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TIME-FREQUENCY PARTITIONS FOR THE
GELFAND TRIPLE (S, L2, )

MONIKA DORFLER, HANS G. FEICHTINGER and KARLHEINZ GROCHENIG*

Abstract

We give a new characterization of the Gelfand triple of function spaces in (So, L2, S;) by means
of a family of time-frequency localization operators. The localization operators are defined by
the short-time Fourier transform and determine the local time-frequency behavior, whereas the
global time-frequency distribution is characterized by a sequence space norm. We also show that
the alternative time-frequency localization method with the Weyl transform fails to yield a similar
characterization of time-frequency distribution.

1. Introduction

In the perception of music, speech, and any other audio signals, the separation
of signal components in the time-frequency domain is a natural ability that
is performed unconsciously by the human ear. For instance, a melody played
by a flute and its accompaniment by a piano can be discriminated easily by
most listeners. In an engineering context, this process can be described as the
separation of signal components in the time-frequency domain by means of a
time-variant filtering procedure. An analogous problem occurs in the quantum
mechanics of many-particle systems. Given a suitable phase-space represent-
ation of a quantum mechanical state, one would like to assign a certain region
in phase-space to each particle.

The mathematical task of extraction and localization of signal compon-
ents (or particle separation in phase-space) is highly non-trivial. This is a
consequence of the uncertainty principle, which implies that no signal can
have compact support in the time-frequency domain. Thus, in a mathematical
sense, two signals can never be clearly discerned and perfectly separated by
their time-frequency characteristics.

In this paper we investigate a simple model for signal/particle separation
that is based on time-frequency localization operators and time-frequency ana-
lysis. In this model we will characterize the global time-frequency distribution

*The first author has been supported by the Austrian science fund FWF, Projects P14485 and
P15605.
Received July 28, 2004.



82 MONIKA DORFLER, HANS G. FEICHTINGER AND KARLHEINZ GROCHENIG

by means of the local components. Although this model requires further refine-
ments, it already leads to interesting mathematical problems, and these will be
our subject here.

As our main tool for time-frequency analysis we use the short-time Fourier
transform (STFT, with slightly different normalizations also called coherent
state transform, ambiguity function, or Wigner distribution), and the associated
time-frequency localization operators. The short-time Fourier transform of a
function f € L?(RY) with respect to a window function ¢ € L?(R?) is defined
as

ey Vof (x,0) = /Rd F@O@ —x)e™ ™ dt = (f, MyTyg),

where T, f(t) = f(t — x) and M,, f(t) = e*™®! f(t) are translation and
modulation operators, respectively. We will denote a time-frequency shift by
7(z) = M, T,, forz = (z1, 22) € R*.

Since 7, f (z) measures the time-frequency content near the point z in the
time-frequency plane R??, we would like to construct a projection operator
whose outcome has exactly the STFT 7,,(Pq f) = xo -7, f. However, a STFT
can never have support of finite measure [19]. In the literature one therefore
resorts to the following definition of localization operators which are defined
in terms of the STFT.

DEeriNITION 1.1 (Time-frequency localization operator). Let ¢ be a given
window-function and o a bounded non-negative function on R?¢. Then the
time-frequency localization operator H, corresponding to the window ¢ and
the symbol o is formally defined as

H, f = /RMG(Z)%J’(Z)JT(Z)fp dz.

Ifo =1and ||, =1, then fRM Vo f(2)m(2)¢ dz = f (inversion formula
for the STFT), and so H,, coincides with the identity. If o has compact support
in Q C RY, then H, f can be interpreted as the part of f that essentially lives
on €2 in the time-frequency plane, hence the term time-frequency localization
operator. Thus the function H, f comes as close to being the projection of
f onto the region €2 in the time-frequency plane as is compatible with the
uncertainty principle. See [8] for a precise statement.

