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DIFFERENTIAL INEQUALITIES OF CONTINUOUS
FUNCTIONS AND REMOVING SINGULARITIES
OF RADO TYPE FOR J-HOLOMORPHIC MAPS

XIANGHONG GONG and JEAN-PIERRE ROSAY*

Introduction
Among the results of Part One we have:

PROPOSITION A. Let Q2 be an open set in C" and f: Q — Cbe a continuous
map. If on Q \ f~1(0) |0 f| < K|f| (K a positive constant), then f~'(0) is
an analytic set.

Among the results of Part Two there is the following:

PROPOSITION B. Let J be a C'-smooth almost complex structure defined
in R?". Let v be a continuous map from the unit disc D C C into (R*", J).
Let u be either a constant map from D into R** or a proper J-holomorphic
and €*-smooth map from D into an open subset Q of R¥". Assume that v is
J-holomorphic near z if v(z) € u(D). If u = u(0) then v is J-holomorphic
on D; if u # u(0) and v(0) € u(D), either v maps a neighborhood of 0 into
u(D), or v is J-holomorphic near 0.

If u = u(0) the hypothesis is thereof that v is J-holomorphic at any point z
such that v(z) # u(0). Proposition B generalizes the classical Rado Theorem.

The more general statements in the text that contain Propositions A and B
are Theorem A and Theorem C.

Parts One and Two are independent. A unifying theme is the elimination
of exceptional sets on which no a-priori assumption is to be made, in the
style of Rado’s Theorem. In some of our statements this is the only novelty.
Another common feature is the role played by differential inequality of the

type [3f] < [flor [df] < eldf].

* Research of both authors are supported in part by NSF grants.
Received November 8, 2005; in revised form May 14, 2006.
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Organization of the paper

Part One

1. |0f] < |f] versus 3 f = Af. Analyticity of zero set of f and a counter-
example

2. One dimensional vector-valued case

3. Proof of the analyticity of f~!(0) (scalar-valued f defined on C")

4. Remarks on uniqueness results on J-holomorphic curves

Part Two
1. Removability of polar sets for J-holomorphic curves

2. Rado type theorem for J-holomorphic curves

Part 1. Analyticity of zero sets of continuous function

1. 9-differential inequalities and results of Part One

Let f be a continuous function on an open subset Q2 of C. Denote Q* =
Q\ f71(0). By the d-differential inequality |3 f| < K|f| on Q*, we mean
that on Q*, 3 f = Af holds in the distribution sense, and A € LG 1)(£2).

In general, one may, of course, consider a continuous map f:Q — C”
satisfying 3 f = Af on * = Q\ f~'(0), where Q is now an open subset of
C" and A is an m x m matrix of (0, 1)-forms on *. We are interested in the
analyticity of the zero set f~!(0).

We formulate our results in following three cases: (i) f is a vector-valued
continuous function on C, (ii) f is a continuous function on C", (iii) f is a
vector-valued continuous function on C" under the additional assumption that
£71(0) is already real analytic.

The result for case (iii) will be given later by Proposition 3.4. Here we
describe results for (i) and (ii).

(i) Vector-valued f, defined on C.
Our first result is the following:

ProposITION C. Let §2 be a connected open subset of Candlet f-Q — C"
be a continuous map. Assume that 3 f = Af on Q\ f~'(0), where A is an
m X m matrix with entries in L?O,l)_(Q \ f7H0). If2 < p<ooand f #0,
then f has isolated zeros in Q2 and 0 f = Af holds on Q, where A is set to be
zero on f~1(0).

(ii) Scalar-valued f, defined on C".
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Next we turn to continuous functions f on an open subset 2 of C* withn > 1.
Our approach is based on the above one-dimensional result, by applying it
to all complex lines L parallel to a coordinate axis in C". Thus one needs to
understand the tedious question about the restrictionof d f = Af toall z j-lines,
including the restriction of |3 f| < K| f| to lines, needed for Proposition A.
(Of course, 9( f|L) makes sense since f is continuous.)

We postpone this technicality to a later discussion. Here we ask that for
every complex line L (intersecting €2 and) parallel to a coordinate axis, in the
distribution sense

3(flL) =Arf on LNQ\ f71(0), IALILrLnoyf10) < M,

where M > 0 is a constant (independent of L).

Equivalently, after we prove Proposition C in section 2, the above equation
can be assumed to hold on the line (not only off the zero set), by setting A, =0
on f~!(0) and by assuming p > 2. Therefore we restate it in a simpler form:

(L) A(flL)=Arf on LN, AL Lr (L) <M

for a constant M independent of L.
We now state the main result of Part One:

THEOREM A. Let2 < p < oo. Let f be a continuous function on an
open subset Q of C". Assume that for each j = 1,...,n, f satisfies (L)
for all complex lines L parallel to the z;-axis. Then f ~10) is a complex
variety. Moreover, e ™ f is holomorphic, for some locally defined u € Cf.,
witha =1 — %f0r2 < p < oo, and any a < 1 for p = oo.

Condition (L) plays two roles in the crucial Lemma 3.2: (a) it is used to
show that the trivial extension of A is 8—closed,_ (b) once this is proved it is
used again for proving that the solution to some d-problem is Cj; -smooth.

To show the analyticity of f~'(0), it suffices to find u € L. (2) solving
du = % on Q\ f~1(0), or on © by extending % trivially by 0 on £~1(0).
There are other ways to insure boundedness, or continuity, or Cj -smoothness
of solutions to the d-problem. This is discussed in details at the beginning of
Section 3.

Discussion and an open problem

The next example shows that the above two results do not hold for p < 2.
ExaMpLE. Let g, € C" with 0 < |ax| < 1/2 and gy — 0 as k — oo. Let

1

f(Z) = 1
(log|z) TTi2, [log |z — a| |
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Then f is continuous on D1/2’ and 3(f1) = a f with

z-dz (z—ay)-dz 2
ar(z —E e L-(LNnD",).
@)= 2|z|210g|z| 2k2 |z — ax|?log |z — ay| ( 1/2)

Alsodf = Af with A € L (D} ).

Theorem A is motivated by recent work of Pali [9], who proved, among
other results, that £~'(0) is a complex variety under the assumptions that f is
a vector of smooth functions on @ € C", 9 f = Af on Q with A € C*, and
f satisfies a certain finite resolution property. In [9], the difficulties lie in the
case when f is not a scalar function.

The following problem remains open:

ProBLEM A. (1) Let f be a vector of continuous functions on a domain
Q C (" satisfying the d-inequality |3 f| < K|f]on Q\ f~'(0).Is f~1(0) a
complex variety?

(2) Back to the scalar case: Let f be a continuous functionon Q@ C C*'(n >
1). Assume that 8f = Af on Q\ f71(0) with A € L(0 1)(Q \ £710)). If
2n < p < 00,is f71(0) a complex variety?

2. One dimensional vector-valued case

Let D be the unit disc in C, D, the disc of radius r centered at the origin, and
D, (z) the disc with radius r, centered at z. For f € L?(Ds) with2 < p < oo,

define ;
Tf(z) = / F¢) d& /\dg.
27‘[ |E]<8 £ — S

Recall the well-known estimates

_2
ITF@)| <cp8 Pl fllry,  2<p < oo,
_2
ITfE) = Tf@I < cpll fllroylz =27, 2<p<oo,

ITfE) = Tf@I = cpll fllr=oylZ

where ¢, depends only on p. Also B%T f = f on Dy in the distribution sense
(see [1]).

