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MAXIMAL OPERATORS FOR THE HOLOMORPHIC
LAGUERRE SEMIGROUP

EMANUELA SASSO

Abstract

For each p in [1, c0) let E, denote the closure of the region of holomorphy of the Laguerre
semigroup {M} : t > 0} on L? with respect to the Laguerre measure ji,,. We prove weak type and
strong type estimates for the maximal operator f > sup{|M7 f| : z € E,}. In particular, we give
anew proof for the weak type 1 estimate for the maximal operator associated to M. Our starting
point is the well-known relationship between the Laguerre semigroup of half-integer parameter
and the Ornstein-Uhlenbeck semigroup.

1. Introduction

The purpose of this paper is to analyse a class of maximal operators associ-
ated to the holomorphic Laguerre semigroup on the half-line R,.. We shall be
working with the Laguerre probability measure p, of type o, with o > O,
whose density is gy (x) = % with respect to the Lebesgue measure. The
Laguerre semigroup is the symmetric diffusion semigroup {M; : ¢t > 0} on
(R4, me), whose infinitesimal generator is the differential operator

2
Lou(x) = —x@u(x) —(l4+a- x)%u(x),

i.e. u(x,t) = e 't f(x) satisfies the Cauchy problem

0

—u = —Lyu,
dt

u(x,0) = f(x).

By virtue of Stein’s maximal theorem [12] the operator

M? f (x) = sup M f (x)]

t>0

is bounded on L?(u,), for 1 < p < oo. B. Muckenhoupt proved that M“
is of weak type (1, 1) in the one-dimensional case [9]. This result has been

Received February 13, 2004; in revised form September 27, 2004.



236 EMANUELA SASSO

extended by Dinger to the Laguerre semigroup, of order &« = (¢, ..., ®y) on
Ri, with d > 1, defined as the tensor product of d one-dimensional Laguerre
semigroups of order o;, withi =1, ...,d [3].

The Laguerre semigroup can be extended to complex values of the parameter
t. This is achieved by analytic continuation of the L?(j1,)-function ¢ MPf
to the half-plane {{z > 0}. Since M} has an integral kernel m,(x, y) with
respect to the Laguerre measure, it is equivalent to substitute ¢ by a complex
variable in the expression of the kernel (for more details, see Section 2). The
resulting operator M7 is well defined as a bounded operator on L% () for all
z, with Mz > 0 and o > 0. For any p, with 1 < p < o0, define

E, ={x +iy:|siny/2| < tan ¢, sinh x/2},

where ¢, = arccos |12/ p|. The above represents the region of holomorphy of
M actingon L7 (), i.e. MY is bounded on L? (1) if and only if z belongs to
E, (see [10]). The map z — MY from E, to the space of the bounded operators
on L?(uy) is continuous in the strong operator topology and its restriction to
the interior of E, is analytic. Therefore the maximal operator

ey Ma,p f(x) = sup [M7 f(x)]

z€E,

is well defined. The aim of this paper is to investigate the boundedness prop-
erties in LY (u,) of this maximal operator, whenever o > 0. It is well known
that weak type estimates for ./, , are a key tool to investigate the almost
everywhere convergence of M7 f to M7 f as z tends to zo, for f in L7 (uy).

We remark that .#, | is the maximal operator for the heat kernel m,, ;, which
is known to be of weak type 1 and of strong type p for each p > 1 by the
aforementioned results of Stein and Muckenhoupt. For 1 < p < 2 we shall
prove that the operator /4, , is of strong type ¢ for each g in (p, p’) and of
weak type p if p < ‘fj’:—;/zz On the other hand for p > ;i;r/zz it is not of weak
type p. Moreover ./, » is not of weak type 2.

We follow the same strategy adopted by [6] to study the maximal oper-
ators associated to the holomorphic Ornstein-Uhlenbeck semigroup. By the
periodicity properties of the semigroup MY, we may restrict the parameter z
to the region ¥, = {z € E, : 0 < 3z < 7}. To obtain the positive results
we decompose the operator into a “local” part, whose kernel is supported in a
sort of neighbourhood of the diagonal, and in a “global” part. For the negative
result, we provide counterexamples by analysing the behaviour of m,_ , on the
boundary of E,,. To be more specific, a critical pointis z, = |log(p —1)|+in.
Therefore it is natural to investigate the smaller maximal operator defined by
taking (1) only over the set obtained deleting from E,, a small neighbourhood of
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the point z,,. Observe that at this point the operator M| Z ,witha € N/2—1, may

be reduced to the Fourier transform from L? (R", dx) to L (R", dx) acting on
radial functions.

The paper is organized as follows. In Section 2 we recall some basic prop-
erties of the Laguerre semigroup and we decompose the maximal operators in
“local” and “global” parts. In Section 3 we estimate the local part while Sec-
tion 4 is devoted to showing the positive results regarding the global parts of
the maximal operators. Finally the negative results will be proved in Section 5.

2. Preliminaries and statement of results

The Laguerre semigroup on R is the family of integral operators {M : t > 0}
defined by the following kernel expressed in terms of the standard Bessel
function J,,.

(2) M (x,y) =T(@+ D —e ) exp <_et(x—+y))

1 —e?

_ —1\1/2
(_xye_t)_a/zja (2&) ,

with respect to the Laguerre measure pu, (see, for instance, [3]). Since this
kernel admits an analytic continuation on the half-plane Mz > 0, it is easy
to see that the Laguerre semigroup has analytic continuation to a family of
operators {M? : %z > 0} from Z(R,) to Z'(R,) such that

3 M f0) = MEf (), MEf(x) = MEf().

By [10] the operator M extends to a bounded operator on L” (i), for 1 <
p < ooand o > 0, if and only if z belongs to the set E,, defined in the
previous section. The set E, is a closed 2 i-periodic subset of the right half-
plane. Moreover, if 1/p +1/p' = 1, then E, = E, and E, C E,, for each
1 < p < g < 2. In particular, the end-point cases are E; = {x + ikm : x >
0,k eZyand E; = {z : Nz > 0}.

Our purpose is to investigate the boundedness of the maximal operator ./, ,,,
defined in (1), on L9(uy), for 1 < g < oc. It turns out that we may restrict
the parameter z to the “fundamental domain” F, = {z €e E, : 0 < 3z < 7}
Indeed, by (3) and the properties of the region E,, it is easy to see that the

maximal operator
My, , f(x) = sup [M7 f(x)],

z€F,

and /,, , are simultaneously of weak or strong type.
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Let [i, be the Borel measure on R, with density i, (x) = 2%, with
respect to the Lebesgue measure, and consider the map & defined on test

functions by
4) Of(x) = f(x?).

The map @ is an 1sometry between L7 (,ua) and LY (fi,) and between L7 (1)
and L7*°(fi). Define M g =OMIP ! Itis quite straightforward to see that
My (X, y) = mq . (x%, yz) is the 1ntegra1 kernel of M ¢. Clearly we may reduce
the problem to the study of the boundedness of /% . p 00 L(f1e), defined by

A, f (x) = sup | M2 f (x)].

z€F,

More generally, we shall consider the family of maximal operators /&Z’; po
defined as follows. Let z,, denote the point on the boundary of F, with imagin-
ary part 7. Foreach o, with0 < o < |z,,|,letF,, = {z € F, : |[z—2z,| > 0}.