Operators of this kind have been introduced and studied by Daubechies [6],
Ramanathan and Topiwala [21], and Wong [22]. They occur in signal ana-
lysis, in quantization procedures in physics [2], or in the approximation of
pseudodifferential operators [5].
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Next we may consider an entire collection of localization operators { Hr, :
k € Z*!}. Then the function-valued mapping f — {Hr,, f} can be interpreted
as a decomposition of f into its signal components Hr,, f living essentially on
supp Tyo = k+supp o in the time-frequency plane, and each norm || Hr,, f |13
is the energy of this signal component. Conversely, the global time-frequency
distribution of f should be completely encoded in the sequence {||Hrs |2 :
k e Z*).

Our main theorem demonstrates that this intuitive picture of localization
operators and signal separation is by-and-large correct. For the exact formu-
lation we need the norm || f|ls, = fRM |7, f (z)| dz, which measures “good”
time-frequency concentration. The dense embeddings So(RY) < L?(RY) —
S, (R?) show that the triple of spaces (So(R?), L2(R?), S, (R?)) is an example
of a so-called Gelfand triple, see [16].

The main statement can now be formulated as follows:

THEOREM 1.2. Assume that the symbol ¢ is a non-negative bounded function
with compact support on R* such that

0<A< ZTka(z)fB Vz € R¥,
kez?d

Then the mapping f — (|| Hro f|l2)kez2e is continuous from (So, L?, Sy) to
(£h, 02, £>). Conversely, there exists a constant C > 0 such that

Ifllsy <C Y I Hpo flle  IfI3=C* Y I Hyo f1I3.

kezx kezx

and || flls; < C suprezea | Hrio f 2

This paper is organized as follows. The Gelfand triple will be introduced
in Section 2. We recall some important results about Gabor frames and the
Zak transform, as these will be the main tools in the proof of Theorem 1.2.
Several preliminary results on the localization operators will be given. In Sec-
tion 3 we prove the main statement and formulate some of its consequences.
In the last section we consider an alternative model of time-frequency local-
ization, namely the Weyl transform and show that a corresponding version of
Theorem 1.2 fails. We finally remark on generalizations and future work.

2. Preliminaries

We collect a few concepts and facts about Gabor frames and the Zak transform.
The statements are well-known and already treated in the textbooks [7], [17]
or in various chapters of [13].
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2.1. The Gelfand triple (S, L?, So)

DErFINITION 2.1.  Fix a non-zero “window” function ¢ € % (R¢). The space
So(R?) is given by

SoRY) = {f € L*RY) : [ flls, := 1% fll 11 ®oay < 00}

The following Proposition summarizes some properties of Sy and its dual,
the distribution space ).

PROPOSITION 2.2. So(RY) is a Banach space and densely embedded in
L?(RY). The definition of S is independent of the window ¢ € &, and different
choices of ¢ € & yield equivalent norms on Sy.

By duality, L*>(R?) is densely and weak*-continuously embedded in S{)(Rd)
and can also be characterized by the norm || f || s, = 175 f |l Loe.

In general, a triple of spaces (%, ', B') is called a Gelfand triple [16], if
¢ is a Hilbert space and % a Banach space with dual space %’, such that 4 is
densely embedded into 7 and 7 is weak*-dense in %’. Proposition 2.2 thus
states that the three spaces (So, L2, S;) form a Gelfand triple.

For a proof, equivalent characterizations, and more results on Sy we refer
to [10], [15],[12].

2.2. Gabor frames

Let 9(¢, a, b) denote a set of functions {M,,;,Tpe@ : m,n € Z¢} in L*(R?),
where a, b > 0 are the time- and frequency shift parameters. The operator

S(pf: Z (f’ Mmana(p)MmanaQD

m,neZd

is the frame operator correspondingto 4 (¢, a, b). If S, is invertible, 9 (¢, a, b)
is a Gabor frame for L*>(R). In this case, ISy 1lop and ||S¢j1 ||;p1 are the upper
and lower frame bounds. Note that the frame coefficients of [{ f, Mpn Ty ®) Im.n
correspond to a sampling of the STFT on the lattice A = aZ¢ x bZ¢.