The following lemma for the scalar case will be repeatedly used. Note that
the lemma gives us Proposition C.

LEMMA 2.1. Let2 < p < oo. Let ¢,(8) = 617%f0rp # 00 and ¢ (8) =
8(1 + |logél). Let f:D — C" be a continuous map. Assume that for some
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m x m matrix A = (a;) with aj,. € LP(D \ ()

af (2)
];Z =A@ (@), Aoy =M <0

holds in the distribution sense on D\ f~'(0). There is a constant € > 0 such
that if 6 > 0 and M¢,(8) < e, then for each z € D, there is an invertible
m x m matrix I + g on Ds(z) such that (I 4+ g) f is holomorphic on Ds(z) ND,
and g € C*(Ds(2)) witha = 1 — %forZ < p < ooandany o < 1 for
p = 00. Moreover, sup,,cp, ) 18(W)| < cpmM¢,(3) for some constant c, ,,,
and % = Af on D where A equals A on D\ f~1(0) and zero on ~(0).

PROOF. Set A= AonD\ f~'(0) and A =0 on £~1(0) U (C\ D). Still
denote A by A. We may assume that z = 0. We need

9 9
0= ?(U +9)f) = (—_g+ 04 +g)A)f
Z 07

on D;. For a matrix u of functions in L?(Djy), define

i u(€) _
Tu(z) = E/m«s Z_gd&/\dé,

where the integration takes place entry by entry. The §, depending only on m
and p, will be determined later.
Consider the equation

(%) g+T({(I+gA) =0.
For the matrices g and A = (ajx), put

llgll = sup {lgjx(2)I}, | All, = max{|laj|lzrD;)}-
j.k.Ds ik

Recall that T((1 4+ g)A) is continuous on Dy, if g is continuous on Ds. We
also have

IT(( 4 82)A) = T(( + g) A = cpmBp(O)IAllp - g2 — &1,
IT (AN < cpmPpOIAlp.

Therefore, g = limg_, Sk((l), where S(g) = —T((I + g)A), is the unique
matrix that is continuous on D; and satisfies (x) on Ds, provided

1
M (8) < 3

p.m
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Moreover, the g satisfies

CP,m”A”p(f)p(S)
2 mM 5).
— cpmllAll 9, (8) < 2¢p M, (3)

By (%), (I +g) f is holomorphic on Ds\ f~1(0). Let i be an entry of (I +g) f.
We know that /& is continuous on Ds. If 4 does not vanish at zy € Dg, then
f(z0) # 0 either. Hence % is holomorphic near zo. By Rado’s theorem, 4 is
holomorphic on Dj. Since g = —T((1 + g)A) and (/ 4+ g)A is in L{Z,C then
geCﬁ‘)cforazl—%when2<p < oo and any o < 1 for p = oco.

<
gl < I

Since f isidentically zero or hasisolated zeros, itis easy to see that g_z =Af
on D.

When f is scalar, one simply takes the above 1 + g to be the so-called
integrating factor, e, where u = A % an by setting A = 0 on £~'(0). On the
other hand, the above contraction argument avoids the Rado theorem, if one
has a stronger condition that % = Af onD.

The zero set f~!(0) for the one-dimensional case is studied by Ivashkovich-
Shevchishin [7], under the assumption that d f = Af on the whole domain
Q2 C C. See also Floer-Hofer-Salamon [4].

3. Proof of Theorem A (scalar-valued case, functions defined on C")

The heart of the matter is to prove that B, the trivial extension of ﬂ, is 9-closed.
This is done in Lemma 3.2, but we start in Lemma 3.1 with some remarks that
will allow us later to prove that the solutions to du = B are locally bounded.

3.1. Restriction of 3 f = Af on lines

First we need to discuss the restriction of d f = Af on complex lines.
However, the reader could skip this section 3.1 (remarks (a)-(d) below)

and go directly to section 3.2 (beginning of the proof of Theorem A), by first

accepting the assertion: if f satisfies condition (L) for almost all z;-lines and

if B, the trivial extension of E—ff by 0 on f~1(0), is 9-closed, then all solutions
u to du = B are locally bounded on Q. The latter will suffice for the proof of
analyticity of £~1(0).

Let f be a continuous function defined on an open subset D of C". It is
worth pointing out the following.

(a) Let 1 < p < oo. Let M be a positive constant. Assume that for almost
all z;-lines L

Of |z

071

L)

=ALf, NlALllLrLnpy < M.
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Then in the distribution sense

A

=B
3971 /

on D, for some function B € LIOC(D), that we set to be 0 on f~1(0).
That function B satisfies:

n—1
(E) IBllLrpnL,y < (T€*) 7 M,

where L. is the e-neighborhood of L in C" equipped with the sup-norm. (In
the latter formulation we avoid the problem of having to restrict B to lines.)

Proor. Check ng Bf for some B € LIOC(D). Fix a compact subset
K of D. Let ¢ be a smooth function whose support is contained in K. Put
=(z2,...,2,) and

.\ n—1
dv(7) = (%) dza ANdzo N -+ ANdz, AN dZ,,

i
dV(Z) = Edzl AN dzl /\dV(Z’).

Then
()
831’¢
= / f——dzl/\dzl/\dV(z)
0 7/ fixe ,
- /(@0 dv(z)
971 21
i - ’
= /(fA|L(Z')f¢ 5dZ1 /\dZ])dV(Z) s

< M [ |felri)dV ()
Holder

L) ={(z1,7):z1€eCyND

1

< MIKIPUIﬂplq le/\dZI/\dV(Z)] )

Holder

where K’ is the projection of K by z — (z2,...,2,) and |K'| = fK, dVv(z).
So |(%, go)| < M|K/|%||f<p||“,i.e fo — (%,(p) is continuous in L?-norm.
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So ( 5 (p) [ BfgdV (z) for any ¢ supported in K, for some B supported
in K, vanishing on f~!(0), and satisfying

1
(3.1 IBll» < MIK'|7.

For the general case, let {;} be a partition of unity for a locally finite open
covering {U;} of D. Then - af = By f on Uy, and (:—E’:, go) = Z(;?_zfl ka) =
(B, ) for B =Y xxBy € LIOC Finally, (E) comes from (3.1) and the unique-
ness of B (up to a set of measure 0 and requiring B|s-1) = 0) since f is
continuous.

(b)Let 1 < p < co. Assume that afl = Bf on D with B satisfying (E) for
all z;-lines L and all € > 0. Then (L) holds for all z;-lines L. In other words,
when f is continuous, (L) and (E) are equivalent. Moreover, that (L) holds for
almost all z;-lines implies (L) for all z;-lines.

PROOF. Let x > 0 be a smooth function on C* with compact support and
fx(z) dV(z) = 1. Put x5(z) = S%X(SZ) and B; = B * x;. We may assume
that L is the z;-axis. Fix a compact subset K of L = L N D C C. Then
(3.2)

| Bsll Lk xDr-1) = ( ‘/
KXD” 1

5/(/ |B(z—8w)|”dV(z)> x(w)dV (w)
K xDr-!

s/(/' |B@n%ﬂ«w>”xw0de»
DNCx (—8w'+Dr~1)

<@ATM,  w=(w,w).

dV(Z))

Thus, || Bs|g x(oyllL»r < M, since Bs is continuous. For each smooth function
¢ with compact support in L,

ofle N . (0fsle N _ .. L
(8—21,<p) —}g( a7, ,<p> —;gr(l)((Bf)le,rp) —%gr(l)(BﬂLf, ®).