Define ~
M pgf(X) sup | M2 f(x)].
2€F, 4
We are now ready to state our results. Since E;, = E,, we only need study the
boundedness of ./* forl < p<2.

a,p,o
THEOREM 2.1. For o > 0, the following hold:
(1) The operator //721 is of weak type 1 and of strong type q for every q in
(1, ool;
(2) Let 1 < p < 2. The operator ﬁ;p is of strong type q whenever p <
q<p’
3) Let 1 < p < 2. The operator ﬁzp is of weak type p, when p <

20+2 .,
a+3/2°

200+2
a+3/2°

but it is not of weak type p, when p >

4 If1 < p <2and0 < o < |zp|, the operator ,/%a .o 18 of weak type p
and p/, but not of strong lype p;

(5) If a ¢ D=L e operator M with 0 < o < 7, is not of weak type

«,2,0°

REMARK 2.2. We shall see that the results of statements (1) and (2) can be
extended to the d-dimensional case (see Remark 4.6). Moreover, every negative
result holds also in higher dimension. Indeed, by restricting the operators to
functions which depend only on one variable in R% , one sees that it suffices to
consider the one-dimensional case d = 1. In particular, by (3), /ﬁ?jt , cannot

20[,‘ +2
=l ;i +3/2

),witha = (1, ..., 0q).
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REMARK 2.3. Recall that the holomorphic Ornstein-Uhlenbeck semigroup
acting on square integrable functions on R”, with respect to the Gaussian
measure dy (x) = 72~ dx, is the family of operators 7, with iz > 0,
defined by

%zf(X)Z/ h:(x, y) f(y)dy (y), if z#inZ,

Hn f(X) = f((=D*x),  for keZ

Here

-2, 2
ho(x,y) = (1 — e 2y n/2 exp(— u)eyz

l—e %
is the Mehler kernel with respect to the Gaussian measure y. It is well known
that the region of holomorphy of the Ornstein-Uhlenbeck semigroup on L7 (y)
is 2E,, (see [6]). The maximal operators

95 () = sup .S (o),

z€2E,

Hyo [(x) = sup |I.f(x)]

2€2F) 5

have been investigated in [6] and [11]. In particular, in [6] the authors have
proved the analogue of our Theorem 2.1 for the operators 7, and 7 ,. Note

however that, while the operator ./, , is of weak type p for p < azj‘_;/zz the
operator 7, is never of weak type p, forall p > 1. Since whena =n/2 — 1
and n > 1, the Laguerre operator can be interpreted as 7, acting on the radial
functions on R”" (see [7]), we obtain that for p < nz—fl, the maximal operator
%;, restricted to the space of radial functions, is of weak type p.

To investigate ﬁz »» We essentially adopt the same techniques of [6]. We
split the operator in a “local” part and the remaining or “global” part. To
describe this decomposition, first we must write the kernel of M 7 asanaverage
over [—1, 1] of a family of kernels i, (-, -, s) depending on an additional
variables s in [—1, 1]. Indeed, by using the integral form of Bessel functions,
for ¢ > 0 (see, for instance, [4, p. 15]), gnd by considering the action of the

isometry @, we may write the kernel of MY as

1
ﬁia,z(x’ y)=/ %a,z(X,y,S)dS,
-1

where
&)

1 1 2 2 1 1 2 2
~ —zn—a—1 5 == (X" +y +2xys)—5 57— (x“+y“—2xys
ma,z(xs v, S) — (1 —e Z) o le29~/2+1( y ys) 2#/271( Y ) )Ha(s)
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and T,(s) = ¢ (l;g‘:‘Jr)‘)f(l s9)2=12 1t will be useful to observe that

f[_ 1.1, o (s) ds = 1. To split the operator we introduce two sets: the “local”
region

= {(x,y,s) c R+ X R+ X [—1,1]

2 2 : 1
x“+y nys)§m1n<1,x2+y2+2xys)},
and its complement G, the “global” region. This choice is suggested by the de-
scription of the corresponding local region in polar coordinates in the Ornstein-
Uhlenbeck case [6]. Observe that the diagonal {(x, x, 1)}, is contained in L,
i.e. L is a neighbourhood of the diagonal in Ry x Ry x {1}. The local and
global parts of the operator //la ».o are defined by

M f(x) = sup

a,p,o
2€F, »

/R / r’rza,z(x,y,sm(x,w)dsf(y)dﬂa(y)',

ME | f(x) = sup

o,p,0
2€F, »

1
/R / e, 39632 dsf(y)dﬁa(y)‘-

Clearly ~loc
Otp(lf(x) =< ‘%apo'f(x)-’_'%apo'f(x)’

we shall study the operators .4 olf’; , and /%51 p.o separately. First, however, it

is convenient to simplify the expression of 71, . (x, y) by means of the change
of variable
1+
z = T(é‘) = 210g ﬁ

The same change of variable, without the factor 2 in front of logarithm, was
introduced in [6], to which we refer the reader for the properties of the map 7.
Here we only recall that 7 is a biholomorphic transformation of a neighbour-
hood of 0, which maps the ray Rye'? onto 9E, N{z € C: 0 < Jz < 27}.
Therefore the heat kernel becomes

~ (1 +§-)2+2a (1 _ ;_)2
masf(é)(x’ y)=T(a+ I)W exp (—(x2 + yz)T>

For o > 0, we may also write

1
ﬁ’ia,f({)(xi )’)=/ ﬁ’ia,‘r({)(-xi y7s)ds9
-1
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where

(6)

m ({)(x y,8) = w # ( 24y 42xy5)+ 50 (X2+}2—2)C)s))
o, T ) —

@)1 Me(s):

REMARK 2.4. We prove now some identities which will be useful in the
sequel. Assume that f, g are in L! (R4, my), where m,, is the measure with
density

) Ma(y) = € fia(y).

Observe that the measure m, is simply proportional to a power of y times
Lebesgue measure.
We define the generalized translation as

T f(x) = / F(Vx2+ y2 — 2xys )14 (s) ds,
’ [—1.1]

and the generalized convolution of f and g as
(8)  fHag(x) = / / V2432 = 2xys ) g (0T (s) ds dmg ().
Ry JI-1,1]

For @ = 5 — 1, these correspond to the average over the sphere of a radial

funcion and to the convolution of radial functions in R", respectively. It is well
known that generalized translations and generalized convolution share many of
the properties of ordinary translations and convolution in R” [8]. In particular
(i) the function y r;‘ f is continuous in L? (my);
(ii) f#Heg = g#af.
Namely, by the change of variable s = cos 6, we have
©)
SHag(x) = / / f(\/xz + y2 — 2xy cos 0 )g(y)(sin 0)**ds dmg (y).
Ry J10,7]

For each x in R2, let x denote the absolute value of x. If X and y are in RZ,
let 6 be the angle between the nonzero vectors x and y. Interpreting (9) as an
integral on R? in spherical coordinates, we obtain that

fi (x)—/ £ = 5D <|‘|>(1—(ﬁ)2)a|—|2“2d—y
8= Je YDty ®5) ) Y T+ 2y
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Now by the further change of variables, y — X = w, we have

><I

B _ - - _ W |2« d—w
f#ag(x)—/sz(|w|)g(|x wl)(l ( w))' | 2F(a+1/2)ﬁ

><I

= g#a [ (x).

