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LOGARITHMS AND SECTORIAL PROJECTIONS FOR
ELLIPTIC BOUNDARY PROBLEMS

ANDERS GAARDE and GERD GRUBB

Abstract

On a compact manifold with boundary, consider the realization B of an elliptic, possibly pseudodif-
ferential, boundary value problem having a spectral cut (a ray free of eigenvalues), say R_. In the
first part of the paper we define and discuss in detail the operator log B; its residue (generaliz-
ing the Wodzicki residue) is essentially proportional to the zeta function value at zero, (B, 0),
and it enters in an important way in studies of composed zeta functions ¢ (A, B, s) = Tr(AB™%)
(pursued elsewhere).

There is a similar definition of the operator logy B, when the spectral cut is at a general angle
0. When B has spectral cuts at two angles 6 < ¢, one can define the sectorial projection Iy, (B)
whose range contains the generalized eigenspaces for eigenvalues with argument in 16, ¢[; this
is studied in the last part of the paper. The operator Iy ,(B) is shown to be proportional to the
difference between log, B and log,, B, having slightly better symbol properties than they have.
We show by examples that it belongs to the Boutet de Monvel calculus in many special cases, but
lies outside the calculus in general.

1. Introduction

The purpose of this paper is to set up logarithms and sectorial projections
for elliptic boundary value problems, and to establish and analyze residue
definitions associated with these operators. Let us first recall the situation for
boundaryless manifolds:

For a classical elliptic pseudodifferential operator (yrdo) P of orderm > 0,
acting in a vector bundle E over a closed (i.e., compact boundaryless) n-
dimensional manifold X, certain functions of the operator have been studied
with great interest for many years. Assuming that P has no eigenvalues on
some ray, say R_, one has from Seeley’s work [16] that the complex powers
P~ can be defined as do’s by use of the resolvent (P — A)~!. Moreover,
the zeta function ¢ (P, s) = Tr(P~*) has a meromorphic extension to s € C
with at most simple poles at the real numbers {(n — j)/m | j € N} (we denote
{0, 1,2, ...} = N). Thereis no pole at s = O (for j = n), and the value ¢ (P, 0)
plays an important role in index formulas. Let us define the basic zeta value
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Co(P) by
(L.1) Co(P) = ¢(P,0) + vo,

where v is the algebraic multiplicity of the zero eigenvalue of P (if any). It
is well-known how Cy(P) can be calculated in local coordinates from finitely
many homogeneous terms of the symbol of P.

Another interesting function of P is log P, defined on smooth functions by

i
1.2 logP =lim— | A% logA (P — A) "' dx;
(1.2) og Sl{r(l)h[g og A ( )

here 2~ and log A are taken with branch cut R_, and € is a contour in C\ R_
going around the nonzero spectrum of P in the positive direction. By use of
the fact that log P = —% P |S:0, Scott [15] showed that

(1.3) Co(P) = — X res(log P),

where res(log P) is a slight generalization of Wodzicki’s noncommutative
residue ([20], Guillemin [11]).

In the case of a compact n-dimensional manifold X with boundary 0 X = X’
(smoothly imbedded in an n-dimensional manifold X without boundary), one
can study the analogous operators and constants defined from a realization B
of a pseudodifferential (or differential) elliptic boundary value problem. Here
B = (P + G)r, defined from a system {P; + G, T} of order m > 0 (m € Z)
in the Boutet de Monvel calculus [2], where P is a ¢do on X and P, is its
truncation to X (acting in £ = Elx), G is a singular Green operator (s.g.0.)
and T is a system of trace operators. B is the operator acting like P, + G with
domain

(1.4) D(B)={uec H"(X,E) | Tu =0},

where H" (X, E) is the Sobolev space of order m. In the differential operator
case, G = 0. Assuming that for A on a ray, say R_, {P, + G — A, T} satis-
fies the hypotheses of parameter-ellipticity of Grubb [6, Sect. 3.3] (consistent
with those of Seeley [17] in the differential operator case), one can define
the complex powers by functional analysis and study the pole structure of
¢(B,s) = Tr(B~*) [6, Sect. 4.4], and in particular discuss the basic zeta value
Co(B) defined similarly to (1.1). However, in contrast with the closed mani-
fold case, the powers B~ do not lie in the calculus we are using (in particular
their ydo part does not satisfy the transmission condition of [2]). Then it is
advantageous to build the analysis more directly on the resolvent, which does
belong to the parameter-dependent calculus set up in [6]. In fact, for N > n/m
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(such that (B — )~ is trace-class), there is a trace expansion for A — 00 in
a sector V around R_:

(1.5) Tr(B — 1)V = Z C;N>(_k)<n—j>/m—N + 00N

0=<j=n
(¢ > 0), and here
(1.6) Co(B) = ¢,
independently of N. It is shown in [8] that for a generalization of (1.3) to B,
(1.7) Co(B) = —:-res(log B),

it is sufficient to be able to define log B; the complex powers B~ are not
needed.