For small § > 0

I1Bs (-, ) oy = (
M.

p o

B((m, Z) = dw)x (w)dV (w) %dm A d21) !

IA
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Using the weak compactness in L”, we find a sequence Bj, |, that converges
weakly to some Ay € LP(L) with ||Ap||r < M.

By Proposition C, remarks a) and b), we know that the condition
af =Af on Q\ f71(0), AeL™Q\ 0

is equivalent to _
af =Af on Q, A e L™(Q),

in which A is set to be 0 on f~1(0).

(o) Letv=v1dz1+---+v,dz, withv; € L}OC_(Q) be 9-closed on D. The
local existence and boundedness of solutions u to du = v follow from any of

the following conditions:

(i) The integral of f D bWl 7V (w) is bounded (independently of z).

|z7w|2n—]

(ii) For each v; there is k such that for some p > 2 and M > 0,
lvillLr(pnry < M for (almost) all z; -lines L.

(iii) visin LP(D) for some p > 2n.

In fact, all local solutions are continuous for case (ii), and are in Cj;. with
a:l—%ﬂx%<q%<mamea<lﬁwp:ambﬂm)

PrOOF. We may assume that D = D”. It is elementary that (iii) implies
(1). (1) implies (i) too: Assume that ||v;||z»(pnr)y < M for all z;-lines L (say
k = n). Then

/ lvj (w)| 4V (w)
D

|Z _ w|2n—l
<M (/ ! id /\d_>;dV(/)
= Py Zn Zn Z
1<t \Jjz <1 (2% 4 [2,]2) 2= Da/2 2

<M 1412 @ D gy (o)

|z| <1

1
~ _ _2
=cM/ P T dr < 00
0

forl=1—L(andn > 1).
q P

Assume that (i) holds with D being the unit ball and dv = 0.



302 XIANGHONG GONG AND JEAN-PIERRE ROSAY

Recall the Bochner-Martinelli kernels:

— 1! =7 _
=D Z(—l)j_l% Netj [dEy —dZ) NdE A - N dE,
J

Qmi)" |
n—1
=Y (0,
q=0

where €, is of bidegree (n,n — g — 1) in ¢ and bidegree (0, ¢) in z. For a
(0, g)-form u on D with g > 0, define

By xu(z) = —f u(@) AN Qg-1(z, 9).
teD

By the Koppelman formula ([5], p. 57), w = 3(By % w) — By * dw, if wis a
smooth (0, 1)-form on D with compact support.

Let v, = Z;‘Zl (vj)edzj, where the smoothing (v;). is defined in the proof
of remark b). Let x be a smooth function supported in the ball Dy 5: |z] < 1/2.

For small and positive €, v, is well-defined and d-closed on D /2. Thus
XVe = 0(By % (xve)) — By % (3x A ve), on D.

By the Fubini theorem, || By * (X ve)ll(p, ) + |1 B * @x A V) llLe(py ) <

c || |v]|* for some constant c. On 51/3, By % (3 x Ave) is smooth and

7 | =)
d-closed for small € > 0. It is well-known that there is a smooth function i,
such that 8116 = By * (8)( /\ve) and ||17lE ||L°C(D1/3) < EHBM * (8)( AVe) ||L°C(D1/3).
We now have 3(By * (xve) — fie) = ve on D, 3. By the weak compactness,
the week-limit # of some sequence By * (x v, ) — U¢, is bounded and satisfies
du=v.

For (ii), the continuity of u follows from the continuity of |v;| * W;’l For
(iii), it is elementary that By, x v € C. when v € L?(D) and p > 2n.

loc

For a complex line L in C”, denote by L. the e-neighborhood of L in C"
with the sup-norm.
We now point out a special case, which is actually used in our proofs.

(d)Let2 < p < oo.Letu € L} (D) and du = v1dz, + - -+ + v, dz,.
Assume that for each j there is a constant M such that

=S
lvjllLr oz, < M(e) »

for all z;-lines L; and all € > 0, thenu € C} fora =1 — % 2 < p<o0)
orforalla < 1 (p = o0).
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ProOOF. By (¢) (ii), we know that all local solutions u are continuous. Repeat

the argument in (b) for 37” = v; (in a simpler way). We have BB”Z"L = v, with
lopllr < M. Now the local Holder-o norm of u|; is bounded by some

constant independent of L. Therefore u|;, (and hence u) is C};,.-smooth, by the

well-known estimates stated at the beginning of Section 2.

3.2. 9-closedness of trivial extension of §7f, when f~1(0) is the graph of a
continuous function

As already said, the heart of the matter is to prove that B, the trivial extension

of 57-’(, is 3-closed. Once this is done the existence of an integrating factor and

hence the analyticity of £~!(0) is trivial. However the proof goes as follows.
In this section 3.2 we prove d-closedness of B near specific points of £~'(0)
(Lemma 3.2). We then get the analyticity of f~'(0) off an exceptional set (in
the notations below, the set where N (p) = 00). Using induction on dimension,
the proof of 3-closedness of B is then achieved in section 3.3.

By our assumptions, if f vanishes at p, then for any complex line L passing
through p and parallel to a coordinate axis, there is a continuous function u
so that e |1 is holomorphic on L N Q. Define the order of vanishing of |,
at p to be the vanishing order of e™ f|; at p. We also define the number of
zeros of f|z to be the number of zeros of e f| .. Both are independent of the
choice of u.

We start with the following.

LEMMA 3.1. Let2 < p < oo. Let f(z) be a continuous function on D".
Assume that there exists a positive constant M such that for all complex lines
L parallel to the z,-axis, §(f|L) =ArfonD"NLand||ALlLr@wrpry < M.
Assume that f(0) = 0 and f(0, z,,) does not vanish when 0 < |z,| < €y < 1.

(i) There exists 8§ > 0 such that for each 7 € Dg’_l, f(z, z,) has exactly
N zeros z, = rj(2), j = 1,..., N in the disc {z,:|z,| < €0}, counting mul-
tiplicity. Moreover, for each € € (0, €y) if the § is sufficiently small we have
Irj(2)| < € for |z| < 8 and lim,_,rj(z) = 0 for all j.

(ii) If the above rj are all the same, denoted by r, then f(z) = ((z, —
r(2))v(z))N, where v is continuous on D’g_l X Dg, \ £~10), and v, % are
locally bounded on D}~" x D,

PrOOF. (i) By Proposition C, we know that there exists 0 < €; < ¢y such
that for each € € (0, €;) there exists a function g(z) such that (1 4+ g(z)) f(2)
is holomorphic in z, and |g(z)| < 1/4 for z € D"~! x D.. By definition
the number of zeroes of f as a function of z, is the same as the number of
zeroes of the holomorphic function (1 4 g) f. So it is the winding number of
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(14 g) f and hence that of f, which is constant (in a neighborhood of 0). The
last conclusion follows from the continuity of f also.

