1/2.
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Moreover e−|�w| |Jα(w)| ≤ C|w|α , for each w ∈ C (see [4]). The change of
variable, xy = z, and the assumption p < 2α+2

α+3/2 now yields (25).

Next we prove the weak boundedness of NZc . Observe that inZc, y > 1−σ
σ
x.

LetEλ = {x ∈ R+ : NZcf (x) ≥ λ}. We want to show that supλ>0 λ
pµ̃α(Eλ) <

∞. We claim that there exists a constant C(φ̄) such that

(27) NZcf (x) ≤
{
Cex

2/px
− 2α+2

p′ for all x > 0

Cex
2/px

− 2α+2
p
+1 for all x ∈ [C(φ̄),∞).

Indeed the first estimate may be proved by an argument similar to the one
used in the estimate of NZf (x). To prove the second estimate, we observe that
y > 1−σ

σ
x in Zc. Hence, for 1− σ < t ≤ 1 and φ̄ ≤ φ ≤ φp,∣∣∣∣xy2

(
1

t
e−iφ − teiφ

)∣∣∣∣ = 1− σ

2σ

x2

t
(t4 − 2t2 cos 2φ̄ + 1)1/2 > R,

if x is sufficiently large, say x ≥ C(φ̄). thus by Hölder’s inequality and (26)

NZcf (x) ≤ Cex
2/p

(∫ ∞

1−σ
σ

x

(xy)(−α−1/2)p′y2α+1 dy

)1/p′

≤ Cex
2/px

− 2α+2
p
+1
,

for all x ≥ C(φ̄). This proves (27). Now, let xmin be the minimum of the

function x �→ ex
2/px

− 2α+2
p
+1 and choose a constant C > max(C(φ̄), 1, xmin).

Since the function x �→ ex
2/px

− 2α+2
p′ χ[0,C](x) is in Lp(µ̃α), we only need to

check that the function

H(x) = ex
2/px

− 2α+2
p
+1
χ[C,∞)(x)

is in Lp,∞(µ̃α). For each λ > H(C), let xλ > C be such that H(xλ) = λ.
Then

µ̃α(x : H(x) > λ) =
∫ ∞

xλ

dµ̃α(x) ≤ C(α)x2α
λ e−x

2
λ ≤ Cλ−p,

because p < 2 and xλ ≥ C > 1. This concludes the proof.

5. Negative results

In this section we shall prove that M̃∗
α,p,σ , with σ in (0, |zp|), is unbounded

on Lp(µ̃α), whenever 1 ≤ p < 2 and that M̃∗
α,2,σ is not of weak type (2, 2),

whenever α /∈ 2N−1
2 . Finally we shall also prove that M̃∗

α,p is not of weak type
p, for p > 2α+2

α+3/2 .
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We start noticing that for each σ , with 0 < σ < |zp|, the set Fp,σ contains
the arc {τ(teiφp ) : a ≤ t ≤ b}, with 0 < a < b < 1. Since M̃∗

α,p,σ is bounded
from below by the operator

f �→ M̃∗
p,a,bf = sup

a≤t≤b
|M̃α

τ(teiφp )
f |,

it is enough to prove that the latter operator is not of strong type p.
In the following we use the measure mα on R+ defined in (7).

Theorem 5.1. The operator M̃∗
p,a,b is unbounded on Lp(µ̃α), 1 ≤ p < 2,

for each 0 < a < b < 1.

Proof. Let @p be the isometry defined in (23). We shall prove that the
operator Wp,a,b = @pM̃∗

p,a,b@
−1
p is unbounded on Lp(mα). Now

Wp,a,bg(x) ≥ C sup
a≤t≤b

∣∣∣∣∫ kteiφp (x, y)g(y) dmα(y)

∣∣∣∣ ,
where

kζ (x, y) = exp

(
−(x2 + y2)

(1− ζ )2

4ζ
− y2

p′
− x2

p

)
(
ixy

2

(
1

ζ
− ζ

))−α
Jα

(
ixy

2

(
1

ζ
− ζ

))
.

