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EVANS-KISHIMOTO TYPE ARGUMENT FOR ACTIONS
OF DISCRETE AMENABLE GROUPS ON
MCDUFF FACTORS

TOSHIHIKO MASUDA

Abstract

We apply the Evans-Kishimoto type argument to centrally free actions of discrete amenable groups
on McDuff factors, and classify them. Especially, we present a different proof that the Connes-
Takesaki modules are complete cocycle conjugacy invariants for centrally free actions of discrete
amenable groups on injective factors.

1. Introduction

In the theory of operator algebras, the study of automorphism groups is one of
the most important subjects. Especially, since Connes succeeded in classifying
automorphisms of the approximately finite dimensional (AFD) factor of type
II; in [4] and [1], classification of actions of discrete amenable groups on
injective factors has been solved in [9], [16], [19], [11] and finally in [10].

The strategy of Connes’s classification is called the model action splitting
argument. At first he constructed tensor product type model automorphisms
(or actions) on the AFD type II; factor. Then he showed “the model action
splitting”, i.e., every automorphism contains model automorphisms as tensor
product components after an appropriate inner perturbation, and then proved
that it is cocycle conjugate to the model automorphism. In his argument, the
Rohlin property for automorphisms plays a crucial role. Namely, he showed
the non-commutative version of a Rohlin type theorem for a certain class
of automorphisms in [1]. By means of the Rohlin type theorem, he proved
the stability (or 1-cohomology vanishing theorem) for automorphisms via a
Shapiro type argument. Connes’s argument has been developed by Jones for
finite groups in [9], and by Ocneanu for general discrete amenable groups in
[16]. Especially, the Rohlin type theorem was extended to the case of discrete
amenable groups by Ocneanu, and he proved several cohomology vanishing
theorems in [16].
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On the other hand, another approach has been made in the study of auto-
morphisms of C*-algebras. In [6], Evans and Kishimoto developed the inter-
twining argument for classification of automorphisms with the Rohlin property.
In their approach, they compare two given automorphisms directly without us-
ing model actions. Consequently they obtained classification results for a wide
class of automorphisms. (In the C*-algebra case, the model action splitting ar-
gument forces us to make a strict restriction on actions.) Their intertwining
argument has been further developed in [15] for automorphisms of purely
infinite simple C*-algebras, and for finite group actions in [8].

In this paper, we apply the Evans-Kishimoto type intertwining argument to
actions of discrete amenable groups on McDuff factors based on Ocneanu’s
Rohlin type theorem. Our main theorem says if two centrally free actions of a
discrete amenable group on a McDuff factor differ up to approximately inner
automorphisms, then they are cocycle conjugate. As a corollary, we get the
complete classification of centrally free actions of discrete amenable groups
on injective factors in terms of the Connes-Takesaki module by using the
characterization of approximately inner automorphisms in [11]. Hence this is
an another proof of the classical classification results in [1], [9], [16], [19],
[11] for centrally free actions. However our approach seems to be more unified
and simple, and this is an advantage of our theory.

Our result is also applicable to the classification of group actions on sub-
factors by a suitable modification. For example, we present a different proof
of Popa’s result in [17, Theorem 3.1]. (We remark that the classification result
of strongly amenable subfactors of type II; by Popa in [17] is crucial in our
argument.)

ACKNOWLEDGEMENTS. The author is grateful to Professor Izumi, Professor
Katayama, and Professor Takesaki for comments on this work. He is suppor-
ted by Grant-Aid for Scientific Research, Japan Society for the Promotion of
Science.

2. Preliminaries and notations
Let M be a von Neumann algebra. For ¢ € M, we let ||x]l, = V@(x*x),
||x||z = \/(||x||é + ||x*||i)/2, |x|, = @(|x|). Note that |x|, is not necessarily
anorm unless ¢ is tracial, since it is not subadditive. For x € M and ¢ € M,,
x@, px € M, are defined as xp(y) = ¢(yx) and ¢x(y) = ¢(xy) respectively.
We set [x, ¢] = x¢ — @x. To avoid possible confusions, we often denote x¢
and @x by x - ¢ and ¢ - x respectively. We denote ¢ o a~! by a(¢) for ¢ € M,
and o € Aut(M).