The present paper gives in Sections 2 and 3 a detailed study of log B. For one
thing, this allows a more precise interpretation of the formula (1.7), initiated
in [8]. Another important purpose is to open up for the use of compositions of
log B with other operators. These are needed for the consideration of composed
zeta functions (A, B, s) = Tr(AB™°) with general A from the calculus of
[2], or rather, trace expansion formulas for composed resolvents A(B — A)~V.
Such a study is carried out in [9] using the results on log B obtained in the
present paper. We show in Section 2 that

(1.8) log B = (log P), + G"¢,

where G'°2 is a generalized singular Green operator satisfying a specific part
of the usual symbol estimates for s.g.0.s; its principal part has a singularity at
the boundary. In Section 3 we study its residue.

If, more generally than R_, the ray free of eigenvalues for B (the spectral
cut) is e’?R,. for some angle 6, the corresponding operator functions will be
defined by formulas where A~* and log A (as in (1.2)) are replaced by A, and
log, A with branch cut ¢’’R, and the integration curve runs in C \ ¢’’R,,. The
functions are then provided with an index 6;

(1.9) to(B,s) = Tr(B,*), log, B = (log, P), + G"%.

When B has spectral cuts at 8 and ¢ for some 6 < ¢ < 8+2m, itis of interest to
study the sectorial projection Iy ,(B), a projection whose range contains the
generalized eigenspace of B for the sector Ag, = {re’® | r > 0,0 <w < ¢}
and whose nullspace contains the generalized eigenspace of B for Ay o425 it
was considered earlier by Burak [3], and in the boundaryless case by Wodzicki
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[20], Ponge [14]. We show in Section 4 that it equals ﬁ (logy B —log, B) and
has the form

(1.10) [y (B) = (Igo(P)) 4 + Go .

Here Iy ,(P) is a zero-order classical yrdo, which satisfies the transmission
condition when m is even, and Gy , is a generalized s.g.o0., bounded in L; in
the differential operator case. There are natural types of examples where Gg ,
is a standard s.g.o. as in [2], but in general it will be of a generalized type
satisfying only part of the standard symbol estimates.

We expect to take up elsewhere the study of its residue, whose possible
vanishing is important for the study of eta functions associated with B.

2. The singular Green part of the logarithm

Let X be a compact n-dimensional C* manifold with boundary X = X',
provided with a hermitian C* vector bundle E. We can assume that X is
smoothly imbedded in an n-dimensional manifold X without boundary and that
E is the restriction to X of a bundle E over X. Consider a system { P, + G, T'}
of operators in the Boutet de Monvel calculus [2] (pseudodifferential boundary
operators, ¥ dbo’s). Here P is defined as a yrdo of order m > 0 on X acting
on the sections of E, and its truncation to X is

2.1)  PL=rtPet, r+ restricts from X to X°, e™ extends by 0.

To assure that P, maps C*(X, E) into itself, P is assumed to satisfy the
transmission condition, which means that in local coordinate systems at the
boundary, where the manifold is replaced by R, = {x = (x1,...,x,) | x, >
0}, with notation x" = (xy, ..., X,_1),

(22) 880¢ puj(x', 0,0, —&,)

= (=D)" 380 pu_j(x/,0,0,8)  for |&]>1,
for all indices; m is integer. (A discussion of such conditions can be found in
Grubb and Hérmander [10].) G is a singular Green operator in E of order and
classm,and T = {Ty, ..., T,,—1} is a system of trace operators 7} of order and

class k, going from E to bundles F; over dX, defining an elliptic boundary
value problem. In particular,

(2.3) > dim Fy = jmdim E.

0<k<m-—1

Details on these operator types can be found in [2], [6].
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We assume that the system {P; + G — A, T'} satisfies the conditions of
parameter-ellipticity in [6, Def. 3.3.1] for A on the rays in a sector V around
R_. In particular, it can be a differential operator system; here P and T are
differential, and G is omitted. A classical example is the Laplace operator on
a domain in R”, together with the Dirichlet trace operator T = y.

It should be noted that the hypotheses imply that the trace operator is normal,
as accounted for in [6, Section 1.5].

The system has a certain regularity number v in the sense of [6]; it is
an integer or half-integer in [%, m] for pseudodifferential problems, +oo for
purely differential problems.

From the system we define the realization B = (P + G)7 as the operator
acting like Py + G with domain (1.4). By [6, Ch. 3], the resolvent R; =
(B — A)~! exists on each ray in V for sufficiently large |A|, and is O(A~!) in
L, operator norm there. It has the structure

(2.4) R, = Q0+ + Gy,

where 0, = (P —1)"' on X (which can be assumed to be compact), and G,
is the singular Green part. Since the spectrum of B is discrete, we can assume
(after a small rotation if necessary) that R_ is free of eigenvalues of B, and
likewise for P.