By the asymptotic behaviour of Bessel functions

(28) Jα(iz) = (2πz)−1/2
[
e−z−i(

α
2 π+ π

4 )(1+R(z))+ez+i(
α
2 π+ π

4 )(1+R(−z))],
with R(z) = O(|z|−1) as z→∞, (see, for instance, [4]). Thus, since 1

p
− 1

2 =
1
2 − 1

p′ = cosφp
2 , the kernel kteiφp can be written as

kteiφp (x, y) = exp(qteiφp (x, y))Gα

(
ixy

2

(
e−iφ

t
− teiφ

))
,

with qζ (x, y) = 1
2 cosφp(y2 − x2)− 1

4 (ζ(x + y)2 + ζ−1(x − y)2) and

(29) Gα(iz) = (iz)−αJα(iz)e−z

= (2π)−1/2(z)−α−1/2[e−2z−i( α2 π+ π
4 )(1+ R(z))+ ei(

α
2 π+ π

4 )(1+ R(−z))].
Fix a smooth function φ such that φ(0) = 1 and with support contained in the
interval [−1, 1]. For y0 ≥ 2 and 1/p′ < δ < 1/p, let g(y) = |y−y0|−δφ(y−
y0).
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Consider first the case 1 < p < 2. We shall prove that there exist positive
constants c, C1, C2, withC1 < C2, such that if y0 is large and x ∈ [C1y0, C2y0]
then

(30) |Wp,a,bg(x)| ≥ cyδ−1
0 (1+O(y−1

0 )).

Assuming for the moment that (30) holds, for y0 large, we have that ‖Wp,a,b

g(x)‖Lp(mα) ≥ Cy
δ− 1

p′
0 y

2α+1
p

0 . Since ‖g‖Lp(mα) ≤ Cy
2α+1
p

0 , the quotient ‖Wp,a,b

g‖Lp(mα)/‖g‖Lp(mα) diverges if we let y0 tend to infinity. It remains to prove
(30). Define tx = y0−x

y0+x and choose two constants C1 and C2 such that (1 −
b)(1 + b)−1 ≤ C1 < C2 ≤ (1 − a)(1 + a)−1. Then a ≤ tx ≤ b, for all x in
[C1y0, C2y0]. Let Q(x, y) = qtxeiφp (x, y). Then

(31) |Wp,a,bg(x)|
≥ C

∣∣∣∣∫ exp Q(x, y)Gα

(
ixy

2

(
e−iφp

tx
− txe

iφp

))
g(y) dmα(y)

∣∣∣∣ .
Write Q(x, y) = R(x, y) + iI (x, y), with R and I real. The functions R

and I are quadratic polynomials in y. Let

R(x, y) = a0(x)+ a1(x)(y − y0)+ a2(x)(y − y0)
2,(32)

I (x, y) = b0(x)+ b1(x)(y − y0)+ b2(x)(y − y0)
2(33)

be their expansions in powers of y − y0. Observe that

a0(x) = a1(x) = b0(x) = 0,

b1(x) = x sin φp,

and |a2(x)| + |b2(x)| ≤ C for all x in [C1y0, C2y0]. Now by (32), (33) and by
the change of variable y = u+ y0, the right hand side of (31) is equal to

C

∣∣∣∣∫ eib1(x)u|u|−δϕ(x, u) du

∣∣∣∣ ,
where

ϕ(x, u)

= e(a2(x)+ib2(x))u
2
φ(u)Gα

(
ix(u+ y0)

2

(
e−iφp

tx
− txe

iφp

))
(u+ y0)

2α+1,

and |ϕ(x, 0)| = 1+O(y−2
0 ) for y0 large. By [6, Lemma 5.2]∫

eib1(x)u|u|−δϕ(x, u) du = Cϕ(x, 0)|b1(x)|δ−1 + Eδ(b1(x), ϕ),
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with Eδ(b1(x), ϕ) ≤ C|b(x)|δ−2(‖ϕ′′‖L1(dx)+‖ϕ‖H 2
2
). Now it is quite easy to

prove that |Wp,a,bg(x)| ≥ C|x|δ−1(1+O(y−1
0 )),

as y0 tends to ∞ uniformly for x in [C1y0, C2, y0]. Thus (30) is satisfied.
It remains to consider the case p = 1. Remark that in this case Q is real.