We use the notation A € B when A is a finite subset in B, and denote the
cardinality of A by |A]|.
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Fix a free ultrafilter w over N. We define M, and M® as in [16]. Each
a € Aut(M) gives automorphisms o” € Aut(M®), and a®|y, € Aut(M,,).
Forp € M, and X = (x,) € M®, ¢“(X) := lim,_, ¢(x,) is a normal
functional on M®, which we denote by ¢ for simplicity. When M is a factor,
7,(X) = lim,-, x,(€ C) always exists in the o-weak topology for X =
(x,) € M,, and 1, is a tracial state on M,. We denote by |X|; the L'-norm
with respect to .

We next collect some fundamental and useful inequalities in this paper.

LEMMA 2.1. The following inequalities hold for o € Mf, x € M, x; € M®
and y; € M,,,.

(D) lx -l < Vlellxlly, llg - x1l < VTellx*llg, 10x, @1l < 2/ Telllx 1%
@) 1l < - @llxl, 1615 < e - xIHlx]l.

3) lIxllE < /50xly + 1) lIx].

@ [ x,-y,-’(p =< 2= Ixilllyih.

Prookr. It is elementary to see (1), (2), (3). See [16, Lemma 7.1] for the
proof of (4).

Next we recall Ocneanu’s Rohlin type theorem, which is a main tool in the
proof of Lemma 3.4 below.

THEOREM 2.2 ([16, Theorem 6.1]). Let M be a McDuff factor, G a discrete
amenable group, and o an action of G on M, which is strongly free and
semiliftable. Let ¢ > 0, and {K;};c; be an e-paving family. Then there exists a
partition of unity {E; 1 }icr ke, C My, such that

_ 1
STIKNT Y o1 (Eig) — Eisly < 57,
iel k,leK;
[ag(Eik), Ej ] =0, forall geG,i,jel kekK;leck;.

See [16] for the notation in the above theorem. Here we briefly explain how
to construct an ¢-paving family {K;}. Fix N € N such that N > ;—‘log e !,
and set & := (¢/3)V. Let K, be a (8|I€n|*1, K,)-invariant finite set, where
K, = Ui<i<x K;. (In this paper, we say that K is (e, F)-invariant if |K N
Neer & 'Kl = (1 — €)|K|.) Then {K;}i<<y is shown to be an e-paving
family. In this construction, each K; can be chosen arbitrarily invariant.
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3. Classification
We state the main result in this paper.

THEOREM 3.1. Let M be a McDujf factor, G a countable discrete amenable
group, and «, B centrally free actions of G on M. Ifog,’,ﬂg’1 € Int(M) for

every g € G, then there exist an a-cocycle vy and 6 € Int(M) such that
Advgoy, =00 B, 0 0~'. Moreover we can choose v close to 1, i.e., for any
givene >0, F € G and ¢ € M, we can choose v, so that ||vy — 1||$ <&
forany g € F.

The assumption ag,Bg_l € Int(M) implies o, = lim,,_, o, Ad uy B for some
unitaries u, € M. However Ad u}f, is not necessary an action of G. Hence
we need to take u}, as B-cocycles at first.

PrOPOSITION 3.2. Let «, B be as in Theorem 3.1. Then there exist B-cocycles

whn=1,2,..., suchthat oy =lim,_,, Ad u'g’,Bg.