Namely, by the sine theorem

(-G =Gy

This concludes the proof of item (ii).
Moreover, by choosing g = 1, f#,g is well defined for a.e. x € R and

/R/ F(Vx2+ y2 = 2xys )Ty (s) ds dme (y) = A f () dmy(y).
-1 .

3. Results for the “local” part

In this section we shall prove that ./ é"; , 1s of weak type 1 and of strong

type g, for each ¢ in (1, 00] and o > 0. Since /ﬁll"c /%1“ 0= /%é"f,,
it is enough to consider the latter operator. In the followmg, we w1ll use the

measure m, defined in (7). Moreover, for each o > O and ¢ > 0, let k,,(x, y)
be the function

1
(X,Y)’—)f ka,t(X,y,S)nuz(s)dS,
—1

where kq;(x,y,s) = (41)7¢"! exp(_x2+yzl—2xys)‘

LEMMA 3.1. Suppose that o > 0. Let (T : t > 0} be the family of integral
operators, defined by

T f(x) = /R ks (6 ) £ () dima (),

on CXRy). Then {T* : t > 0} is a diffusion semigroup on (Ry, my).
Moreover the maximal operator

T f(x) = SHIODITt“f(X)I

is of weak type (1, 1).
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ProoF. Let H'(R,, m,) denote the space of all functions f, such that both
f and its distributional derivative f’ are in L?(m,). Let Q, be the quadratic
form, defined for f in H' (R, mg) by

2
(x)dmg (x).

)
Qa(f):'/() ‘Ef

The form Q, with dense domain H'(R,, m,) is closed, so Q, is the form
of a self adjoint operator —A, > 0, which on CZ(R+) coincides with the

differential operator
d? Qa+1) d

dx? x dx’

We claim that — A, is the infinitesimal generator of {7,* : ¢t > 0}. Indeed, by
Remark 2.4 we have that
(10)

2
/ kot (x, y) dmy(y) = (41)_0_1/ / exp (_w_) [T, (s) ds dmg (w)
R: Ry J[-1,1] 4t

- f e dmg(w) = 1,
R,

and for each § > 0 it is quite simple to prove that

(11) lim ko (x, y) dmg(y) = 0.

t—0t §

By (10) and (11), it is easy to prove that for every f

t—0t

lim A kot (x, ¥) f(y) dmg(y) = f(x)

in L2(myg). So the claim is proved once we verify that u, (x) = T f (x) solves
the Cauchy problem
{ oy = —Aglty

u():f.

We have that 0;kq(x,y) = —Agxks,(x,y). Indeed, by a straightforward
calculation, we get that

/ [atka,t(x’ Y, s)+Aaxka,t(~xa Y, S)]HQ(S)dS =0.
[—1,1]

Now by Lebesgue dominated convergence theorem we can differentiate under
the integral sign. Hence o,u; = —A,u,. This proves the claim.
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We observe that, by (10) 7,* can be extended to a contraction on L'(myg)
and, by duality, to a contraction on L*(m,). By interpolation we get that 7*
is a diffusion semigroup. Notice that ¢ +— 7% f is a continuous function on
R, for each f € L?(m,). Thus, since the supremum over ¢ > 0 coincides
with the supremum over all rational + > 0, T* f is a measurable function.
By the Littlewood-Paley-Stein theory, the maximal operator 7* is bounded
on LP(my), for 1 < p < oo. It remains now to prove the weak type (1, 1)
boundedness. Let & be the ergodic means of {7,* : t > 0}, i.e.

1 t
af=1 | 1ir o
t Jo

on L?(mg)NL*(m,) and witht > 0. The associated ergodic maximal operator

is defined by & f =sup|& fl,

t>0

on L?(my) N L?(my). The Hopf-Dunford-Schwartz ergodic maximal theorem
asserts that

(12) ma{xeR+:%*f(x)>/\}§%||f||1, VA >0, YfelL'(my).

For f > 0, since T, is positivity preserving, by Fubini’s theorem we have that
1 2t
%th(x)z—/ T) fdo
2t J;
1 2t
=5 [ [ Faole s ama) o
2t ¢ R,
1 2t
= [ 5[ Heotr )70 do dma)
Ry tJ:

1 2 .r2+v27 xys
> / L[ oreao f I L (5) ds £ () d ()
R, 2t J; [—1,1]

= CO{ T[a f’
for some positive constant C,. So, for any f in L'(my),

(13) T*f <supT7|f| < Cosup&|fl.
t>0 t>0

Now the weak type (1, 1) estimate for T* follows from (12) and (13) and this
concludes the proof.
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REMARK 3.2. By the definition of generalized convolution, T* f = f#,k,

XZ .
with k(x) = (41)™* 'e"%.Sowhena = 5 — 1, withn € Nand n > 1, the
operator 7% corresponds to the heat semigroup acting on radial functions of
R”™.

LEmMA 3.3. For each p € [1,2), there exists a constant C such that for
everytin (0,1]and (x,y,s)in L

sup |n~’ioz,r(te"‘/’)(xa v, s)|

[p1<¢p
< croley exp (—%(x2 +y% — 2xys)> I, (s).

Proofr. By (6) we have

~ x24y? 0S
Az ety (X, . 8)| < C17% ™5 eXP< 1 ¢(x2 +y* - 2xyS)) I, (s).

Since, if (x, y, s) € L, then

22—y < V(02— y)2 41 - s2)x2y?

< V(2 + y2 + 2xys)(x2 + y2 — 2xys)

517

2442
then we may majorise e Ea by C ¢¥" and the result follows.

THEOREM 3.4. For each p € [1,2), the operator ‘/ZZ&"; is of weak type 1
and of strong type q, whenever 1 < g < oo.

ProOOF. For any fixed f > 0, Lemma 3.3 yields

(14)
%locf(x)<Csupt o= 1/ / ( ¢p(x +y —2xys)>
>0 Ry J[-1, 1]
XL(X, y, ) (s) dsf(y) dme(y).

We claim that ./ ol[‘); is bounded on L*°(ji,). Namely, by Remark 2.4, we get

ALY f ()]
< Cll fllo supr =~ / / exp (— €09y wz) T, (s) ds ding (w).
R, J[-1,11 4t

>0
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Since o > 0, the integral

1 ‘/ / exp( ¢” 2) I, (s) ds dmg (w)
R, J[-1,1]

is finite and bounded by a constant independent of x and ¢. This concludes the
proof of our claim. -

It only remains to prove that ./ (}f’; is also of weak type 1. By Lemma 3.3,
our operator is bounded by '

. x2+y2—2xyx

Wfx) = Sulo’t_a_l / e P (e, v, ) (s) dsf (v) dma (),
t> Ry

whose kernel is supported in the local region. Since, by Lemma 3.1, 7" is of

weak type (1, 1) with respect to the measure m,, / , /{1 18 of weak type (1, 1),

with respect to the same measure. We consider the Vector—valued operator S

given by

Sf () = { | [ ety dsfon d/:eD,(y)}
Ry JI=1,1] 1eQ
It is clear that /, (1o 5 (x) = [ISf()lle,. In order to prove that M, /[ 10¢ , maps

L'(fig) into weak- L (flg), it is enough to prove that S maps L' (ua) into
weak-L . (fLo). Now the conclusion follows by applying to S a vector-valued
version of the arguments in Section 5.2 of [10] (see also [5, Section 5]).