By arguing as in the previous case, we are led to∣∣∣∣∫ exp Q(x, y)Gα

(
ixy

2
(t−1
x − tx)

)
g(y) dmα(y)

∣∣∣∣
= C

∣∣∣∣∫ exp(a2(x)u
2)|u|−δϕ(x, u) du

∣∣∣∣ ,
where

ϕ(x, u) = φ(u)Gα

(
ix(u+ y0)

2
(t−1
x − tx)

)
,

because b1 and b2 vanish identically. Moreover, a2 is uniformly bounded.
Since φ has compact support and ϕ(x, u) is bounded from below, there exists
a positive constant C, such that∣∣∣∣∫ exp(a2(x)u

2)|u|−δϕ(u) du

∣∣∣∣ ≥ C, x ∈ [C1y0, C2y0],

for large y0. Thus the unboundedness of W1,a,b on L1(mα) follows from

‖W1,a,bg‖L1(mα)

‖g‖L1(mα)

≥ Cy0,

when y0 tends to infinity. This concludes the proof of the theorem.

To prove the unboundedness of M̃∗
α,2,σ , we introduce a technical lemma.

Lemma 5.2. Assume that a ∈ C \ {±1,±i} and |a| = 1. There exists a
function h in Cc(R+) such that

lim sup
t→0+

t−1/2

∣∣∣∣∫
R+

[
aei

(x−y)2
t + āei

(x+y)2
t

]
h(y) dy

∣∣∣∣ = ∞,

for all x in a measurable subset A of R of positive measure.

Proof. By a result of Carleson [2], there exists a continuous function g,
with compact support contained in R+ such that

(34) lim sup
t→0+

t−1/2

∣∣∣∣∫
R
ei

(x−y)2
t g(y) dy

∣∣∣∣ = ∞,
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for each x in R. Let p(y) = 1/2(g(y) + g(−y)) and d(y) = 1/2(g(y) −
g(−y)). Let B the measurable set of all x in R such that

lim sup
t→0+

t−1/2

∣∣∣∣∫
R
ei

(x−y)2
t p(y) dy

∣∣∣∣ = ∞,

Since p is even, the set B is symmetric. Moreover, since g = p + d, by (34)

lim sup
t→0+

t−1/2

∣∣∣∣∫
R
ei

(x−y)2
t d(y) dy

∣∣∣∣ = ∞, x ∈ R \ B.

Assume first that µ̃α(B) �= 0. Since a �= ±i, then a + ā �= 0 and

lim sup
t→0+

t−1/2

∣∣∣∣∫
R
ei

(x−y)2
t (a + ā)p(y) dy

∣∣∣∣ = ∞, x ∈ B.

Let C the measurable set of all x in B such that

lim sup
t→0+

t−1/2

∣∣∣∣∫
R+

[
aei

(x−y)2
t + āei

(x+y)2
t

]
p(y) dy

∣∣∣∣ = ∞.

Since

(a + ā)

∫
R
ei

(x−y)2
t p(y) dy =

∫
R+

[
aei

(x−y)2
t + āei

(x+y)2
t

]
p(y) dy

+
∫

R+

[
āei

(x−y)2
t + aei

(x+y)2
t

]
p(y) dy,

we have that

(35) lim sup
t→0+

t−1/2

∣∣∣∣∫
R+

[
āei

(x−y)2
t + aei

(x+y)2
t

]
p(y) dy

∣∣∣∣ = ∞, x ∈ B \C.

Now if µ̃α(C) �= 0, the conclusion follows by choosing h = p and A = C.
On the other hand, if µ̃α(C) = 0, by (35) and the symmetry of B, the lemma
is proved setting again h = p and A = B.

Next, if µ̃α(B) = 0, then we may conclude with similar arguments by
choosing h = d and using that for a �= ±1 then a − ā �= 0.