I/tg,

Proor. Since ag,Bgl c I_nt(M), there exist unitaries ug, g€ G, n=
1,2,..., such that @y = lim,_, o Ad ug,Bg. Set U, := (ug) € M*®. Note that
ay = Ad U, By holds on M(C M®). Setu(g, h) = U, B (Un)Uy,. Then it is
easy to verify thatu(g, h) € M, and {Ad Ug,Bg)le, u(g, h)}isacocycle action
on M,,. Moreover Ad U, ,8;’ is strongly free in the sense of [16, Definition 5.6]
by [16, Lemma 5.7]. By Ocneanu’s 2-cohomology vanishing theorem [16,
Proposition 7.4], we get ¢, € U(M,,) such that ¢, Ad Ug,B;,"(ch)u(g, h)c;h =
1, which yields c,U, B (chUn) = cgnUgn. Hence W, := c,U, becomes a
B@-cocycle. Let ¢, = (cy) be a representing sequence consisting of unitaries.
Since (c) 1s a centralising sequence, Ad ¢, converges to idy. Hence oy =
lim,,—., Ad cyuy B,. Set wy = cquly and wy (g, h) = wy By (wy)wy;. Then
(Ad w; Bq, w;, (g, h))isacocycle action, and the cocycle identity W, ﬂ;(Wh) =
W, yields lim, ., w;, (g, #) = 1 in the o-strong* topology. By Ocneanu’s 2-
cohomology vanishing theorem [16, Theorem 7.6], we have d; € U (M) such
that dg Ad wgﬂg (dy)w, (g, h)d;;l‘ = 1 and lim,,_,,, dg = 1 in the o-strong*
topology. Then dy wy is a B,-cocycle and (dy wy) = (wy) in M“. It is easy to
see ozg,Bg_1 = lim,_,, Ad d; wg.

We get the following corollary immediately.

COROLLARY 3.3. Let o, B be asin Theorem 3.1. Then foranye > 0, ® € M,
and F € G, there exists a B-cocycle u, such that ||og () — Ad ugBe (@)l < €
forevery g € F and ¢ € .

Next we show an approximate 1-cohomology vanishing theorem, which
plays a central role in our argument.
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LEMMA 3.4. Let o be a centrally free action of G on M. For any ¢ > (),
F=F"'eG, ot € M, and ® € M,, there exist § > 0 and ¥V € M, with
the following property; for any a-cocycle {v,} with |[[ve, V]| < 6, g € F,
Y e W, we can find w € U(M) such that ||[[w, ¢]|| < € for every ¢ € ®, and
lveor, (W w — llli <cforeveryg e Fandgp € . When ® =0, ¥V =0
is possible.

ProOOF. Since every ¢ € M, is decomposed as ¢ = ¢ — ¢ + i (¢d3 — @),
¢ € M/, it suffices to show the lemma in the case ® = &+ € M. We may
assume 0 < ¢ < land ||¢]| < 1,¢ € ®F.Fix &’ > 0 with &’ < (¢/8)*. Let
{K;}ics be an &’-paving family such that each K; is (¢’, F')-invariant. We may
assume that all K; are in a subgroup of G generated by F. Define Length(g) :=
min{n | g = hihy---h,, h; € F}, and set L by

L := max{Length(g) | g € K;,i € I}.
Fix § > O such that ), |K;|(L + 1)8 < /3. Define ¥ by

Tt -1 +
vi=otu U aglgzmgk(cb ).
I<k<L-1,
g€l

By Ocneanu’s Rohlin type Theorem, there exists a partition of unity
{Eik}icrkek, C M, such that

— 1
DOIKATN Y Ja 1 (Eig) — Eixh < 562,
iel k,leK;
[Olg(Ei,k)7Ej,l]:0 for all gEG,i,jEI,kEKi,ZGKi.

Then by [16, Corollary 6.1], we have

Yo Y o) — iy < 106

iel keK,-ﬁg*lK,-

Z Z |Ei,k|158/+58/%

i€l keK;\g7'K;

and

forany g € F.

We show that § and W defined above are the desired ones. Let v, be an a-
cocycle with [[[vg, ¥]l| <8, g € F, ¥ € V. Set W := Zi’k Vi E; . First we
estimate [|[vgo, (W*)W —1 ||Z for g € F asin the proof of [16, Proposition 7.2].
To this end, we investigate [voo, (W*)W — 1|4 and [(veor, (W*)W —1)*|y, and
then use Lemma 2.1.
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We divide

Vg (WHW — 1= > > (e, (0)v] — Detg(Ei ) Ej
iel,kekK; jel lekK;

into three parts as follows.