4. Results for the “global” part
In this section we shall estimate the global maximal operators /ﬁg}p,a, for

1 < p <2and o > 0. Our estimates are a consequence of the inequality

(15) sup |’:ﬁa,7:(te"¢)(x’ y,S)|
[p1<e)
< Cl,—a 1

X +\ __cos ¢p

(t(x24y? +2xys)+ (x%4y? 2xys))1—1 (S)

for all t in (0, 1] and all (x, y, s) in Ry x Ry x [—1, 1], which follows easily
from (6). First we give two different expressions for the right hand side of this
inequality. Since cos ¢, = % — 1, we have that

x2 +,\‘2

e T~ % (1 +y? +2xys)2+%(x2 +y2—2xys))

x? 2 cos
=exp(—+y—/— ¢pQ(x y,s))
p pr

x> y*  cos¢
=exp(—/+—— pQ_t(x,y,s)>,
p p 4t
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where Q. (x, y, s) is a quadratic form in x, y defined by
Qc(x,y,5) = (1 +1)°x* = 2xys(1 — ) + (1 — )*y*.

For each x in R, consider the section G(x) = {(y, s) : (x, ¥, s) € G} and for
every fixed § > 0, define

8
J:i:(xv t) =/ exp <_;Q:|:t(xv yvs)> H(X(S)demC((y)
G(x)
LEmMA 4.1. Foreach $ > 0 and (x,y,s) € G,
(1) there exists a constant C such that

8
sup 1~ 'exp (—; Q:(x,y, S))

0<r<l

= C[A+02 A (20 =)™

(1) for each p in (1, 00) and each n in (0, 1), there exists a constant C such
that

8 !
sup ¢ 7@ D exp <_;Qit(X, Y, S)) I (x, 1)
O<t<l—n

S C [(1 +x)201+2 A (x2(1 _ SZ))fotfl] .

PrOOF. We claim that for each 7 in (0, 1) there exists a positive constant C
such that for all x, y,sand ¢t > —1 +1n

(16) 0,(x,y,5) > Cx*(1 — s?).

Moreover for all (x, y,s) € Gandt < (1 +x)72/8
1
(I4+x)%

Assuming the claim for the moment, we prove the lemma. To obtain (i) first,
we observe that (16) implies

(17) Qi(x,y,8) = C

t—a—l ex _é —a—1 2 1— 2\y—a—1
P17 y.9) ) = C(Qi(x,y,8)™ = CT( —57)

Next, we observe that on the one hand, if ¢+ > (1 + x)7%8, it is enough to
majorise the exponential by 1, to get

1)
1~ Lexp (—; O:(x,y, S)) < C +x)**,
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On the other hand, if t < (1 + x)~%8, by (17)

)
1% 'exp (—;Qtoc, ¥ s)> < C(1 +x)**?

and this concludes the proof of (i). Next we prove (ii). By Remark 2.4, we
have

(18) Ji(r.y) <C / e H g () < €1,

Ry

since 1 =t > n. Hence by (16)

1) /
7PtV exp (—; Qui(x, ¥, s)) I (1) < COA =57

To prove the other inequality, we majorise the exponential by 1 and we consider
separately the cases t > (1 +x)72/8 and t < (1 4+ x)~2/8. In the first case,
by (18) we obtain that

fp(a+1)J£/p’(x’ 1 <ca +x)2a+2‘

In the second case, by (17) and Remark 2.4 we get that

, ) p/p
T (x, 1) EC(/ e v /’dma(w)>
w>C(1+x)"!
< CrPP D (i1 4 0) 7,

which, again, implies (18).

We must finally prove the claims. To prove (16), consider two vectors v and
w in R?, such that |v| = (1 4+1)x, |w| = (1 — )y and the angle between © and
w is arccoss. Then |Q; (x, y, s)|'/? = |v — w| is minorised by the length of
the projection of v on the direction orthogonal to w. This gives the inequality
10/ (x, y,)|'? > (1 4+1)x(1 — )/, which implies (16). For (17), it is quite
straightforward to verify that, if (x, y, s) € G, then

11
(19) (2 +y? = 2xys) > ———.
4 (1+ x)?

Namely, when y > 1+ x, this follows from x> 4+ y? —2xys > 1.If y < 1 +x,
we have that

()c2 —{—y2 —{—2)cys)1/2 <x+y<21+x),
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and somin(1, (x*+y*+2xys)'/?) > 5 155 Since (x, y, 5) € G, this implies

(19). Now to obtain (17), observe that, if t < (1 +x)"%/8,then 1 —¢ > % and

Qi(x,y, ) = (1 —)(x* + y* — 2xys)!/? — 21x
7 1 11 301

> — > ,
—161+4+x 414x "~ 161+x

where the first inequality follows from the geometric interpretation of
Q,(x, y,s). This concludes the proof of the claims and of the lemma.

These estimates imply that the operator M 5}1 is of weak type 1. This result
is known (see [9]), but here we give a new proof, based on Lemma 4.2 below,

which will also be useful to study ﬂfl .o Let I be the operator on L'(fi,)
defined by

T f(x) = Fao) /R FO) dita(y),
where
F,(x) = e* / (14 )22 A (21 = s2) ™', (s) ds.
[—-1,1]

LEMmMA 4.2. The operator I is of weak type 1.

PRrOOF. It is enough to prove that the function F,

x> Fy(x) = eXZ/ (1 + )22 A (21 = s2) ™ ', (s) ds
[—1,1]

is in L1*°(fi4). We can choose a constant Cy, such that A > Cy implies that
the positive zero rg of the function

£ (14622

is greater than 1. Fix A > O and let E, = {x : F,y(x) > A}. We must prove
that i, (E;) < % Since fi, is a finite measure it is enough to assume that

A > Co. Moreover, since F,(x) < e (1 + x)2*2, E, does not intersect
the ball B = {x < rp}. Finally, we need to consider the intersection of E;
with the ring R = {rp < x < 2ry} only. In fact, the elementary relation

I e P p2Hldp ~ e=M* M2 for M > 1 implies

[e'9) 2x2a+1 )
Hof{x > 2ro} =/ ——e¢ Y dx
2 T+ 1)

< Ce™™ir3® < Ce™i(14r9)% < CA™".
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Thus we need only to estimate i, (E; N R). Let ’ be the smallest point in
(ro, 2rp), such that v’ € E,. Then F,(r') = A, by continuity. Hence

e ro—2a 2/ [r§(2a+2) A (1 _ s2)7ot71]na(s) dS ~ A
[—1,1]

and

2}”0
e (E; N R) < C/ e p2tldp < Ce™" r0

7

<Ca'ry? / [r5 %" A (1 — 517 e (s) ds.
[-1.1]
Now it suffices to observe that
/ [0 A (1= 5™ M (s) ds < Crd
[-1,1]

to conclude that fi,(E; N R) < CA~!, as desired.