Theorem 5.3. Suppose that α /∈ 2N−1
2 . The operator M̃∗

α,2,σ , with 0 ≤ σ <

π , is not of weak type 2.

Proof. Observe that the region E2 contains the imaginary axis. Thus it
suffices to find a continuous function f with compact support such that

(36) lim sup
t→0+

∣∣∣∣∫ m̃α,2it (x, y)f (y) dµ̃α(y)

∣∣∣∣ = ∞,
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for all x ia a subset of R+ of positive measure. Moreover, since mα,t (x, y) =
mα,t (−x, y) it is enough to show that (36) holds for all x in a measurable subset
A of R, of positive measure. Since τ−1(2it) = i tan(t/2), we have

m̃α,2it (x, y) = Cα(i tan t/2)−1−α(1+ i tan t/2)2α+2e
x2+y2

2 e
−i x2+y2

4

(
tan t/2− 1

tan t/2

)
(
xy

2

(
tan t/2+ 1

tan t/2

))−α
Jα

(
xy

2

(
tan t/2+ 1

tan t/2

))

= Cα(i tan t/2)−1(1+O(t))e
x2+y2

2 e
−i x2+y2

4

(
tan t/2− 1

tan t/2

)
(
xy

2

)−α
Jα

(
xy

2

(
tan t/2+ 1

tan t/2

))
,

as t → 0+. Observe that if t tends to 0+, then
(
xy

2

(
tan t/2+ 1

tan t/2

)) →+∞,
for a.e. x, y ∈ R+. By (28), we may write

m̃α,2it (x, y) = Cα(i tan t/2)−1/2(1+O(t))e
x2+y2

2 e
−i x2+y2

4

(
tan t/2− 1

tan t/2

)
(xy

2

)−α−1/2 [
aei

xy

2 (tan−1 t/2+tan t/2)(1+O(t))+āe−i xy2 (tan−1 t/2+tan t/2)(1+O(t))
]
,

as t → 0+, with a = e−πi(α/2+1/4). Thus

|M̃∗
α,2,σ f (x)| ≥ lim sup

t→0
Cx−α−1/2ex

2/2t−1/2∣∣∣∣∫
R

(
aei

(x−y)2
t + āei

(x+y)2
t

)
f (y)yα+1/2e−y

2/2 dy

∣∣∣∣ .
By Lemma 5.2, the conclusion follows by choosing f (y) = h(y)ey

2
y−α−1/2,

since a �= ±1,±i whenever α /∈ 2N−1
2 .

Remark 5.4. By the proof of Lemma 5.2, Theorem 5.3 is still true either
for α ∈ 2N−1/2 or for α ∈ 2N+1/2, which correspond to the values a = ±1
or a = ±i respectively.

At last we study the weak type p unboundedness of M̃∗
α,p. Observe that

for α /∈ 2N−1
2 , we can extend the following result to the case p = 2, because

M̃∗
α,2,σ is not of weak type 2 and M̃∗

α,pf > M̃∗
α,2,σ f for each nonnegative

function f .

Theorem 5.5. The operator M̃∗
α,p is not of weak type p for any p in (1, 2)

and p > 2α+2
α+3/2 .
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Proof. Since the maximal operator M̃∗
α,p is bounded from below by the

operator
f �→ Np,εf = sup

1−ε≤t<1
|M̃α

τ(te
iφp

)
f |,

for any ε ∈ [0, 1], we only need to study Np,ε. We composed Np,ε with the
isometry @p, defined in (23). Therefore it suffices to prove that the operator
N ∗
p,ε = Np,ε@

−1
p is unbounded from Lp(mα) to Lp,∞(µ̃α). Assume that for

any x0, y0, with x0 sufficiently large and y0 ≥ xδ0, for δ > 0 fixed, there exists
a function g such that

(37) ‖g‖Lp(mα) ≤ C

(
y0

x0

)1/p

y
2α+1
p

0 ,

(38) |N ∗
p,εg(x)| ≥ Cex

2
0/p

(
y0

x0

)α+3/2

, ∀x ∈
[
x0, x0 + 1

x0

]
.