2. 2 ™

iel,kekK; jel,leK;

= > D m+ Y > ®

jelleK; i keK;Ng~'K; JjeLleK; iel keK\g ' K;
= E E (x) + E (x) + E E (%)
jelleK;  j#iel, jellek;, Jjel.lekK; ikeK\g ' K;
keK;Ng™'K; keK;Ng 'K;

= E (%) + E (%)

Jellek;, JelleK;,

keK;ng~'K;,gk=I keK;Ng~'K;, gkl

DD DEOE D DD DN

jellek;  j#iel, JeLleK; i,keK\g™'K;

keK;Ng~'K;

=) HFY W FY ().
1 2 3

In Y, wesum fori = j,k € K; Ng7'K;, gk = [, in Y, we sum for
i=jkeKNg'K;,gk#1lori #jkeK Ng 'Kl €K;andin) ,
wesumfor j € 1,1 € K;,k € K;\g~'K;. Due to the cocycle identity, we have
Zl(vgag(vk)v[* - 1)O[g(Ei,k)Ej,l = Zj(vgag(vk)vgk - l)ag(Ei,k)Ej,gk =0,
and ), part vanishes. Hence

|vgotg WHW — 1|

Y oot WV — Datg (B Ejy + Y (vgatg (0] — Dt (Ei k) Ejy
2 3

¢
<23 ag(Ei)Epl, +2 ) |ag(Ei) Epil,
2 3

holds by Lemma 2.1(4). Similarly we have

|gatg (WHW = 1)*|, <2 “|ag (Bi) Ejul, +2 ) lag (Ei) Ej] -
2 3
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We estimate the ) , part. Then

Z |ag(Ei ) Eji,

2

= Z Z |ag(Ei,k)Ej,l|1 + Z |01g(Ei,k)Ei,z|1

jel, i#]j, iellek;,

leKj keKing™'K; keKiNg ' K;,gk#l

-3 a<Ei,k>(1—2Ei,l) Y e Y E
iel, I 1 iel, leK; I#£gk 1

keKiNg~'K; keK;ng'K;

= Z | (Ei i) (1 = Eigi) |,

ieI,keK;ﬁg“K[

= Y (@B — Eig) (1 — Ei gl

iel keK;Ng~'K;

Z |ag(Ei,k) - Ei,gk|1

iel,keK;Ng 'K;

IA

< 102

holds.
The estimate of the ), part is given as follows.

Zlag(Ei,k)Ej,lllz Z Z lag (Ei ) Ejil = Z |E; k|1
3

JelleK; iel, iel,
keKi\g 'K; keKi\g~'K;

rl r1
<g +5¢2 <6¢g1.

Summing up, we get |v,a, (W)W — 1|, < 32¢'s and (Ve (WH)W —
D*g < 326’3, By Lemma 2.1(3), we have

lugorg (WHW — 1)1 < 86"t < e

We choose representing sequences W = (w,) consisting of unitaries, and
Eix= (effk) such that {€ffk}iel,kel<,- is a partition of unity for each n. Set a,, :=
> ik viei - (Note that a, is not necessary a unitary.) Since W = (w,) = (a,)
in M, {w, — a,} converges to 0 o-strongly*. Choose a sufficiently large n
such that
lvgorg (whw, — 115 <&, geF,¢ecdt,
I, e Il <9, pedticlkek;,

lw, — anlly, < &/3, ¢ e’
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Setw := w,, a := a,, € = e;fk. (Note that we never use the assumption
I[ve, Y1l < 68, ¥ € W, in the estimation of [Jvgo,(W*)w — lllz.) Next we
show ||[a, ¢]ll < /3, ¢ € ®. To show this, we estimate ||[v,, ¢]|l, g € K;,
@ € @7 at first. We express g as ¢ = g182...8, & € F, k < L. Then itis
easy to show [|[vg, @1 < Y1, lvg. ezl (@]l (Wheni = 1,0, ¢, (9)
means ¢.) Since each ;' . (¢) isin W, |[[vg, ;' . (@]l < & follows by
the assumption on v,. Hence we have ||[v,, ¢]|| < Lé. Finally,

lla. @l < Y Mvpeie- @l < Y llvi. @leisll + l1vfleis, ]

iel,kek; iel,kek;
< D) LHDS=) KL +1)s<e/3
iel,kek; iel

holds for ¢ € ®t,
By Lemma 2.1(1),

Iw, ]Il < lla, 1l + I[w — a, ¢]Il < &/3+2|lw —all}, <&

holds for ¢ € ®, and w is a desired unitary.