If we use several windows ¢;, j = 1,...,r, and consider the union
U;:l Y (¢j,a,b), we speak of a multi-window Gabor frame, whenever its
frame operator given by

Sf Z Z f Mmanu(pj manugoj ZS(ﬂ,f

Jj=1 m,nezd

is invertible.
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The reconstruction from the frame coefficients [{ f, My Tun®;j)1j,m.n 1S pos-
sible by means of a dual frame. The canonical dual frame is given by
ST "My Tyn9j = MpnTanS™'¢j := MpnTay; (since the frame operator S
commutes with time-frequency shifts on the lattice aZ¢ x bZ¢). Then we have

f=851Sf= Z(f, Mpm Tan@j) Mpm Tany;

J.m,n

=SS f =D {fr MomTun¥;) Mo Tun ;.

jsm.n

Thus the knowledge of the (canonical) dual windows y; = S‘l(pj and their
properties is crucial for the reconstruction.

2.3. The Zak Transform

In this paper we consider only the case of critical sampling ab = 1. By
applying a dilation, we may restrict without loss of generality toa = b = 1.
From now on, we will assume that the lattice is Z¢ x Z¢.

In this case we can apply Zak transform methods to the analysis of Gabor
systems, because the Zak transform diagonalizes the frame operator in the case
of critical sampling.

The Zak transform Zf of a function f on R? is defined by

Zfx,0) =) flx — ke,

kezd
whenever the sum makes sense.

ProrosiTiON 2.3. (i) The Zak transform maps the time-frequency shift
operators Ty and M; to multiplication operators:

2) ZIMTi f)(x, ) = 2k 7 £(x w)

fork,l e Z%

(ii) The Zak transform can be extended to a unitary operator from L?(R?)
onto L*([0, 1]¢ x [0, 1]%).

(iii) If f € So, then Zf is uniformly continuous on R*® and |Zf|* is a
periodic function (with period Z*) with an absolutetly convergent Fourier
series.

(v) If f € So(RY), then Zf must have a zero on [0, 11%4.

For a proof of Proposition 2.3 see [17, Section 8.2] and [19]. As a con-
sequence of (2), the Zak transform diagonalizes the frame operator on Z>¢ and
thus leads to a useful characterization of Gabor frames.
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PROPOSITION 2.4. Letg; € L*(RY) for j =1, ..., r. Then|J;_, 9(g;, Z*%)
is a multi-window Gabor frame if and only if

3) O<A§Z|Z¢j(x,a))|2§B < 00 aa. x,o.
j=l

PRrROOF. The Zak transform diagonalizes the frame operator S in the sense
that

4) Z(S,f) = |1 Zo|* Zf,

see, for example, [1] or [17, Theorem 8.3.1]. Since the frame operator of a

multi-window Gabor frame can be written as § = > i Sy;» We have Z(Sf) =
(Z;:l |Z<pj|2)Z f. Consequently, the operator inequality Al < § < BI is
equivalent to (3), and thus S is bounded and invertible if and only if (3) holds.

We now state a characterization of Sy and S, by means of multi-window
Gabor frames.

LEMMA 2.5. Let {m(k)g;, k € Z¢ x 2%, j = 1, ..., r} be a multi-window
Gabor frame and assume that ¢; € So(R?) for all j. Then the dual windows Vi
are also in Sy(R?). As a consequence, f belongs to Sy(R?) if and only if each
coefficient sequence

(5) ((f’ n(k)(pj»kezzd

for j =1,...,r, belongs to £'(Z*). Furthermore, the norm-equivalence

Cillfllsy <D D" WAT®E) < Call fs,

Jj=1 kez??
holds on Sy(R?).
Analogously, [ € S(’)(Rd) if and only if each coefficient sequence (5) is in
(2 for j =1, ..., r, with the corresponding norm-equivalence.