(i1) We reduce it to case N = 1 first. Choose a continuous root b(z) =
f@Y"N on Dg_l x 5. Oneachz x D, we find a continuous root f ()N that
agrees with b(z) at z = (z, £). Thus f(z)'/" is continuous on D} ' x D,
Off the zero set of £/, we have affl# =dlog fU/N = %%

Assume that N = 1. The local boundedness of v follows from the above
estimate |g| < 1/4. Now

in — I‘(/Z)

1
- —q _ AT IR
v = AT oo

is also locally bounded, by applying the maximal principle to the holomorphic

function (I+g@)f ()"

REMARKS. (i) We are not claiming that the above v (forr; = -+ = ry)
is continuous in z, though this holds eventually. In fact if v is continuous and
if additionally 9(f|.) = Az f on L N D" with NlALllLrrpmy < M for all
complex lines L, then one can conclude that r is holomorphic. To see that,
consider the line L = {a + tb:t € C} where a = (d’, a,) is a zero of f with
la’| < & and b is a non-zero vector in C". We know that there is a continuous
function u on L such that e™* f'/¥ = ve~*(z, — r(%)) is holomorphic on L.
Thus lim,_,q @+ @HPM@HD) exjgts, Since a, = r(a’) and v(a) # 0,
r(a@’ +tb")—r(a’)

t

then lim,_, ¢ exists for all b'.

(ii) Let p > 2. Assume that f is continuous on D" and C'-smooth on
D" \ £~'(0) and % =ayr f on LND" with |lag || Lrrpry < M for all z,,-lines
L. Then the v (for r; = - - - = ry) is continuous. To see that, we let L = L(z)
be the z,-line passing through z. Assuming N = 1, putu = Ay * % where
the convolution is on |z,| < 1. We already know that r is continuous. Fix
w € D". We want to show that u is continuous at w = (w, wy,). Split ay * %

into two parts:

u(z) = L/ @) 1 ndz
|

27 Jic—rw)|<s,ic]<1 Zn

i Lz 0)

— — = d¢ Adt.
27 Jie—rewy=s.1c1<1 @n — ) f(2, ) ¢nat

Since % € L] for1 < g < 2, the first term tends to 0 as § — 0. For a fixed

8, the second term is continuous in z at w. Thus u is continuous on D". As

before by Rado’s theorem e~ f is holomorphic in z,,. Since e v = Ze:i{;) is
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holomorphic in z,,, then

—u(z,8) £,
(")) = — IR g <

27Tl 1Z1=¢0 (§ _r(/Z))(é‘ _Zn)

Thus e *v and hence v is continuous.

LEMMA 3.2. Let2 < p < oo. Let f(z) be a continuous function on D",
satisfying the condition (L) (with Q@ = D"). Assume that for each 7 € D"71,
f(z, z,) has exactly one zero in o = = r(z) € D, and its multiplicity is 1.
Then B, the trivial extension of 7 by 0 on f~1(0), is 9-closed in the sense of
distribution on D", and r is holomorphic.

PROOF. A = f is obviously d-closed on the complement of f~'(0). The
main point in the proof consists in proving that its trivial extension, by 0 on
£710), is d-closed on D" (a problem that of course does not exist for n = 1).
In case % is bounded, this is straightforward if one assumes (but we don’t)
that £~'(0) has a basis of neighborhoods whose boundaries have 2n — 1)-
Hausdorff measure tending to 0. The trivial extension of A = f is precisely
the B € LIOC(D”) in remark 3a). So 3 f = Bf on D" (not juston D"\ f~'(0)).

Return to our setting. We want to show that dB = 0 near 0. Let d,(z) be
the vertical distance from z to the graph z, = r(%). So d,(z) = |z, — r(2)|.
Let d(z) be the Euclidean distance from z to the graph. We will prove that
e-neighborhoods of the graph z, = r(z) with respect to d and d, respectively
have comparable volumes. This is achieved by comparing d(z), d,(z) with

£ @)L

If f(z) = f(ez)and gf = af (the one-dimensional distribution derivative

off £=1(0) with zy, ..., z,_; being fixed first) we have =a f off f 10)
with 1

I _\’
(/ ~ |(l|p—dZn A dZn)
l<lf@#0 2

_ (/ lea(ez)|P L dz, A dZn) !
lzul<1. £ (2) #0 2

_2 P
:el P(/ |[1(EZ Zn)ip dZn /\dZn) .
|zn|<é€, f(2)#0

Since p > 2, by a dilation, we may assume that the L?” norms of Ay on
LND"\ f7'(0) are small on all z;-lines L. On each z;-line L, there is a
continuous function g such that (1 + g) f is holomorphic on L N D" and
|g| < 1/4. We may also assume that | f| < 1.
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Let f(0) =0. Let z € D , with f(z) # 0.
To compare f(z) with d,(z), recall from Lemma 3.1(ii) that

@) = (@ —r()v(), zeD”,

where % is locally bounded. Restricting to a smaller polydisc if necessary,
we may assume |v| > 1/c on D" for a fixed constant ¢ > 0. Thus d,(z) =

20 — ()] < el f Q. B

To compare f(z) withd(z) take z* € f”(O)ﬂDT/2 suchthatd(z) = |z—2z%|.
Letz* = (2], ..., 2), 2= (21, ..., zo)s and w; = (21, ..., Zj—1, 2] -+, Z)-
Start with w; € f7'(0) and connect w; to wj4; by a z;-line L;. We want
to show that | f(w;)| < 8(j — 1)2/d(z). The inequality is trivial for j = 1.
Assume the inequality holds for f(wy). We find a function g, |g| < 1/4, such
that (1 4+ g) f is holomorphic on L; N D". By the maximum principle, we have

(1 +8) f)(wir1) — (A + &) ) (wi)| < BJwieyr — wiel < 8d(2).

Hence | f(wiy1)| < 2| f(wp)| + 16d(z) < 8k2k+1d(z). Therefore | f(z)| <
8n2"d(z). Thus

d(z) =dy(2z) = c1d(2), zeDj,.

Let V. be the set of points z € DY /4 with d(z) < €. Let 175 be the set of
z € D" with vertical distance d,(z) < €. We have

vol(V,) < Vol(f/c]é) = 7 (c1€)? vol(D" 1) = ée2.

Let x, 0 < x < 1, be a smooth function such that x () = 1 for ¢t > 1,
x(t) = 0fort < 1/4, and |x'| < 2. Let xc(z) = x(“2). Then |x(z') —

Xe(@)] = @ Let x* be a regularization of . such that x* vanishes on
Ve;sNDY o and x = 1on DY 5\ Va2 Note thatO < xe < land [Vx| < 2/e.

Let ¢ be a smooth (n, n — 2)-form supported in DY . Let % + é = 1. Since
p>2and1 < g <2, we have

/X:A/\g(p): / A/\gxe*/\(p‘

1/p _ 1/q
SCollwlle</ IAIPdV> (/ |3Xj|qu>
Vie2 Vaesa

1/p
501||<.0||L°c</ |A|pdV) il 50, ase—0.
Viepn
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Therefore, B, the trivial extension of % by O on f 10, is 9-closed on
D1, (and hence on D"). '

We are ready to show that r is holomorphic. By Proposition C and re-
marks 3(a)—(b), the uniform L? bound for A, in 9( floapn) = AL f, implies
that % = B; f on D". Moreover, for all z;-lines L and the e-neighborhood L.

of Lin C" Witllthe sup-norm, || Bj|z.npllzr < (nez)%M. By remark 3(d), all
solutions u to du = B, which exist, are in C};.(D"). Thus e~ f is holomorphic
on D"\ f71(0), and hence on D" by Rado’s theorem. Since the zero set of

e~ " f is given by the graph z, = (), then r is holomorphic.