REMARK. If we replace vyor, (W*)W with Wo,a, (W) in the above proof,
we then conclude [|wvg o, (w*) — 1||§ <e.

Now we present a proof of Theorem 3.1 by means of Lemma 3.4.

Proor oF THEOREM 3.1. Fix a faithful normal state ¢o. Let ® = {¢;}72,
be a countable dense subset in M,, and set &, := {¢;}!_,. Fix G, € G such
that G, C G,41,G,' =G, and|J, G, = G.

We construct wy, vy, vy € U(M), @), ¥, € M,, oFe Mt s, > 0,and
actions ocf”), B 15,2"_1) of G satisfying the below conditions inductively. (We set

a® :=q, gD = B)
(1.2n) BZ" (@) —al (@)l < 1/27", §€Gy,pe®, (n>1).

(120 +1)  llad” () — BV (@Il < 1722,
8 € G2n+1» (78S q)/2n+1a (n = 0)

Sop—
@2m) 1B W) — W) <

geGurve |J BT W), (2 1.

gEGZH—l
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52
@2+ 1) o @) = BN <

geGu,ve [ oW, (=1
8€Gyy

Gy vy — 11} < 1/4",
8§€G,0,90€®,, (G- =Gy=Gy, ®T, = df = {po}),

(4.n)  lwn, @]l < 1/4%, ped,_;, (n=3).

n—1°

-n .__ ..n -n—2 -1 _ 1 =2 _ 2
Uy .—ngdwn(vg ), (vg—v Vi = 05),

2n) ._ 2 (2n-2)
Olgn = Advg”oAdw;nootg" o Ad wy,,

,8;2”71) = Ad vé”fl oAdwj, ;o ﬂf"’a o Ad wy,_1,
P, 1= Dy UAd w3, w3, 5+ wi (Do) U0} 00, 000" Jgecn

st = Ponpt UAd w3, wh, o -+ w3 (Pony1) UL, 90, 900;" gecn,» (1 = 1)
@ = {Ad Uy (90) | & € G}

Here 85, and W,, (85,1 and W»,_;) are chosen as in Lemma 3.4 for «®?,
1/4*"2, G,y, @3, and ®h,, (resp. for B2V, 1/42+1 G,,_, ®3,_,, and

;).
At first set @] := @ and fix a 8V-cocycle uy such that

lal” (9) — Aduy BTV (@) < 1/2, g € G1, ¢ € B
By Lemma 3.4, we get a unitary w; such that ||ugﬁé§—1)(w;‘)w1 _ 1||Z0 < 1/4,

g € Gy. Set v;, = uéﬁé‘l)(wf)w], and ,3;,1) = Adué o ﬂ;,_l) = Ad vél, )
Adw} o BV o Adw). Then we have

(1.1) el (@) — B (@)1l < 1/2
and
3.1) log — 111% < 1/4

for g € Gy. Set 6; = vél,, O, = P, UAdwi(Py) U {ﬁg,tpo,(pof)g,}, and
o = (Ad ﬁi,(goo)}gegl. By Lemma 3.4, we choose ¥, and 8, for ,3;,1), 1/43,
Gy, @T and @/, and the first step is finished.
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Next we take an a?-cocycle u} such that

1 /
@2) 1B (@) — Aduge (@) < 75, g €GP,
1)
b.2) 1B () — Aduza V(W) < 3‘ geGLye [ JBhw.
8€G,

By Lemma 3.4, we get w; € U(M) such that [lujo{” (wy)wy—1]% < 1/4?
for g € G. Setv; = 0} := ujal” (w)wy and «{? := Aduzal? = Adv; o
Ad w3 ol o Ad w,. Then we get

3.2 2o ! G
(3.2) v, — |I¢0<4—2, g € Ga.

By (a.2) and (b.2),

1

(1.2) 18" @) — @) < 75, g€Garpe®,
1)
22) 1B W) —aP W)l < 31 geGye [ Jahw).
8€G,

Set @4 1= 3 UAd w3 (P3) U {0300, 9oU;} e, and @3 := {Ad ;9 | g €
G»}. By Lemma 3.4, we choose 8, and ¥, for «®, G,, &}, ®; and 1/4*, and
the second step is finished.