Proor. It suffices to show that the dual windows y; are in Sg. The character-
ization of Sy and S, and the norm-equivalences then follow from Theorem 3.3.1
and Corollary 3.3.2 in [15] or [11].

Since the dual windows y; are given by y; = S~'¢;, Proposition 2.4 implies
that the Zak transform of y; is

r

—1
Zy;=Z(5""¢) = (Z |Z<oj|2> Zg;.

j=1
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Since by Proposition 2.3 (iii) each | Zg; |* has an absolutely convergent Fourier

. . , -1
series, we conclude from Wiener’s Lemma that (Z;.:l |Zg; |2) has also an
absolutely convergent Fourier series, which we may write as

r -1
(Z|Z<ﬂj|2) (x, w) = Z gy @2 X )
=l klezd

for some coefficient sequence (ay;) € £! (depending, of course, on j). Hence,
by (2), we have

Zy; = Z e 7 Z auZ (M T-19;),
k,lezd k,lezd

which yields y; = >, ;cz« au M T-1¢;. Consequently,

lyills, < Z laki | 1M T—19;1ls, = ll@jlls, llall
k,lezd

andy; € Soforall j =1,...,7.

2.4. Properties of the Localization Operators

Next we discuss some elementary properties of the localization operators H, .
For an introduction to the general theory we refer to [22], for a detailed study
of boundedness and Schatten class properties to [4].

LEMMA 2.6 (Intertwining property). Ifo € L™, ¢ € L and k € R*?, then

w(k)H, 7w (k)* = Hr,s.

PrOOF. Write z = (21, 22), k = (k1, k»), then 7w (k) (2) = e R (7 4+
k) and 7, (n* (k) f) = (¥, f)(z + k)e*™ 122, Therefore, as a vector-valued
integral,

m(k)Hy " (k) f = /Ru o ()7, (k) ) ()7 (k)7 ()¢ dz
= / Mg ()Y, f(z + ke TR Rn (2 + k)gdz
R2d

= _/Rz/ o(z— k)Y, f(2)7(2)¢pdz = Hyo f-
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For estimates of the STFT of H, f we introduce the formal adjoint of 7,
namely

%*F:/ F()r(2)edz,
R2d

which maps functions on R* to functions or distributions on R¢. With the
adjoint mapping we can write the localization operators as

H, f = ‘7/;(0%,]‘).

The STFT of 7 F satisfies a fundamental pointwise estimate [17, Proposi-
tion 11.3.2.]:

(6) 7oV F) @) < (1791 % [F)(x)  VzeR¥.

This estimate is extremely useful for the derivation of norm estimates.

In the following we fix a non-negative symbol ¢ and investigate the set of
operators {Hr,, : k € Z??}. To simplify notation we will therefore write H
instead of Hr, ., in particular, Hy = H, by some abuse of notation.

LEMMA 2.7. (i) Assume that o € L'(R*?), 0 > 0 and that ¢ € L*(R?).
Then each Hy, k € Z%, is a positive trace-class operator.

(i) If. in addition, ¢ € So(R?), then each Hy is bounded from S into Sy
(such operators are called regularizing). In particular, all eigenfunctions ¢;
of Hy belong to S.

ProOF. Statement (i) is well-known and has been proved many times, e.g.,
in [3], [14], [22].
(i) To show the regularizing property, we first use (6)

(7 VoV, 0V ) < 1Vl % o7y f1.
Hence, for f € S we obtain

I Ho flls, = 17,7, (0 74 £l
3) < 70l * 107, flllh
<170l o7, f 1
Since ¢ € Sy if and only if V¢ € L'(R*) by [17, Prop. 12.1.2], we find that
1Hs fllsy < Cllolill7, flloo = Clloll1ll flls;

and thus H; is bounded from S to Sy.
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Applying the spectral theorem for compact selfadjoint operators, we obtain
the following spectral representation of H, = Hr,,.