REMARKS. (a) The above estimates on two distances d(z), d, (z) are crucial.
One can obtain | f(z)| < c||Ay, “Lﬁd(Z)l_l% from equations §(f|L/.) = AL f
by the well-known estimates stated at the beginning of Section 2, without using
an integrating factor. When p > 3+ V5 (i.e 2(1 — %) (1 — %) > 1) that estimate
insures the above lemma, since as before

/X:AAgfp‘

I/p _ 1/q
sconwuLw(/ |A|PdV) (/ |ax:|qu)
Viep Vie)2

I/p _ 1/q
§C0||§0||LOC(/ |A|PdV) (/ |ax:|QdV)
Viep 14 2

-2
cre P

l/p 1 2
< allgliL= (/ IAIPdV) == 50, as e — 0.
Vies2

af
= f
crucial to assume that o(f|.) = A f on L N D" with ||A|[.» < M for all

zj-lines and forall j =1, ..., n. Take n = 2 as an example. We do not know
if the trivial extension is d-closed if the d-inequality is assumed on all z;-lines

(b) To obtain the d-closedness of the trivial extension of on D", it is

and if the d-inequality on all z,-lines is replaced by af—f € LP(D?) (for any
2 < p < o0). The latter insures 5(f|L) = A, fon L ND? with A, € L?

for almost all z,-lines L, but the L? norms of A; might not be bounded as L
varies.

3.3. End of proof of Theorem A

The theorem is local. We may assume that f is defined on D". Foreach z € D",
denote by L;(z) the z;-line that is parallel to the z;-axis and contains z. By
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one-dimensional result, we know that for each p € D" and each complex line
L = L;(p), there is a continuous function u so that e™" f|; is holomorphic
on L N 2. Define the order of vanishing of f|, at p to be the vanishing order
of e™" f|p at p, which is independent of the choice of u. Let N, = oo if
Sle,(p = 0 for all j; otherwise let N, be the smallest integer such that for
some L = L;(p), f|. vanishes to order N, at p.

Assume that f(0) = 0. Since we consider only lines parallel to the co-
ordinate axes it is possible that Ny is infinite although f is not identically O.
By permuting the coordinates, we may assume that z, = 01is a zero of f (0, z,,)
of order Ny.

(i) Case Ny < +o0.
When Ny = 1, near the origin, f~'(0) is a smooth complex hypersurface by
Lemma 3.1(i) and Lemma 3.2.

Assume that V = f~1(0) is a complex variety near p if N, < N.

If ry = --- = ry then by Lemma 3.1(ii), there is a continuous N-th root
YN (z) = (z, — r(2))v(z), which still satisfies the 9-differential inequality.
We have No(f'/V) = Nyo(f)/N = 1. Hence f~'(0) is a smooth complex
hypersurface near the origin.

Suppose N9 = N > 2. Without loss of generality, we may assume by
Lemma 3.1(i) that the zero set of f in D" isgivenbyz, =r;j(2),j =1,..., N,
counting multiplicity.

We already proved the assertion when r; = --- = ry. So we may assume
that not all of ri(a), ..., ry(a) are the same for some a. Let k be the largest
integer such that 7| (7), ..., ry () have k distinct elements for some z. Define

h(z) = My<azp<i(rj,(2) — 1, (2)),

when r;, (%), ..., r;,(2) are distinct. Rename the distinct k elements by r; (%),

., (). For clarity, we do not define r{ (%), ..., r;(Z) when {ri(2), ...,
ry (Z)} has less than k distinct elements, in which case we set 2(z) = 0.

We first want to show that / is holomorphic away from 47! (0). Assume
that h(a) # 0. Since k > 2 then N(a,rj*(a)) < N.Thus f~1(0) is a complex
variety near each (a, rj?k (a)). By Lemma 3.1(i), for 7 close to a, f(z, z,) has at
least one zero near each r;‘ (a). Therefore, by the definition of k, f(’z, z,,) has
exactly one zero near each 7' (a) for 7z sufficiently close to a. Thus near each
(a, rjf* (a)) the complex variety f~!(0) must be smooth, and near a we redefine
r} () such that they become holomorphic in z'. In particular 4 is holomorphic
away from its zero set.

Next we want to show that / is continuous. Fix a € D"~! with h(a) = 0.
Given a sequence a“ approaching to a as u — oo we want to show that
lim,_, » A(a") = 0. Without loss of generality we may assume that i (a") # 0
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for all u. Let by, ..., by be distinct zeros of f(a,z,) in D > z,. Let m;
be the multiplicity of the zero z, = b; of f(a,z,). Puts = imin{|bj —
bil, 1 — |btl:1 < k # j < d}. By Lemma 3.1(i), we can choose ¢ > 0 so
that the zero set of f in (a + D’]_l) x (bj + Dy) is given by z, = w;4(2),
1 <« < mj; moreover lim,_,, w;o(7) = bj. Therefore the limit of any con-
vergent subsequence (r{(a"), ..., rj(a")), j = 1,2, ... must have the form
by, ..., by). Since {by,, ..., b} C{b1,...,bs}andd < k, we conclude that
limj_, o h(a") = Hlsa;ﬁﬂsk (b, — biy,) = 0. Therefore h is continuous and
hence holomorphic by Rado’s theorem.

Away from the zero set of /1, the symmetric polynomials of 7 (2), ..., 1 (2)
are holomorphic in z (in fact we proved that away from the zero set, 7} (2), . . .,
1 () can be locally rearranged to become holomorphic). Since the symmet-
ric polynomials are bounded, they extend holomorphically to D"~!, by the
removable singularity theorem. By the removable singularity theorem again,
P(z) = (zn — r{(2)) ... (zn — 1} (%)), defined for h(Z) # O only, extends
holomorphically to D"”. Now we want to find a neighborhood U of the origin
such that P~1(0) N U = f~'(0) N U. By definition P~1(0) N D" \ A~'(0) =
£~10) N D" \ h~1(0). Since & # 0 the closure of f~'(0) \ ~~'(0) in D" is
£71(0) N D" by Lemma 3.1(i). Since P(0, z,) # O there is a polydisc U =
D! x D, such that P~!(0)NU is given by a branched-covering over D} . So
(P-1(0)\ A~1(0)NU = P~(0)NU. Therefore f~1(0)NU = P~1(0)NU,
which is a complex variety.

(i1) Integrating factor and case Ny = 4-00.
We now go back to the main question which is the d-closedness of B, (which
was already central in Lemma 3.2).

We shall use the following result of Demailly ([2], Lemma 6.9), whose proof
is similar to the argument in Lemma 3.2, with an induction on the dimension
of the analytic set. Let 2 be an open set in C", and let E be an analytic subset of
Q of dimension < n. Let g be a (0, 1)-form defined on Q with L? coefficients.
If g is 3-closed on © \ E then g is 3-closed on .

We now assume that Theorem A is proved in dimension n — 1 and we want
to establish it in dimension n. Assume that there exists a = (a, a,) € D"
with f(a) # 0. Let X = {z € D"' : f(z,a,) = 0}. By the induction
hypothesis, this is a proper analytic subset of D"~!. If p = (p, p,) is such that
N(p) = +oothen f(p,-) =0,s0p € X.