Suppose that we have constructed cxéz"), ﬂf"*l), W, vf,", 175”, D, .1
and V,,,.

We choose a f?"~V-cocycle uf,"“ € U (M) such that

5211

(@2n+1) g (@) — Adug B V(@) < S,

/
8 € G2n+la (78S q)2n+17

82n
(b2m+1) [ (¥) — Adul* BV < 2.

g€ Gy, ye | a2V,

8€Gy
Son—1
2 b
g€Goy_1, V¥ € U ﬂ;z-'ffl)(‘pzn—l)-

8€Gay-1

(c2n+1) [l @) — Adu2 D (y)|| <
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Then by (2.2n) and (c.2n + 1) we get

1BE" V() — Aduy ' BV (W)l < San-1
g€Gy_1,¥ € ,3;2-771)(‘11%—1),

which yields [|[u3" ", Y1l < 8201, & € Gan—1, ¥ € W,_1. By the choice of
drn—1 and Wy, 1, there exists a unitary w4 such that

g B w3y Dwangr — UG < 147 g € Guor § € @5, .
and
4.2n+1) Iwans1, @1l < 147, e @),

Set U?H'l = u§n+1ﬂ§2n—l)(w§kn+l)w2n+l and ﬂg(,2n+1) — Ad ”;2n+1),35(,2"_1) _
Ad véZn-H) o Ad w;n+1 o ,3;,2”_1) o Ad Wans1- Then

(32n+1) oy — 1% < g€Gy 1,0 €D .

42n+1 ’

By (a.2n + 1) and (b.2n + 1), we get
121+ 1)l (@) = BV @) < 37
g €Goyy1,9 € q)/2n+1‘

82n
@241 o @) - B Wl < S

g€ Gy e | oV (W)

8€Gm
=2n+1 ._ . 2n+l1 * =2n—1
Set v," = v."" Ad w3, (v,"), and define

! . * * *
Dyptr = Poup2 UAd Wy, ywy, - wi(Pony2)

U D" (90). 900" Y geGanin»
<1>2+n+1 = {Ad 5§n+1<ﬂ0 | g € Gopy1})

By Lemma 3.4, we choose 85,41 > 0and W,, | € M, for B2n+D 1/42+3

Gops1, 93, and @), ,, and the (2n + 1)-st step is finished.

Next we choose an o®”-cocycle u§”+2 such that

(@2n+2) 1BV (@) =Adu e @)l < 558 € Ganga, ¢ € Py,
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n n B 82n
(b2 +2) B2V () — AduZ P ()] <

2
geGuve (J ,3;2—7+1)("p2n+1),
gEG271+1
n n n 5211
(c2n+2) BV (W) — Adug Za? ()] < =,
g€ Gy, e | a2V ().

8€Gay

By (¢.2n +2) and (2.2n 4 1), we get

Il (@) — Adu el W) < 80, g€ G ¥ € | o (W),

8€Gay

We thus have ||[u§"+2, ¥l < 82, for g € G, and Y € W,,. By the choice of
87, and Wy, we can find wy,+» € U (M) such that

242 (2 #
g P (W3, ) wanse — L < § € G ¢ € P,

42n+2’
and
1
4.2n+2) wan42, @]l < R ped, .
M2 . 2422 2Mm+2) . 2422
Set v;"*? = u"* oté " (w3, ) Want2 and a; ") = Ad ug"* 0‘; "=

Ad v§n+2 oAd w;11+2 o aéZn) o Ad W42 Then

(3.2n +2) o+ — 111} < g€ Gy, ¢ € DF,

42n+2 ’

and by (a.2n + 2) and (b.2n + 2), we get

1
(120 42) 182" V(@) — @@l < o

8 € G2n» (7S q)/2n+2'

(2.2n +2) ||ﬂ§2n+l)(w) _ (2n+2)(W)|| (SZZ-H

g€Gu,ye | BET (W),

8€Gany1
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S2n+2 . o 2n+2 * =2n
Set v," ™" 1= v," " Ad w;, ,(v,") and

/ L * * * =2n+2 =2n+2
(D2n+3 = Py 3 UAd Wy, Woy » * w2(<b2n+3) ) {Ug Yo, YoV, 1,

@3, = (Ad 5§"+2¢0 | & € Gana}.