Assuming the claims for the moment, we conclude the proof. If we suppose
that N ∗

p,ε is bounded from Lp(mα) to Lp,∞(µ̃α), for some p > 2α+2
α+3/2 , then

x2α
0 e−x

2
0 ≤ Cµ̃α

{[
x0, x0 + 1

x0

]}
≤ Cµ̃α

{
x : |N ∗

p,εg(x)| ≥ Cex
2
0/p

(
y0

x0

)α+3/2}
≤ Ce−x

2
0

(
y0

x0

)−(α+3/2)p

‖g‖Lp(mα).

Choosing y0 = xδ0, with

δ >
(α + 3/2)p − 2α − 1

(α + 3/2)p − 2α − 2

and letting y0 tend to infinity, we find a contradiction. We now get back to the
claims. Arguing as in the proof of Theorem 5.1, for each function g and for
every x in

[
x0, x0 + 1

x0

]
,

(39) |N ∗
p,εg(x)| ≥ Cex

2
0/p

∣∣∣∣∫ exp qtxeiφp (x, y)(xy)
−α−1/2

G′
α

(
ixy

2
(t−1
x e−iφp − txe

iφp )

)
g(y) dmα(y)

∣∣∣∣.
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Here G′
α(z) = zα+1/2Gα(z) and Gα is defined in (29). In particular, we may

choose

tx =
√
y2

0 + x2
0 − x2 − x0

y0 + x
,

such that 1− ε ≤ tx < 1, for each x in
[
x0, x0 + 1

x0

]
and x0 →+∞. Next we

choose g as follows

g(y+y0) = χ[−1,1]

((
x0

y0

)
y

)
exp

(
−i sin φp

(
yx0 +

(
x0

y0
+ 1

2x0y0

)
y2

))
.

An easy calculation implies the estimate (37) of the Lp(mα)−norm of g.
Moreover (38) follows from the asymptotic estimates of the kernel of the
right hand side of (39). Namely, setting u = x0

y0
(y − y0), we may write

|N ∗
p,εg(x)| ≥ Cex

2
0/p

y0

x0
ea0(x)

∣∣∣∣∫ 1

−1
e
a1(x)

(
y0
x0

)
u+a2(x)

(
y0
x0

)2
u2

e
ib(x)u2

(
y0
x0

)2

(
u
y0

x0
+ y0

x

)α+1/2

G′
α

(
ix(u

y0

x0
+ y0)

2
(t−1
x e−iφp − txe

iφp )

)
du

∣∣∣∣.
A rather easy computation gives

a0(x) = O(1),

a2(x) = − cosφp(x
2
0/y

2
0 )+O(x4/y4

0),

a1(x) = O(1/y0),

b(x) = O((x0/y0)
3)+O(x0/y

3
0),

as x in
[
x0,

1
x0

]
, y0 ≥ xδ0, δ > 1. As z tends to infinity, G′

α(z) = 1+O(|z|−1).
By these asymptotic estimates, if x0 is sufficiently large and y0 ≥ xδ0, with
δ > 1, there exists a positive constant C such that the right hand side is
bounded from below, i.e.

|N ∗
p,εg(x)| ≥ Cex

2
0/p

(
y0

x0

)α+3/2 ∣∣∣∣∫ 1

−1
exp(− cosφpu

2) du

∣∣∣∣
≥ Cex

2
0/p

(
y0

x0

)α+3/2

.

Thus (38) holds and the theorem is proved.

Remark 5.6. Several cases remain to study, as theLp′(µ̃α)-boundedness of
M̃

gl
α,p, with 1 < p < 2. Recently P. Sjögren proved that the maximal operator

H ∗
p associated to the Ornstein-Uhlenbeck semigroup is of weak-typep′, but not

of strong typep′ with respect to the Gaussian measure (see [11]). Nevertheless,
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these results cannot be easily extended to the corresponding maximal operators
associated to the Laguerre semigroup, by means of the same techniques used
in this work.
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