Set Z = X x D. This is a proper analytic subset of D", and if p ¢ Z then
N(p) < +oo0. -

Let B be the trivial extension of %, as considered earlier. We already know
that B € Lfo’l)(D”). We claim that B is d-closed on D”. Applying Demailly’s
result to @ = D"\ Z, it follows from the analyticity of £~!(0) (at points where
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N is finite) shown in (i) that B is d-closed on D" \ Z. Applying Demailly’s

result again, it follows that B is 9-closed on D", as desired. As at the end of the

proof of Lemma 3.2, for some locally defined u € Cf;., e™ f is holomorphic.
The proof of Theorem A is complete.

3.4. Vector-valued f defined on C* when f~'(0) is real analytic

We turn to the case that f is vector-valued and defined on a domain Q C C"
with n > 1. Here our result is far from complete. We will treat only the case
that £~1(0) is already real analytic. To show the complex analyticity, we will
impose condition on d( f) for all germs of complex curve, not just lines. But
we will not need the uniform bound on L”-norms.

First we recall some basic results on real analytic sets, which can be found
in [8].

Let V be an irreducible germ of real analytic set at 0 € R” of dimension
k. (We will take R" = R?>" C C?' soon.) Then there is an open subset D
of R™ and a closed real analytic set V in D which represents the germ, with
dim V, < k for all x € V. Denote by V* the set of points in V at which V is
a smooth submanifold of dimension k. We also need the complexification V,
of the germ Vj: there exists a unique irreducible germ Vj of complex variety
in C" with \70 NR™ = Vo ([8], Proposition 1, p. 91). In particular, one can
choose an open subset D of C” such that V, is represented by an irreducible
closed complex variety V C D of pure dimension k.

We need the following result which is essentially in [3].

LEMMA 3.3. Let Vy be an irreducible germ of real analytic variety at 0 € C"
of dimension k, represented by a closed real analytic set V in U > 0 of the
same dimension. If V* is a complex submanifold of C", then V is a complex
variety at Q.

ProoF. It suffices to find a germ of complex variety V at 0 that is contained
in V and has the same real dimension as V. Then the irreducibility of V
implies that two germs must agree ([8], Proposition 7, p. 41). We will adapt
an argument in [3] to construct V.

Choose a polydisc D C U, centered at 0, such that V N D is the zero set

of a real function r(z, 7) which is a convergent power series on D x D. Thus

0, = & {z € D: r(z,w) = 0} is a complex variety in D for each w € D.

Choose a domain D; C C*" and an irreducible complex variety V in Dy such
that VO is the complex1ﬁcat10n of Vy. We may assume that D1 NR* C D and
VNR¥ =V ND,.

We want to show that Q,, D V*N 131 forw e V*N bl . To that end, choose a
biholomorphic map ¢: D¥ — W C V* with ¢(0) = w. Then r(¢(t), o) =
0 for r € D*. Thus r(¢(t), (0)) = 0, i.e. r(-, w) vanishes on some open
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subset W of V*. Note that W C C" = R?" 4 i0 is embedded in C*". Thus W
is a totally real submanifold in V of dimension k. As a function in (x, y) €
V*, r(x + iy, w) vanishes on an ~open subset of V*. Since V* is connected,
then r(x + iy, w) vanishes on V, which implies that r(z, w) vanishes for
zeV*NDi(CVN RZ”) Now we go back to C"

We just proved that S &of Nyevenp, Quw D VN D,.Forw € V*N D, we

have S C Qu,1.e.z2€ Q (& w € Q,) forz € S. Thus V* N D, C Q, for

z € S. Now et
V*le C mweSQw - V

Fixz € V C S. We have 7 € S and get z € (‘7 =) Nues Qw C Q.. Now
z € Q,implies thatr(z,z) =0,i.ez € V. Flnally, ven D, C V C V. Since
V* has pure complex dimension k and 0 € V" then V has real dimension
at least 2k, which is already the dimension of V. Since V is irreducible then
V="Vas germs at 0.

As a consequence of Lemma 2.1 and Lemma 3.3, we have

PROPOSITION 3.4. Let2 < p < o0. Let f = (fi, fa, ..., fm), where fj are
continuous functions on a domain Q C C", and let Q* = Q\ f~1(0). Assume
that for each smooth holomorphic curve y in Q2 (not necessarily closed in Q2),
Af l,) = fA, holds in the distribution sense on y N Q*, where A, is an
m X m matrix of (0, 1)-forms whose coefficients are in Lloc(y). If f~1(0)isa
real analytic variety in 2, then it is a complex variety.

PROOF. Assume that f(0) = 0. We want to show that £~'(0) is a complex
variety near the origin. ‘

Decompose the germ of £ ~!(0) atOas V) U- - -UV{}, where V{ are germs of
irreducible real analytic sets at 0 and Voj is not contained in Uy Vé‘. (For real
analytic sets, the irreducible decomposition may exist at the germ level only!)
Choose an open neighborhood D of 0 and a closed real analytic set V; in D such

that V; is the germ of V; at 0. Since f~!(0) and UV; represent the same germ

at 0 there exists an open set D > 0 such that V = Y0y NnD=uVv,NnD.

Let p; be the dimension of Voj . We may assume that V; has dimension p;
too. Since dim Uyx; V¥ N'Vy < dimV;, we may choose D so small that
dimU;; Vi NV; < dim V;. Let VJ* be the set of points in V; near which V; is a
real submanifold of dimension p;. Put \7, = V;*\ Uiz, Vi. Each tangent vector
in T, f/j is the tangent vector of some real analytic curve y in ‘7] Let y be the
complexification of y . By the one-dimensional result, £ ~!(0) Ny is a complex
variety in 7. Since f~!(0)Ny isnotisolated, then y is containedin f ~1(0) (one
may assume that y is connected). Therefore, T, V; is complex linear subspace
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of T, C". Since ‘7j is dense in V7, then V" is a complex submanifold of C". By
the previous lemma, we know that each V; is a complex variety.

4. Remarks on some uniqueness or finite type results for
J-holomorphic curves

In the theory of J-holomorphic curves inequalities of the type

(TDH 0f] < c@)If]

occur, as well as inequality of the type

(T2) 10f1 < c(f)Iaf]-

The more general inequality |3 f| < ¢(z, £)|3f| can, of course, be reduced to
(T2) by considering (z, f(z)) instead of f(2).

If one has an L”-bound for df and an estimate |c(f)| < |f]|, reversing
roles, one can reduce (T2) to (T1).

An example is the following: Assume that v;: D — (R?", J) is an embed-
ded J-holomorphic curve. After changing variables we assume that v;(z) =
(z,0,...,0) € C" ~ R* andthat J(z,0, ..., 0) = J,, (the standard complex
structure on C*). Let vo: D — (R?", J) be continuous. Let E be a closed subset
of Dwith0 € E. Assumethaton E v,(z) = v1(z) = (2,0, ..., 0) and that v; is
J-holomorphic on D\ E (but make no a-priori assumption of J-holomorphicity
of v, at the boundary points of E). It follows from Lemma 2.1 in Part One
that if Vv, € L? for some p > 2 then near 0, v, = v; or v, — v; vanishes

to finite order only. Indeed, the equation for J-holomorphy is g—; = Q(v)g—‘zf,
and Q(z,0,...,0) = 0, hence Q(v;) = 0 (with Q € M, ,(C) and of the
smoothness of J). So

d(vy — vy) vy vy vy
‘8—2 _‘8_2 —‘Q(Uz)a—z = 3_2 |Q(v2) — O(vy)]
< c(2)|vy — vy, with ce L?.