We choose 83,42 > 0, W40 € M, for al™, 1/42"H4, Goypa, @3, ,, and
@), 3 by Lemma 3.4. Then the (2n + 2)-nd step is finished, and thus we
complete induction.

Set 6y, := Ad wj, w3, ,--- wj. Then we have a” = Ad 0" 0 6, 0 @ ©
Gz_nl. We will verify {6,,} converges to some 6 € Aut(M). To this end, we will
prove that {6,,(¢)} and {92;1 (¢)} are Cauchy sequences for ¢ € M,. Suppose
@ € ®. Forany n withk < 2n+1, ¢ and 65,(p) are in @, . By (4.2n+2),
we have

1020+2(9) = 020 (@)l = lllwant2, 620 (D) < 77

and 1 1 1
163,42(@) — 05, (@)l = w3, ,0Wani2 — @l < e

It follows that {6, (¢)} and {92_,11 (¢)} are Cauchy sequences for ¢ € ®. Then
so are {0, (¢)} and {Gz_nl (¢)} for every ¢ € M,, since @ is dense in M,. Hence
{62, } converges to some 6 € Aut(M).

Next we will verify that { E;”} is a Cauchy sequence with respect to || - ||’;0.
Since we have

2n+2 _ l—)2n

= # 2n+2 =2n | # * =2n =2n\ #
152 2 < @2 = DI 4 Wl 002 wansa — 2D,

2n+2 =2 =2 #
+ 1" = D)W, 400" wans2 — V)G,

we will estimate the above three terms.
Suppose g € Gy. Then for any n with 2n > k, ¢y, Ad ﬁ;” (po) € <I>§rn, and

hence ||v§’“r2 - 1||’j§(Jl g0 < 1/4?"+2 and ||v§'“r2 - 1||’;’§0 < 1/4*"*2 hold by
(3.2n +2).
‘We have

1
2n+2 =2n |1 #2 2n+2 =2n 2 =2 2n+2 2
103"+ = DI = SA@" = DRI, + 19" 0" = DIE)

1
— 2n+2 2 2n+2x% 2
= S0 = U + 105" = 115,

A

2n+2 #2 2n+2 #2
o2+ — 1) + 22 1

Ad 92 (¢9) [
2
< 162n +2°
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Hence we get ||(v§"+2 — 1)6;"”’;0 < 24212 < 122

We next estimate || w3, +2t_)§” Wont+2 —Von |Izo. Since ¢y, 1_);”(00, 7 6§”€d>’2n 1
we have [[[wani2, @olll < 1/4%2, |[[wang2, 0700l < 1/4*"*2 and
Iwan 2, 9007 1l < 1/4*"+2 by (4.2n + 2). Then

1w, 203" wans2 — U3) - ol
= (W}, 120" — 07" w3, ) Wans2 - o
< (W3, 205" — 03" w3, 40) - @0 - Wansa|
+ (W3 207" — 07 w3, 10) - [wans2, ol
< (w3, 1205 powanta — Uy W, @0want2ll + 2/
< w3420 V" @olwansall + 157" 00 — 03" w3, s p@owansall + 2/47"
< 1472 4 157 (9o, w411 4 2/47F

< 1/42n+1

42n+2

holds. Hence

=2 =2n 2
||w;n+2vgnw2n+2 - vgn”(po
=2 =2 =2 =2
< w3y 2V " wanga — V" (W3, 150" want2 — ") - ol
=2 =2
< 23,4205 " Wans2 — V") - @oll
2
<
- 42n+1

holds by Lemma 2.1(2).
In a similar way, we can show ||(w§n+21_)§”w2n+2 — ﬁ;”)*”éo < 2/42n+1,