THEOREM 4.3. The operator M fl | is of weak type 1 and of strong type q
for every q in (1, co].

PROOF. Since the operator is clearly bounded on L*°(fi), 1t is sufficient to
prove that it is of weak type 1. By (15) and Lemma 4.1(1), /% .1 is controlled
by the operator . So the conclusion follows by Lemma 4.2.

Now in order to study the L9-boundedness of ﬁ(%}p,o, for each n in (0, 1),
we introduce the new maximal operator

(20) .
Aypy f(X) = sup pmal f e 1 o ot (1P H2xy9)+ | (P 4y =2xy5))
o=l e M (s) dsf () dita ().
LEMMA 4.4. For each p in (1, 2), the following hold
(i) if n > O the operator S, ,, is of weak type p and p';

(ii) the operator s, is of strong type q, whenever p < q < p'.
PrOOF. We claim that there exists a constant C such that for every f > 0
o3 Ay f (1) < Cmin(|T f7 )7 1T f7 ()17,

Assuming the claim for the moment, we complete the proof of the lemma. First
of all, statement (i) follows easily by the proof of Theorem 4.3. Next, to prove
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(i), fix r in (p, p') and let . = cos ¢,/ cos ¢, > 1, so

1
r(x? + y2 + 2xys) + —()c2 + y2 —2xys)

co »

_ 52 (t (x> + y* 4 2xys) + - (x + > = 2xys))
cosd)p
cosg, t A

> SO0 L2 2 L aeys) + 20 4y — 2ays)).
cos¢, A t

Thus 1
Apof (x) <Al 1 f(x).

Then (i) implies that 7, o is of weak type r and r’ for each r € (p, p’). By
interpolation, it is of strong type ¢, with p < ¢ < p’.
Now it remains to verify (21). By (15)

Ay f(X)

=050 taleXZ/p/ e~ QT () dsf (v)y* e /P dy,
O<t<l—n G(x)

where § is a positive constant, which depends on p. Applying Holder’s in-
equality, we see that the right hand side is controlled by

1/p ,
C sup 17N ( f efQ’(x’y’”f”(y)Ha(S)dsd/la(y)) 17 0.
G(x)

O<t<l—n

So by Lemma 4.1(ii), ., , f(x) < C(J f?(x))"/?. The second inequality
follows by the same arguments, observing that

JZfp,nf(x)

=€ ta]ewp’/ e QI (5) ds f () y* e dy.
O<t<l—n G(x)

The rest of the proof is similar.
THEOREM 4.5. For each p in (1,2) and o in (0, |z,1), the following hold
1. the operator /ﬁZ%},, is of strong type q, whenever p < q < p’;
2. the operator /%51,, o Is of weak type p and p'.

PrOOF. Assume that f > 0. The first statement is a straightforward con-
sequence of the fact that /%5 p 1s controlled by .27, o. Namely, since T maps
the sector Sy, onto the set F,

ﬂgl ,f(x) < sup / SUp My, zeivy (X, y, )| f(y) ds dfia (y),
0<t<1 JGx) |p|<¢)
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for each f > 0. Combining (15) and (20),

ME f(x) < sy f (x).

The conclusion follows by Lemma 4.4(ii).

Next we prove that //75,11:,0 is of weak type p and p’. Foreach nin (0, 1 A¢,)
let Sy, and T), , be the sets

S¢p_77 = {é‘ € C: |arg§| < ¢IJ _7”},
Ty, =1{¢ €Sy, 1¢| <1—n}

The transformation T maps the point €% to the point z,,, such that T/ (e'?) # 0.
Thus for each o > 0 there exists a small n > 0, such that ¥, , C ©(Sy,—, U
T, ,). Let 8, , be the maximal operator

By f(x) = Sup/ SUp Mg, r(reivy (x, y, $)| dsf (y) dite (¥).
G

0<r<1JG(x) |pl<¢p—n

Thus,

‘%’Z(%,lp,o'f(x) = sup f |n’\/id,‘[({')(xs Y, s)| dsf(y) d/l()!(y)
¢eT,, JG(x)

+ SUP/ M) (X, y, ) dsf(y) dite(y)
G(x)

CES@?*U

<Cypyf(x)+ By, f(x).

By Lemma 4.4, we know that .%/, , is of weak type p and p’. Moreover
Bpnf(x) < Cslyof(x), with ¢ = ¢, —n and r in (1, p). Thus %, ,, is
of strong type g, whenever r < g < r’. Hence 2, , is of strong type p and p’
and the theorem is proved.

REMARK 4.6. Theorems 3.4 and 4.3 can be extended to higher dimensions.
As aconsequence, (1), (2) and (4) of Theorem 2.1 hold in the multidimensional
case. Now we briefly describe how to prove these results. Most of the arguments
require only obvious changes. In particular, we point out that the expression
of the kernel m,, ; is replaced by its higher-dimensional analogues (see [10]).
The local region L becomes the subset of R‘fr X Ri x [—1, 1]¢, defined by

d 1
(c39) ¢ (WP A+ =2 xiisi ) = min(l, )}
{ i=1 x> 4+y|>4+2 Z?:] XiYiSi
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The strategies in the proof of these theorems are the same. So the operator
M (}f’; is controlled by

T f(x) = Sulngt“f(X)I,

with T f(x) = ]_[f: , T f (x). Moreover, it is quite straightforward to adapt
the proof of Lemma 3.1 to verify the weak-type (1, 1) boundedness of 7™ in
higher dimensions. For the global part, the operator 7 which controls ./, | is
not so simple. Its expression is

7f(x)=e'x'2f / (1 4 |x[)?l+2d
RE J[—-1,114

Z{j XiViSi S\
A (|x|2(1 — (L) )) My (s) dsf (y) dfta (),

x|l

where I, (s) = ]_[f:] [Ty, (s;) and dfi,(y) is the Laguerre measure on Ri
obtained as the tensor product of d one-dimensional Laguerre measures. So
its kernel depends on x and y in a more complicated way with respect to the
one-dimensional case. This choice of I is suggested by the comparison with
the Ornstein-Uhlenbeck case. Indeed, the maximal operator 7" is controlled
by the operator

(22) fr et /Rn(l + XD A (xlsin®) ™" £ (y) dy (),

where 8 = 0(x, y) is the angle between the vectors x and y [6].

Observe that when o = (5 —1..., 5 — 1), withn; € Nand n; > 1 for
eachi =1,...,dand |n| = ny +-- -+ ny, the operator I coincides with the
operator defined in (22), acting on a polyradial function.

2

We set cos 0 = % and sin§ = (1 — (%) >1/2, which can be
interpreted as the expression of the cosine and the sine of the angle between
two vectors by means of polyradial coordinates.