However the above result (that v, = v; or v, — v; vanishes to finite order only)
follows immediately from the Corollary to Theorem C of Part Two (applied
to (z, vj) rather than v;(z)). Indeed this Corollary implies that in fact v, is
J-holomorphic (i.e. the exceptional set E can be removed). Then, the result is
well-known.
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Part 2. Removable singularities for J-holomorphic maps
and Rado’s Theorem

1. Introduction

Let € be an open set in C. A subset E C €2 is said to be a polar set if for any
z € 2 there exists a subharmonic function A defined on a neighborhood V of
z (not identical to —oo near z) such that ENV C A~!(—o0). If E is closed
in V one can take A to be continuous as a map from V into {—oo} U R (and
ENV = A" (—00)).

If E is a polar subset of 2, then there exists a subharmonic function w on
Q u # —oo such that E C = '(—00). Indeed local polarity implies global
polarity, and this is an easy result unlike Josefson’s theorem on pluripolarity.
(Hint: Take a locally finite covering of 2 and A; corresponding subharmonic
functions and solve AL = Ak;.)

In Part Two all almost complex structures are of class C!, and all J-
holomorphic curves u are of class C! at least. So u are of class C'* for
any o < 1 (See [6]).

THEOREM B. Let Q2 be an open subset in Cand let E be a closed polar subset
of Q2. Let u be a continuous map from 2 into an almost complex manifold
(M, J) with J of class C'. If u is J-holomorphic on Q \ E then it is J-
holomorphic on €.

The next theorem is also about removable singularities but this time in terms
of the target space. It is a theorem in the style of the classical theorem of Rado
that states that a continuous function that is holomorphic off its zero set is
holomorphic.

DEFINITIONS. 1) A closed subset € of an almost complex manifold (M, J)
will be said to be a Rado subset of (M, J) if and only if the following holds: If
u is a continuous map from a connected open subset €2 of C into M such that
u is J-holomorphic at any point z such that u(z) &€ € then u is J-holomorphic
on Qoru(Q) C €.

2) A subset L of (M, J) is said to be locally exact J -pluripolar, if and only if
forany g € L there exits a neighborhood V of ¢ and a J-holomorphic function
p defined on V, continuous as a map from V into {—oc}UR, such that p %= —o0
near g and LNV = p~!(—00). (The notion of J-plurisubharmonicity will be
recalled later.)

THEOREM C. Let € be a closed subset of an almost complex manifold
(M, J). Assume that there is a discrete subset S of € such that €\ S is locally
exact J-pluripolar then € is a Rado subset.
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COROLLARY. Let (M, J) be an almost complex manifold of class C'. The
proper image of an open subset of C under a J-holomorphic map of class C>
is a Rado subset. Discrete subsets of M are Rado subsets.

By the proper image of an open subset 2 of C under a J-holomorphic map
u, we mean that the map u: Q2 — M is proper.

Proposition B, which asserts the existence of a small neighborhood w C D
of the origin such that either the v is J-holomorphic on w or v(®) is contained
in u(D), follows from the above Corollary. In general, one cannot take w to be
D.

Two results on J-pluripolarity will be used. The first one will allow us to
prove that Theorem C follows from Theorem B. The second one shows that
the corollary follows immediately from Theorem C.

a) If p € (M, J) there exists a J-plurisubharmonic function p defined on
a neighborhood of p and continuous away from p such that p~!(—o0) = {p}.
This is a local question. We can assume that M = R¥ ~ C, p = 0, and
J(0) = Ji;. Then for A > O sufficiently large one can take p(Z) = Log |Z| +
A|Z] (Chirka, see a proof in [6] Lemma 1.4, p. 2401).

b) If ¥ is a (germ of) embedded J-holomorphic C? disc and ¢ € ¥ there
exists a J-plurisubharmonic function p defined in a neighborhood V of ¢,
which is continuous map from V into {—oco}UR, suchthat XNV = p~!(—o0)

([10D.

Recall that a function A defined on an open set of (M, J) is said to be
J-plurisubharmonic if and only if A is upper semicontinuous and its restric-
tion to any J-holomorphic curve is subharmonic (i.e if u:D — (M, J) is J-
holomorphic then X o u is subharmonic). For a smooth function A the condition
is that for any tangent vector T of M atapointg € M: (dd5A),(T, J(¢)T) >
0. See Corollary 1.1 in [6].

We shall repeatedly use the crucial formula: If u is a C' J-holomorphic
map and A is a C? function then

ou ou
(*) A ou)(z) = [ddjrlu) (5(2), J(u(z))a(z))

(formula (1.2) in [6], p. 2399), where d5A(Y) = —dA(JY). In [6] there is no
claim of originality for the above formula, and the reference is given for the
convenience of the reader.

REMARKS. 1) We do not know whether J-holomorphic curves with cusps
are (locally) J-pluripolar. It would simplify our proof of Theorem C.

2) Theorem B is a generalization of the proof of removal of isolated singu-
larities for J-holomorphic maps that extend continuously. Its proof borrows
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from the known proof of the removal of isolated singularities, although some
of arguments are slightly different from the usual ones even in that case.

2. Proof of Theorem B

2.1. Preliminaries

There is no claim of originality for the following lemmas. The first one is just
the case for the classical Rado theorem, and the second one is a version of
Rado’s theorem. The third one is certainly very classical.

LEMMA 2.1. Let Q2 be an open set in C and let E be a closed polar subset
of Q. If v is a continuous function on 2 that is subharmonic on Q \ E, then v
is subharmonic on Q.

PrROOF. Let p be a subharmonic function on €2 that is —oo exactly on E
and not identical —oo on any open set. Then v = [lim_, o+ (v 4 €p)]*, where
* denotes upper semicontinuous regularization.

LEMMA 2.2. Let Q and E be as in Lemma 2.1. If u is a bounded harmonic
function defined on 2\ E then u extends to a harmonic function on Q.

PROOF. Set u*(z) = limsup,_,, u(¢) for ¢ € 2. Then u™ is subharmonic
since u* = [lim¢_ o+ (u + €p)]*. Also (—u)* defined similarly is subharmonic.
Atany z € Q\ E, u*(z2) = u(z) and (—u)*(z) = —u(z). So by the mean
value property for #* and (—u)*, u is obtained on any disc relatively compact
in € by integration of u against the Poisson kernel on its boundary (whose
intersection with p~!(—00) has zero measure).

LEmMMA 2.3. Let Q2 be a domain in C and let E be a closed polar subset of
Q. Let g be a bounded subharmonic function on Q. If @ = Ag (it is a positive
measure), then (L(E) = 0.

ProoOF. The questionislocal, so we may assume that 2 = D and w is a finite
measure with compact support in D. Then g = y % N + h, where N = ]%ﬂlzl
is the Newtonian potential and % is harmonic on D. Let u = pg + g where
g is the restriction of the measure p on E. We have to show that up = 0.
Since g is bounded « * N must be locally bounded on D. Since both ug and
W e are positive (and only large positive values can occur to — Log |z|) both
Mg *x N and pge * N (a priori in L'(D)) must be locally bounded. But pg x N
is harmonic off E. So by Lemma 2.2, g * N extends to a harmonic function

andso ug = A(ug x N) =0.
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2.2. The proof of Theorem B
The question is local. We can assume that M = R?>", 0 € Q, u(0) = 0 € R
and in R?" J(0) = J,,. We want to prove J-holomorphicity of u at 0.