Hence we get [|w3, , 02" waqo — 02 |[f < /2/42+1 = /27224 < 1727,
The third term [|(v2" "2 — 1)(w}, ,, 02" w22 — 0;")|I%, is estimated as fol-

lows. 2n+2 =2 =2ny || #2
122 — D(W, 202 wansz — 52 [

1
_ 2n+2 * =2n =2ny\ 12
= 5 U™ = Dwy, 0 wanga = U g,

=2 =2 2n+2 2
W3 D2 wanss — D)2 — D2)

=2 =2n 2 2n+2 2
20w 0 wan o — DI, + 2002 — 12,

IA

=2 =2n#2 2n—+2: #2
< 4w, o0 Wass — 022 A2 12
4 4
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Hence ||(v§,'”r2 — 1)(w’2“n+217§"w2n+2 - ﬁg?”)nzu < /22271 < 1/2%-2, Sum-
ming up, we have the following.

_ _ 1 1 1
||v2)’l+2 _ U2n||# S - + R + - S [
4 & go 22n+1 22n 22n-2 22n-3

It follows that { 1752,”} is a Cauchy sequence and converges to some unitary f)g.

In the same way, we can show that Ad w3, , w3, ;- --w} and ;" *' con-
verge to some o € Aut(M) and ﬁél, € U(M) respectively. By (1.n) we get
Ad9)of o, 007! = Adi, 00 0By 00!, and hence o and B are cocycle
conjugate. By construction, 8 and o are approximately inner.

We will choose a cocycle close to 1. Suppose Ad vy = 6 o B, 0 671,
6 € Int(M). Fix F € G and ¢ > 0. Then there exists a unitary w such that
lwvga, (w*) — 1||$0 < ¢ for each g € F. (See the remark after Lemma 3.4.)
Define a new a-cocycle vy, by vy, := wv,a,(w*). We then have [|v, — 1 ||Zn <&
for g € F, and

Ad vy, = Ad(wvgag(w¥)) o a,
=Adw o Adv, oy 0 Ad w*
=Adwofhop,00 ' o Adw*.

Put o := Adw o 6. Then o € Int(M), and we get Ad v;,ag =o00f0 ol

We present applications of Theorem 3.1. Let M be an injective factor. By
the Connes-Krieger-Haagerup classification of injective factors [2], [12], [5],
[7], M is a McDuff factor. Since Ker(mod) = Int(M) by [3] and [11], we get
the following corollary.

COROLLARY 3.5. Let M be an injective factor, G a discrete amenable group,
and a, B centrally free actions of G on M. Then Ad vgog = 0 0 B, 007! for
some a-cocycle vy and 60 € Int(M) if and only if mod(at) = mod(B). (In the
type 11 case, we regard mod(«) as trivial for o € Aut(M).)

Theorem 3.1 can be modified for a relative McDuff subfactor N € M
by appropriate changes. Indeed in the proof we only have to replace M,, with
M, NN, whichis asubfactor version of a central sequence algebra. Especially
if N C M is astrongly amenable subfactor of type II; in the sense of Popa [18],
then it is relatively McDuff thanks to Popa’s classification theorem for strongly
amenable subfactors of type II; [18]. We also have Int(M, N) = Ker ® by
[13], where ® () is the Loi invariant for @« € Aut(M, N), and the equivalence
between strong outerness and central freeness by [17]. (Also see [14] for the
latter fact.) Hence Theorem 3.1 gives an alternative proof of the main theorem
in [17].
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COROLLARY 3.6. Let N C M be a strongly amenable subfactor of type

11, G a discrete amenable group, and o, B strongly outer actions of G on
N C M. Then Advgoy = 6 0 g 0 6~ for some a-cocycle v, € U(N) and
0 € Int(M, N) if and only if (o) = O (B).

__ When N C M is a strongly amenable subfactor of type Il., we have
Int(M, N) = Ker ® N Ker(mod). Hence we have the following corollary.

COROLLARY 3.7. Let N C M be a strongly amenable subfactor of type
Il , G a discrete amenable group, and o, B strongly outer actions of G on
N C M. Then Advya, = 0 o B, 0 07! for some a-cocycle v, € U(N) and
0 € Int(M, N) if and only if ®(«) = ®(B) and mod () = mod(B).

It is worth noting that Corollary 3.7 yields the classification of strongly
amenable subfactor of type III,, 0 < A < 1. See [13], [17].
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