CoROLLARY 2.8. There exists a positive sequence of eigenvalues ¢ = (c;) €
¢' and an orthonormal system of eigenfunctions @; € So, such that

C)) Hof = ci(f. 9))9;.

j=1

It follows that

(10)  Hif = Hyof =) Hom (k)" f = ch(f,ﬂ(k)wj)ﬂ(k)wj,

Jj=1

where {m(k)g; : j € N} is an orthonormal system of eigenfunctions of Hj.

3. The Main Statement

The following result gives a precise meaning to the intuition that H f is the
component of f that “lives” near & in the time-frequency plane.

THEOREM 3.1. Let o € L'(R*) be a non-negative symbol satisfying the
condition

(11) A< Z T.o < B, a.e.
keZd

for two constants A, B > 0 and assume that ¢ € So(R%).
Then f € Sy if and only if

(12) D IHfll2 < o0

kezxd

and (12) defines an equivalent norm on So(R?). Similarly, we obtain the norm-
equivalences

(13) 1 flls; =< sup [ Hefll2
kez

and

(14) A3 =< Y I Hf13
kezd

to characterize S and L2
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The statements of Theorem 3.1 can be recast by using the notion of Gelfand
triples.

COROLLARY 3.2. The map f +> (|| Hy f||2)kez2¢ is an isomorphism between
the Gelfand triples (So, L?, S) onto a closed subspace of (£r, 02, 0>).

By interpolation we obtain a characterization of the modulation spaces
MP (R?). These are the Banach spaces defined by the norm || f || y» = || Vo fllps
and can also be characterized as interpolation spaces between Sy = M' and
So = M as [So, Sylg = M?.

COROLLARY 3.3. Under the assumptions of Theorem 3.1, there exist con-
stants C; > 0 and C, > 0, such that for all f € MP(RY):

CI<Z ||ka||§)p < (/R %f(z)v’dz)”

kezxd 1

= fllur < Cz(Z ||ka||§)”.

kez2d

The following auxiliary result will be needed in the proof of Theorem 3.1.

LEMMA 3.4. Let {¢; : j € N} be the orthonormal system of eigenfunctions
of Hy. Then there exists a finite subset {¢; : j = 1,...r} of eigenfunctions
such that the family {w (k)p; : j =1,...,r k € 2>} is a multi-window Gabor
frame for L*>(R?).

PROOF. By Proposition 2.4, the set {mw(k)p; : k € 2!, j = 1,...,r}isa
multi-window Gabor frame if and only if the expression Zj’: 11 Zgj(x, w) % is
bounded above and below.

The upper bound Z;:] |Zg;|* < B is clear, since for ¢; € S all Zak trans-
forms Zg; are continuous on [0, 11*? by Proposition 2.3 (iii). The continuity
of Zg; further implies that a lower bound Z;-:l |Zg; |> > A > 0 holds if and
only if the Z¢g;’s do not have a common zero.

Let & = {¢§ € [0, 1% - Zgj(§) = 0} be the set of zeros of Z¢p;. We
first show by contradiction that ﬂ;; Z; = . Assume that there exists a
€ = (£,&) € [0,1]1* such that Zg;(§) = O for all j € N. Then we may
define a non-zero functional f by

(fi o) =Zp(§) Vo € So.

Since by a lemma in [10] or [17, Prop. 12.1.4b]

1Ze@®)] <Y sup lop(x — k)| < Cliglls,

kezd x€[0,1]¢
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the functional f is in S;(R?). Using Proposition 2.3(i), we obtain
(fom ki, ko)gp) = Z(r ki, kg (1, &) = TR Zg,(8) = 0

for all k = (ky, k») € Z*¢, and so the representation (10) implies that

Hef =) cilf, mg)m g, =0
j=1
for all k € Z*.