Now to prove that  is of weak type (1, 1), we use an adaptation of proof of
Lemma 4.2. Assume that || f||; = 1. Choose a constant Cy, such that A > C
implies that the positive zero r( of the function

S — €§2(1 +€)2|0{|+2d — A

is greater than 1. Fix A > O and let E; = {x € Ri : I f(x) = A}. As in one
dimensional case, to prove that fi,(E;) < %, it is sufficient to estimate the
measure of the intersection of E, with the ring R = {ro < |x| < 2rp} and
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A > Co. Write x = px/, with p > 0 and |x’| € S9~!. We let E’ denote the
set of x’ € S9! for which there exists a p € [rg, 2r9] with px’ € E. For each
x" € E’ we let r(x’) be the smallest such p. Then I f(r(x")x")(r') = A, by
continuity. Hence

[ R A sing) 2, (5) 45 () 4 ()4,
RL J[—1,1]°

Clearly

/la(E)» N R)
<Cilrg? / PO 1\ (sin 0)~21 24T, (5) ds £ () dfia ().
Re J[—1,1)

Now, it suffices to prove that

f f raCe 2D, (s) dsf (v) dfia (y) < Crd,
Rﬂir A(x,y)

/ / (sin 6) 21211, (5) dsf () djia(y) < CT2.
RE JA(x,y)e

with A(x,y) = {s € —1, 19 . rg < (sin®)~!'}. First one considers the case
where o = (”7‘—1, e "7"—1),withn,~ € Nandn; > 1foreachi =1,...,d.
In this case the integrals can be interpreted as integrals over

R = (Ry x 8M71) x - x (Ry x $™71)

with respect to the Gaussian measure, in polyradial coordinates. In these cases,
the desired estimates can be found in [6, Lemma 4.3]. The same estimates are
obtained also @ € NTI — 1 4 iR“. Finally the result for the other values of o
are obtained via the multidimensional extension of Stein’s complex interpol-
ation theorem [1, Appendix A] (for more details, see [10, Theorem 3]). Now

Theorem 4.5 follows by a simple adaptation of the one dimensional case.

Finally, we give our last positive result.

2042
a+3/2’

THEOREM 4.7. For each o > 0 and p < the operator /ﬁz;éfp is of

weak type p.

Proor. By Theorem 4.5, we only need to prove that for any fixed o, with
0 < o < |z,|, the operator

Moo f() = sup / oo (6, v )] dsf () djia ()
;er\Fp,n G(x)
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is of weak type p. This is equivalent to study the boundedness from L”(m,)
to L7 (i) of the operator ¥, = N, , W', where W), is the isometry from
L?(j1y) to LP(my), defined by

(23) W, f(x) = fx)e™ 7

and m, is the measure, given in (7). Now, assume that f > O and || fl|Lr¢m,) =
1. There exists a positive angle ¢, such that
Nyof(x) <C sup  sup

2 2 2 1 ) 1 )
/ exp|:—y—/—|—x +y ——(te‘¢+—e"¢)
1—o<1=1 §op<p, |/ G(x) p 2 4 t

o + y2>]Ja (? (}e"ﬁ - re"¢’)) (ixy)“f(y)dma(w'.

Using the identities 1/p —1/2=1/2 - 1/p' = == ¢" , we have

Nyof(x) <C  sup /R sup exp [—ﬂ((t —Dy+ @+ Dx) }

1—o=t=1JR: §<|p|<¢) 4

2 2
exp (—y?(cos ¢— cos ¢p)> exp (%(1—# cos ¢)> exp (‘%U _tz)xy)

ixy (1 ., i
Jo |l —=— | - —t
(5 ()

The function E defined by

@) f(y) dmg(y).

E(¢) — e C‘ft"’ ((t—l)y+(t+1)x)2)e—%(cosq}—cos%)e%(l+cos¢),
is increasing on (0, 7). Indeed
. 1 t
E'(¢) = sinpE(9) (5“ — Vg y>2> >0

Thus E(¢) < E(¢,) for |¢| < ¢, thus

@ WS =C s e [

l—o<t<1

o
0 (5 (Gee e ) am e s ama .

exp[ 0s @y ((r — 1)y+(t—|—1)x)i|

{ sup e~ u (=
P<¢=¢,
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Let Z be the region defined by

1—
Z={(x,y)eR+xR+:y§ Ux}
(o2

and let Z¢ be its complement. We may control /" by the maximal operators
Nz and Nz whose kernels are the product of the kernel of JVJU and the
characteristic function of Z and Z¢ respectively. Thus

JV* <NZ+;A/‘ZC.

p,o —

Next we study these operators separately. First we analyse 7. Since (t —
Dy+ (@ + Dx > xforall (x,y)inZand ¢ in [l — o, 1], /7 f(x) is bounded
by

cos¢ cos
Cexz(%pr) sup /{ sup e~ 5t (1=1)x)
I—o=i=1J g<ipi=¢,

Jo (? Ge"‘f’ - te"“’))‘}(xy)"‘yz““f(y)dy.

Applying Holder’s inequality
1 cos¢p

Nof @) < ce”G) sup (/ { sup (= 1=Hw)

l—o=<t=l P<lp|<¢,

. 1 '
Ja (ﬂ <_e_l¢ B tel¢>>
2 \1t
We claim that

(25 sup (/ { sup e(—5H1-1)
1—o<t<1 $<lol=<¢,

ixy (1 ., i
Jo |l —=— 1 - —t
(5 ()

Assuming the claim, it follows that A7 is of strong type p, because
2a+2 L2 L1 _cosép
P (" 4 ) is in L?(fiy). It only remains to prove the claim. By the

asymptotic behaviour of Bessel functions, there exists a R > 0, such that for
each complex number w, with |w| > R

14 ) 1/p
} (xy)~ dma(y)> .

2042

14 ) 1/p
} (xy)~ dma(y)> <Cx .

(26) e RN T (w)] < Clw| ™2,



MAXIMAL OPERATORS FOR THE HOLOMORPHIC LAGUERRE . .. 257

Moreover e~ *¥! [ J,(w)| < Clw|%, for each w € C (see [4]). The change of

variable, xy = z, and the assumption p < 3_‘?‘_;“/22 now yields (25).
o

Next we prove the weak boundedness of AZ.. Observe thatin Z¢, y > I%x.

LetE, ={x € Ry : Nz f(x) > 1}. We want to show that sup, _, My (E;) <
00. We claim that there exists a constant C(¢) such that

a+2

Ce"z/”x_zT forallx > 0

Q7 Npf) s{ e )
Ce*’/Px~ "7 ™ forallx € [C(¢), 00).

Indeed the first estimate may be proved by an argument similar to the one
used in the estimate of A7 f (x). To prove the second estimate, we observe that
y > 1TT")cinZC.Hence,forl—(7 <t<land¢p < ¢ < ¢,

1 . A 1— 2 _
(2o it )| = —— 25 4 _ 22 cos2d + 1)'/2 > R,
2 \t 20 t

if x is sufficiently large, say x > C(¢). thus by Holder’s inequality and (26)

o0

1/p
(xy)(_“—l/z)p’yZ“H dy) < Cexz/px_zm;zH,

Ny fx) < Celr ( /

]—Ux
o

forall x > C (d_)). This proves (27). Now, let x,,;, be the minimum of the

2042 -

function x > ¢*/7x~ "7 ™' and choose a constant C > max(C (), 1, xpin).
_2us2 .. -

Since the function x — e¥/Px~ ¥ x0.c1(x) is in L?(ft,), we only need to

check that the function

2042

Hx) =" /Px 70 T xc.00) (1)

is in L?**°(fiy). For each A > H(C), let x;, > C be such that H(x;) = A.
Then

fla(x t Hx) > ) = f dfie() < C@xXe™ < CA7P,

B8

because p < 2 and x; > C > 1. This concludes the proof.