Step 1. Vu € LIIOC(SZ). Here Vu means the distributional gradient of u
on £, not only its restriction to Q \ E. We identify R** with coordinates

(X1, Y1y -+, Xn, yo) with C" via z; = x; + iy;, and put |Z]* = 2.7:1 |2;1%.
Note that |Z|2 is strictly J-plurisubharmonic near 0 (see [6], Lemma 1.3,
p- 2400). Let ¢ be either the function Re z; or Im z; for some j € {1, ..., n}.

Then |Z|? is J-plurisubharmonic near 0 and so is ¢ + K|Z|*> if K > 0 is
sufficiently large.

In aneighborhood of 0 € C, | Z|?ou and (¢ + K | Z|?) ou are subharmonic by
Lemma 2.1 since off E u is J-holomorphic. Therefore A((¢ + K |Z |*)ou) and
A(|Z|? ou) both are positive measures, and diu = A(p ou) is a (locally finite)
measure. Hence V(pou) € L] (), since g ou is equal to A(p ou)|p * == Log |

modulo smooth functions and the distributional gradient V(du * Log‘Z‘) =

Log|z
(VEEED) sap e L) ().
The last assertion is true for each coordinate function ¢, so Vu € L}

loc (Q)
as claimed.

Step 2. Now that we know that V(¢ o u) € L., we can show that Vu €

loc (Q)
Off E (which has Lebesgue measure O since it is polar),

ou ou
Ak ou)(z) =[ddir]ue (a(z), J(M(Z))g(Z)) .

For p in a neighborhood of 0 we have for any tangent vector T at p
ddj|Z(T, J(p)T) = CIT|.

So [242 < LA(IZ|* o u). Since 24 = J2“ then |Vu|? is locally integrable in
Q,i.e Vu € LIOC(Q)

Note: In step 2, global L? estimates are obtained on the complement of
E. Step 1 is used to make sure that, roughly speaking, E carries no part of
the distributional gradient of u. This would be clear (by abrupt cutoff and
differentiation) if one knew that E has a basis of neighborhoods whose lengths
of the boundaries tend to 0. In that case step 1 is not needed. At any rate, our
approach avoids using any non immediate property of polar sets.

Step 3. We now want to show that for any r > 0 (we shall need to use
r > 4)Vu € L}, .(2). Replacing u by u(nz) for n small we can assume that u



DIFFERENTIAL INEQUALITIES OF CONTINUOUS FUNCTIONS . .. 317

is defined on the unit disc D and the condition for J-holomorphicity will give
a differential inequality

u
97

ou

(A) a2zl

< Cp

where ¢y is small enough as will be said later. No more will be used.
Fix x a cutoff function with ¥ = 1 near 0 in C and with compact support in
the unit disc. Let S be the convolution with the singular kernel ;—le Then we

know that i( )___1* ﬂ( Tes ﬂ( )
o KT a2 ¥ ez X T )

since xu is in L? and of compact support. By the Calderon-Zygmund theory
forl <r <oocand h € L"(D)
I -1
* —
nz?

For r = 2, ¢, = 1. Write the differential inequality (A) as

ISl o) = ‘

<&l -
L (D)

Ju ou . o

— = —a(z)—, with o € L™, o] < ¢p.

0z 0z

Although o depends on u whose regularity we want to show, consider it to be
a given function. After cutoff

axu
ra a(z )— =
where g is a bounded function. So
oxu

[1+aS)——= =¢.
a7

We know that a;(—?“ e L?. Soifcy < 1, [1 4+ «aS]~! is invertible on L?(D) and

35(—2“ = [1 + aS]'g. But if moreover (J¢| <)cy < I then this L? inverse

(given by Z(—l)"—l (aS)*) maps L” into L”, so V(xu) € L. (Sikorav seems
to give an argument with less care.)

Step 4. We now claim that A(p o u) € L1 (Q) where ¢ = Rez; or Imz;
asin step 1.
Indeed off E we have

au |?

ax

[
|A((pou)|:’dd§(p( ! J(u)—) c

ax
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As shown in step 1, A(g o u) is a measure on €2, we now only need to check
that it has no mass on E. It is given by Lemma 2.3.

The end. Fix co > r > 4. Since Au € L;O/E(Q) then Vu € C1=7(Q). So

u € C' on Q and therefore by continuity u is J-holomorphic on .

3. Proof of Theorem B implying Theorem C

Recall that we are given the following: € is a closed subset of an almost
complex manifold (M, J). Assume that there is a discrete subset S of € such
that € \ S is locally exact J-pluripolar. 2 is a connected open subset of C
and u: Q2 — M is a continuous map. Assume that # is J-holomorphic on
Q\ u~!(€). Assume that there exists zo with u(zg) & €. We want to show that
u is J-holomorphic.

Let V be the set of z € Q2 such that

a) u is J-holomorphic on a neighborhood of z
b) u(z) ¢ S (the exceptional discrete set)

¢) no neighborhood of z is mapped into 4.

Let Vj be the connected component of V containing zo. We claim that Vj is an
open and relatively closed subset of the open set

X ={zeQu) ¢S}

Openness requires a justification because of ¢). If z; € V there exists a neigh-
borhood W of u(z;) and a J-plurisubharmonic function p in W, continuous as
a map into {—oo} U R, such that p~!(—o0) = € N W (possibly empty). Then
p o u is subharmonic near z; and not identical to —oo. Hence (p o u) ™' (—00)
has empty interior. No open subset of some neighborhood of z; can be mapped
into 6.

Now we check that Vj is a relatively closed subset by the same argument. If
71 € XNV, take p as before p o u is subharmonic (because it is subharmonic
when it is not —00), so the set of z such that u(z) € € is a closed polar set in a
neighborhood of z;. By Theorem B, u is J-holomorphic at z;. So a) is proved
and ¢) is trivial.

Therefore, Vj is a connected component of X. If z, € Q is on the boundary
bV, one must have u(z;) € S, by the definition of X.

Fix z, € QNbVj. Since S is discrete, there exists € > Osuchthatu(z) = p €
Storall z € bVysuchthat |z—z;| < €. Let L be a J-plurisubharmonic function
defined near u(z,) with pole (—o0) at u(z,) (Chirka’s function, continuous
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away from u(z,)). Shrinking € if needed we can assume that 7 (z) = L o u(z)
is defined on the disc {z € C; |z — z2| < €}, where on that disc

r@ =Lou(x)ifze Vo, r(z)=—ooif z ¢ V.

r is a subharmonic function and r~!'(—o0) is a closed polar subset, which is
removable for u by Theorem B.

Therefore, u is J-holomorphic at each point of 2NbV}y (and J-holomorphic
on Vj by definition). And €2 \ Vj has empty interior. Otherwise, by the con-
nectedness of €2 the interior of €2\ V; has a boundary point z, € bV, N €2, and
the above polar set 7 ~! (—o0) has non-empty interior, which is a contradiction.
This shows that u is J-holomorphic on 2.
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