On the other hand (Hif. f) = Jru Te0 @7 f @) (n (@@, f)dz =
Jrea Tio ()7, f(2)|*dz = 0. Since Hi f € So, f € Sy, Vi f € L™, both
sides are well-defined and coincide. Consequently, the continuous function
7, f vanishes on the support of Tio. The main assumption (11) on o implies
that |, .72 supp Tro = R*!, and so 7, f = 0 which is a contradiction to
f # 0. Hence, the Zg;’s, j € N cannot have common zeroes.

Finally we show with a compactness argument that there exists a finite subset
{j=1,...,r} €N, such that ﬂ;:l Z; = (. Now, in the compact set [0, 1%
any family of closed sets with empty intersection contains a finite subfamily
with empty intersection. Since we have already shown that ﬂf; Z; =, there
exists a finite index r, such that ﬂ;zl %, = . As a consequence, the Zyj;,
j =1,...,r,do not have a common zero and thus er':l |Zg0j|2 > A > 0.
This means that the set {7 (k)g; : k € e j=1,...,r}is aframe.

PROOF OF THEOREM 3.1. We first show the norm-equivalence for Sy.
Assume first that f € S,. By the embedding Sy <> L?(R?) we have

(15) I Hi fll2 < Coll Hi flIs;-

In the following chain of inequalities we use the fundamental estimate (8),
Fubini-Tonelli for the interchange of summation and integration, and the hy-
pothesis (11) on o in the final step. Hence,

(16) D UHeflla < Cp Y IHif s,
k k
=Cp Y NV (Tuo Y, I
k
< CyCr Y I Tio 7 f s
k

—C,C fR S Lo @17, f ()] dz
k

S C(pCIB”f”S(),
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so the mapping f — (|| Hy f||2) is bounded from Sy to oL
Conversely, assume that f € S(’)(Rd) and that ), | Hix fll» < oo. Since
| Hy fll2 = supyq,=1 |(Hk f, ), we have the inequality

D WHef, gl < DI Hif 2 < 00
k k

for arbitrary sequences g; € L? with ||g¢ |l = 1. Using the spectral represent-
ation of Hj from Corollary 2.8, we then obtain

2

k

> i f g (k) g g)

j=1

<Y IHf |-
k

We now fix jo € N and choose g = m(k)gj, for k € Z%? . Then
A7) D KHef gl =Y leio(fy m®)gi)l < Y I Hifll2 < 0.
k k k

Since (17) holds for every jjy, we deduce that for every r € N
r r 1

DD KL e < (Z ;) > I Hif Do

j=1 k 7k

j=1

According to Lemma 3.4 we can choose r so large that the set {7 (k)p; : k €
2%, j=1,...,r}is aframe for L?. Furthermore, since ¢; € Sy, Lemma 2.5
applies, and therefore (17) implies that f € Sy with a norm estimate

r 1 r
(18) Iflls, < C(Z ;)ZZMM(/«)@M.
j=1 k

j=t"

Combining the two estimates (16) and (18), we have shown that || f||s, and
> i IHi f ||2 are equivalent norms on S.

The statements about L? and S, are shown similarly and we only sketch the
necessary modifications.

For the upper bound in the L?-case, we use (7) again and proceed as in (16)
to obtain

STNHNE < D NV V(Mo Vo I3 < Cp Y N Tka 7, f113.
k k k
Now by hypothesis (11) on o we have

> [ me@Pr@Pds < B [ 17, GR dz = Blgl 11
k
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Altogether we have obtained the upper bound

D IHSIE < G FIS.
k

Assuming, conversely, that )", . ||ka||§ < oo for f € S(’)(Rd), we may
argue in analogy to the Sy-case and find that

Y W) <D IH I3 < oo,
k k

Now the assertion of Lemma 3.4 provides the lower bound, and thus we achieve
the norm equivalence

GilIfIE < Y IHL13 < Callf1I5.