5. Negative results
N*

In this section we shall prove that ./ with o in (0, |z,1), is unbounded

o,p,0

on L?(j1,), whenever 1 < p < 2 and that ./4* , _ is not of weak type (2, 2),

2,0
whenever o ¢ % Finally we shall also prove that /7, , is not of weak type

20142

p, for p > w133
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We start noticing that for each o, with 0 < o < |z, |, the set F,, , contains
the arc {t(te'%) 1 a < 1 < b}, with0 < a@ < b < 1. Since *, ».0 1s bounded
from below by the operator

f'_> ‘%pahf_ Sup |Mr([el¢p)f|

as<t=<

it is enough to prove that the latter operator is not of strong type p.
In the following we use the measure m, on R, defined in (7).

THEOREM 5.1. The operator /ﬁflv;a,h is unbounded on L? (iy), 1 < p < 2,
foreach0 <a <b < 1.

Proor. Let W, be the isometry defined in (23). We shall prove that the
operator Wy, o = W, M —1 is unbounded on L” (my). Now

pab b4
/kte'

W, apg(x) = C sup

a<t<b

where

ke (x, y)—eXp( (x*+y

By the asymptotic behaviour of Bessel functions

(28) Ju(iz) = Qr2)” P [T ETFD A4 R@)+e T ETT (14 R(—2))].

with R(z) = O(|z]™") as z — oo, (see, for instance, [4]). Thus, since % —

cos .
P % the kernel k,,is, can be written as

2 P
ixy e i® .
kigion (X, ¥) = €xp(qreion (x, ¥)) G —— 1)),

1 _
.

2

with g¢ (x, y) = 3 €08 ¢ (> = 1) = 3 (E(x +)* + ¢ (x — »)*) and
(29) Gqliz) = (iz) " Ju(iz)e

= Q) (@) e E TG (1L + R(2) + 7TV (1 + R(=2)].
Fix a smooth function ¢ such that ¢ (0) = 1 and with support contained in the

interval [—1, 1]. For yo > 2and 1/p' <8 < 1/p,letg(y) = |y — yo| *(y —
Y0)-
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Consider first the case 1 < p < 2. We shall prove that there exist positive
constants ¢, C, Cp, with C; < Cs, such thatif ygislargeand x € [C;yo, Cayol
then

(30) Wy apg ()] > cyy ' (14 O(yy ).

Assuming for the moment that (30) holds, for y, large, we have that || %/, ,

1 2a+1 2041

g lzromy = Cyy 4 Yo" - Since |IgllLrim,) < Cy," ,the quotient ||}, 4
8llLrimy /1181l Lrm,) diverges if we let yo tend to infinity. It remains to prove
(30). Define t, = ig;j and choose two constants C; and C, such that (1 —
bY1+b) ' <Ci <Cr,<(1—-a)(l+a)!. Thena <t <b,forall xin
[C1y0, Cayol. Let 2(x, y) = q, .i¢» (x, y). Then

G Wpap8x)l

] —igp .
>C 'fexpﬁ(x, ¥)Ga (? (et - txe’¢">) g(y) dma(y)‘ -

Write 2(x, y) = R(x,y) +i#(x, y), with # and £ real. The functions %
and . are quadratic polynomials in y. Let

(32) R(x,y) = ao(x) + a1 (x)(y = yo) + a2(x)(y = y0)°,
(33) F(x, y) = bo(x) + b1(x)(y = yo) + b2 (x) (y — y0)?
be their expansions in powers of y — yg. Observe that

ao(x) = ai(x) = bo(x) =0,

bi(x) =xsing,,

and |ax(x)| + |b2(x)| < C for all x in [C}yo, C2yo]. Now by (32), (33) and by
the change of variable y = u 4 yy, the right hand side of (31) is equal to

’

C ‘/eib‘(’c)”lm‘sg&(x, u) du

where

@(x,u)

» ix(u+ e % .
— e(az(x)+zbz(x))z,2¢(u)Ga ( ( 5 0) ( t _ txel¢[7)) (u + y0)2a+]’
X

and |o(x,0)| =1+ O(yo_z) for yg large. By [6, Lemma 5.2]

/ P10 |y | T (x, ) du = Co(x, 0)|by(0)°! + Es(bi(x), 9),
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with Es (b1 (x), ¢) < Clb)[P2(ll¢" | L1@x) + @]l 2)- Now it is quite easy to

prove that s
|%5.068()] = Clx "' (1 + O (5,

as yg tends to oo uniformly for x in [C} Yy, C2, Yo]. Thus (30) is satisfied.
It remains to consider the case p = 1. Remark that in this case 2 is real.
By arguing as in the previous case, we are led to

'/epr(x V)Gq ( > (71 t )) g()’)dma()’)‘

=C ‘/exp(az(x)uz)lul_5¢(x,u)du ,

where

p(x,u) = pu)Gq (MU{[ - tx)) :

because b; and b, vanish identically. Moreover, a, is uniformly bounded.
Since ¢ has compact support and ¢(x, u) is bounded from below, there exists
a positive constant C, such that

‘ / exp(az (X)u?)|u| P (u) du

> C, x € [C1yo, C2yol,

for large yo. Thus the unboundedness of %] , , on L'(myg) follows from

/2
[ l,a,bg“Ll(m,,) > Cyo,
lgllLt(my)

when yy tends to infinity. This concludes the proof of the theorem.

To prove the unboundedness of M we introduce a technical lemma.

«,2,0°

LEMMA 5.2. Assume that a € C\ {£1, xi} and |a| = 1. There exists a
Sfunction h in C.(Ry) such that

X—y + (X )2
/ [ae( = +ae T ]h(y)dy‘ =
Ry

Sfor all x in a measurable subset A of R of positive measure.

limsup r~!/?

t—0t

PrOOF. By a result of Carleson [2], there exists a continuous function g,
with compact support contained in Ry such that

;aoy)?
/ e gy dy‘ =
R

(34) lim sup /2

t—0t
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for each x in R. Let p(y) = 1/2(g(y) + g(—y)) and d(y) = 1/2(g(y) —
g(—v)). Let B the measurable set of all x in R such that

-(vxf_v)2
/e’ ‘ p(y)dy‘=oo
R

Since p is even, the set B is symmetric. Moreover, since g = p + d, by (34)
lim sup ¢

t—0t v/l;

Assume first that (i, (B) # 0. Since a # +i, then a + a # 0 and

lim sup t~!/?

t—0F

—1/2

' 00, x € R\ B.

lim sup r~/?

t—0t

/ (a +a)p(y) dy‘ x € B.
R

Let C the measurable set of all x in B such that

(x— ))2 +n*
/[ae "t ael ]p(y)dy‘
Ry

limsupr~!/?

t—0t

Since

(a+a>/ p(y)dy—fR [ae " +ae ™ [p0y dy

XVZ \’
+/ [51 L ae T ]p(y)dy,
Ry

we have that

(35) limsupr~!/?

t—0F

/ [ae Xt + aé' e ]p(y)dy‘ 00, x € B\C.
R+

Now if fi,(C) # 0, the conclusion follows by choosing 7 = p and A = C.
On the other hand, if i, (C) = 0, by (35) and the symmetry of B, the lemma
is proved setting again & = p and A = B.

Next, if i, (B) = 0, then we may conclude with similar arguments by
choosing 4 = d and using that for a # £1 thena —a # 0.

THEOREM 5.3. Suppose that @ ¢ =—~— 2N L The operator/ﬂ with) <o <

7, is not of weak type 2.

«,2,0°

Proor. Observe that the region E, contains the imaginary axis. Thus it
suffices to find a continuous function f with compact support such that

(36) lim sup ‘ / Mg it (X, Y) () dfle (y)| = 00

t—0t
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for all x ia a subset of Ry of positive measure. Moreover, since m,;(x, y) =
my(—x, y) itis enough to show that (36) holds for all x in a measurable subset
A of R, of positive measure. Since t~!(2it) = i tan(¢/2), we have

x24y2 ix +‘
Mig2ie(x,y) = Co(itant/2) "7 (1 + i tant/2)2 2 7 ¢~ (tane/2-)

(ﬂ(tantﬂ—{— ! >>_a.]a (2 (tant/2—|— ! ))
2 tant/2 2 tant/2

(tant/2 mm/z)

_["2

= C,(itant/2) " (1 + 0@)e = e

xy\ Xy 1
(2) a3 e he).

ast — 0%. Observe that if 7 tends to 0T, then (” (tanz/2 + tant/Z)) — +00,
fora.e. x, y € Ry. By (28), we may write

x2 v2 lk +\ n
i 210 (2 ¥) = Cai tan £/2)"2(1 + O (1)) 3= =5 (0172 57)

(%>7a71/2 I:aei%(tan’l t/2+tan l/2)(1+0([))+d87i%([an71 t/2+tan 1/2)(1+0(l,))i|’

ast — 01, with a = e ™1@/2+1/9 Thys

|, f(x)] > limsup Cx " 1/2¢¥"/24=1/2

t—0

2,0

X 2
/(ae ap? +ae > )f(y)y"”rl/ze y ﬂdy‘
R

By Lemma 5.2, the conclusion follows by choosing f(y) = h(y)eyQy_"‘_l/ 2,

since a # %1, £i whenever o ¢ =—— 2N L

REMARK 5.4. By the proof of Lemma 5.2, Theorem 5.3 is still true either
fora € 2N—1/2 orfor o € 2N+ 1/2, which correspond to the valuesa = +1
or a = =i respectively.

At last we study the weak type p unboundedness of MZ’; - Observe that
for o ¢ 2NT_1, we can extend the following result to the case p = 2, because
/%f; 2 1s not of weak type 2 and 4, ,f > M f for each nonnegative

function f.

2,0

THEOREM 5.5. The operator //72,,9 is not of weak type p for any p in (1, 2)

2042

and p > RV
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Proor. Since the maximal operator ﬁz , is bounded from below by the
operator

fro Mpef = sup |M2, fl,
l—e<t<l T )
for any ¢ € [0, 1], we only need to study ./, .. We composed ./, . with the
isometry W, defined in (23). Therefore it suffices to prove that the operator
%fs = ‘/VI,,SIIJ;‘ is unbounded from L?(my) to L?°°(fi,). Assume that for

any Xxo, Yo, with x¢ sufficiently large and yo > xg, for § > O fixed, there exists
a function g such that

Yo Y
(37 lgllerim,y < C (x_> Yo
0

a+3/2 |
(38) |‘/v;'jgg(x)| = Cet/P (E) , Vx € |:X0, Xo + —:| .

X0 X0

Assuming the claims for the moment, we conclude the proof. If we suppose
that ./Vp*‘9 is bounded from L” (mg) to L”*°(fi,), for some p > 2242 then

a+3/2°
20 7)65 ~ 1
xy'e < Clig xo,xo-i—x—o
, y a+3/2
< ooz ot (2))
) Xo

. (Yo —(a+3/2)p
< Ce™™ (-) 181l Lrmy)-
X0

Choosing yo = xJ, with

(¢+3/2)p—2a—1
(¢+3/2)p—20—2

and letting y tend to infinity, we find a contradiction. We now get back to the
claims. Arguing as in the proof of Theorem 5.1, for each function g and for
every x in [xo, Xo + xio]

(39) | N7.g(x)| = Ceo/?

/ exp g, g (X, y)(xy) @712

s (XY i
G, (%(fx ™' —tee "’")) g(y) dma(y)'-
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Here G/,(z) = z*"Y2G,(z) and G, is defined in (29). In particular, we may

choose
VY + x5 —x2—xo
b

, =
* Yo+ x

suchthat 1 —e <t, < 1, foreach x in [xo, X0 + xio] and xo — +o00. Next we
choose g as follows

Xo .. X0 1 2
gy+yo) = xi—tu{\ — )y )exp|—ising, | yxo+ | —+ y .
Yo Yo  2xoYo

An easy calculation implies the estimate (37) of the L?(m,)—norm of g.
Moreover (38) follows from the asymptotic estimates of the kernel of the
right hand side of (39). Namely, setting u = ’\‘—g (y — y0), we may write

* x3/p Y0 yao(x)
|V g(x)] = Ce®/'P—e

X0 -1

uy—°+yo a+l/2 ix(u&+yo) ) .
(—xo . ) G, (—XZ (t- e — txe”f’”)) du

A rather easy computation gives

ap(x) = O(1), ai(x) = O(1/yo),
a(x) = —cos ¢ (x5 /¥5) + O(x*/yp).  b(x) = O((x0/50)*) + O(xo/¥7),

as x in [xo, X—lo] Yo = xg, 8 > 1. As z tends to infinity, G/,(z) = 1+ o(lz|™h.
By these asymptotic estimates, if xo is sufficiently large and yo > xJ, with
8 > 1, there exists a positive constant C such that the right hand side is
bounded from below, i.e.

, Yo a+3/2
sz cein ()
. X0

a+3/2
> Cex(%/P & .
- X0

1
/ exp(— cos ¢,,u2) du

1

Thus (38) holds and the theorem is proved.

REMARK 5.6. Several cases remain to study, as the L” (fi)-boundedness of
ﬁf}p, with 1 < p < 2. Recently P. Sjogren proved that the maximal operator
2, associated to the Ornstein-Uhlenbeck semigroup is of weak-type p’, butnot
of strong type p’ with respect to the Gaussian measure (see [11]). Nevertheless,
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these results cannot be easily extended to the corresponding maximal operators
associated to the Laguerre semigroup, by means of the same techniques used
in this work.

9.

10.
11.

12.
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