kezx

Finally, assume that f € . Then again by (7)

sup 175 (Tko Vo 2 < CSl;p 1Tko 7y fll2 = ClIV, flloo sup ITko Iz,

sosupy | Hi fll2 < Clioll21l f s

Conversely, if sup;.z. || Hr f]l2 < oo, then again by diligent choice as in
(17) we conclude that cj, sup; [{ f, w(k)@j,)| < sup; [[Hi fll2 < oo for all jo.
Using Lemma 2.5 we find that || f||s; < C(maszlw__, é) SUpycz2a || H f |2 for
suitable r € N. This concludes the proof of all norm equivalences claimed in
Theorem 3.1.

4. An alternative model

In principle one could study time-frequency localization operators with respect
to other time-frequency representations. It is natural to guess that the form of
the results will be similar to Theorem 3.1. In this section we show that the clean
characterization of time-frequency concentration depends crucially on the type
of time-frequency representation that occurs in the localization procedure. We
will consider time-frequency localization via the Weyl calculus proposed as
a model in [21]. The Weyl transform of a symbol o is often defined via the
Wigner distribution, which is

Wf(x, w) =/ fx +t/2)m6—2m‘m dt
Rd

for f € L2. The Wigner distribution is an optimal time-frequency repres-
entation with respect to several criteria and is still one of the most popular
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time-frequency representations. In practice, however, it is less attractive be-
cause of its lack of positivity and the disturbing presence of cross-terms in the
representation of multi-component signals.

Since, similar to the isometry property of the STFT, the Wigner distribu-
tion satisfies [p, [pa W/ (x, w)dxdw = | f|3, one may define a family of
localization operators for a symbol o on R?? and k € Z?? by the quadratic

form
(ka’ f) = <Tk09 Wf)

The resulting operators L; are exactly the Weyl transforms of 7o and have
been studied extensively in PDE and pseudodifferential operators, see [18] and
[17], [22].

We show that in general the Wigner distribution is not suited for characteriz-
ing the time-frequency concentration of functions by means of time-frequency
partitions. For this, we choose a symbol ¢ in the form of a Wigner distribution,
i.e.0 = We for arbitrary ¢ € Sy with ||¢|l» = 1. Using Moyal’s formula [20],
we obtain that

(L f, f) = (W), Wf) = (f, m()e)(mk)e, f),

andthus Ly f = (f, m(k)p)m (k)¢ is just the orthogonal projection onto 7 (k).

We now repeat the construction in the proof of Lemma 3.4. Since ¢ € Sy,
its Zak transform has a zero & € [0, 1]°? by Proposition 2.3iv). The associated
linear functional f € S| defined as (f, ¢) = Zp(£) satisfies

(f,mk)p) =0  VkeZ*.

Thus we have constructed a non-zero distribution f € S(’)(Rd ) such that

(19) D ILeflla =Y I(f. mk)g)| = 0.
k k

Hence, unlike the assertion of Theorem 3.1, the condition ), || Li fll» < 00
cannot characterize Sy.

REMARK 4.1. The above counter-example is related to the amalgam version
of the Balian-Low theorem, [1], [11], which states that % (¢, Z*?) cannot be a
frame for L?(R?) when ¢ € Sy. In the language of localization operators, this
means that the expression

D IS5 =) I m e
k k

is not equivalent to the L2-norm.
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REMARK 4.2. Theorem 3.1 can be generalized to lattices A other than Z¢ x
2. If A = aZ? x bZ? and (ab)~! € N (integer oversampling) or ab € Q
(rational oversampling), then the Zak transform methods of Sections 2 and 3
could be modified to prove a version of Theorem 3.1. However, the case of
general lattices, where either ab ¢ Q or A is not separable, is beyond Zak
transform methods.

Furthermore, one may want to characterize the whole class of modula-
tion spaces (they measure the time-frequency concentration with more refined
norms than Sy and ) in the style of the main theorem. Both extensions require
completely different methods and will be presented in a separate work [9].
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