We shall define the operator log(B) = log((P + G)7), also written log B,
log(P + G)r, by

(2.5) log(P + G)7 = lim — / A~ log A R, dA,
s\O 27 ©

to be further explained below; here € is a Laurent loop
(2.6)

€ ={re™ |oo>r>r)U{re®|n>w>—-alU{re™ |r)<r < oo}

going around the nonzero spectrum of (P + G)r in the positive direction.
Insertion of the decomposition (2.4) in the defining formula (2.5) shows
that 0, ; contributes with

(2.7) lim —— / A loghrT Qsetdr =rt(log P)et = (log P).,
s\O 21 Jg

where log P is well-known from the closed manifold case, cf. (1.2). Its symbol
in local coordinates is of the form

(2.8) symb(log P) = mlog[§] +1(x, &),
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where [(x, £) is a classical y¥ydo symbol of order O (see also the lemma below),
and [£] is a smooth positive function that equals |§] for |§]| > 1. The operator
is continuous from H’(X E)to H'~ E(X E) for any ¢ > 0; hence

(2.9) (logP)y:H'(X,E) —> H*(X,E)  for |t| <1

(The limit for s — 0 in (2.7) can be taken in this operator norm.)
In even-order cases, the transmission condition satisfied by P carries over

tol(x,&):
LEMMA 2.1. When m is even, [(x, &) satisfies the transmission condition.

PrOOF. As shown e.g. in Okikiolu [13], the symbol of log P is calculated
in local coordinates from the symbol ¢(x, &, A) of Q, by integration with
log A around the spectrum of the principal symbol p,, of P; here the quasi-
homogeneous terms in the expansion g (x, &, A) ~ ZjeN q-m—j(x,&,2) (ho-

mogeneous of degree —m — j in (&, |A| i) on each ray) contribute as follows:

| loghgin(x. £ 1) dA
27 Jo(x,6)

=5 10g A(pm (x, §) — 1)~ dh = log p(x, §)
(2.10) T I

= log([§1") + log([E17" pum (x, §)) = mlog[§] + lo(x, §),

L 108 A Gom_j(x, £, A)dA = 1_;(x,&)  for j >0,
27 Jew.s

where € (x, £) is a closed curve in C \ R_ around the spectrum of p,, (x, £).
Each [_; is homogeneous in & of degree — j for |§] > 1; for j = 0 it follows
since [£]7" pn(x, &) is so, and for j > 1 it is seen e.g. as follows (where we
set A = t"po):

I_j(x,t&) = 7 /qg( S)log)»c]_m_j(x,t@?,)»)d)»
X,t

i .
= (logo +mlogt)t™ /q_,_j(x,&, 0)t"do
27 MG (x,1€)

=t71_j(x,&) +mt” ’logt— q-m-j(x,&,0)do,
21 Je )

where the last term is zero since g_,,_; is O(lo|™?) for |o| — oo when j > 0.
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When m is even, we see that the transmission condition (2.2) carries over
through the calculations (2.10) to the corresponding property for /(x, £), since
the parity of —j is the same as that of —j — m.

Now consider the contribution from G,. Here we shall use the following
observations:
(2.11) _
Qi +27 =0+ 27 (P =10 =2""PQ; on X,

Ry, + 17!
=R, +2"(Pr +G—MR. =1""(Py + G)(Q1.+ + G))
=2""[(PQy)+ — L(P, Q3) + GOy 1 + (P+ + G)G;]
= Qi+ + A+ 27T [-L(P. Q) + GOy + (P +G)G3] on X;

they imply in view of (2.4) that G, may be written as
(2.12) Gy =2""[-L(P, 0) + GOy 1 + (P+ + G)G,].

Here L(P, Q;) = GT(P)G~(Q,) in local coordinates. (The latter formula
is accounted for in [6, (1.2.49-50) and Sect. 2.6]; we recall that GT(P) =
rTPe~Jand G~ (P) = Jr~ Pe™, where e* extends by zero from R to R", r*
restricts from R" to R, and J is the reflection map J: u(x’, x,) — u(x’, —x,).)
By [6, Th. 3.3.2], G, is of order —m and regularity v; moreover, (2.12) shows
that it is A~! times an s.g.0. of order 0 and regularity v (by the composition
rules in [6, Th. 2.7.6-7]).
Since

0 La(X, E) > H"*(X, E),

3 with norms O (A~¥/™),
Gy:Ly(X,E) > H"°(X, E),

for ¢ € [0, m] (a standard observation used also in [6, pp. 409—410]), each of
the terms in [ ]in (2.12) maps L,(X, E) to H*(X, E) with norm O (A~%/™).
Then we can perform the integration in this operator norm (letting s — 0),
defining the s.g.o.-like part G'°¢ of log(P + G)7 by

G2 = L/ log AG; dX
JT
(2.13) ‘

i
=5 A log A[—L(P, Q) + GOy 4 + (P + G)G,1dA,
4

also written as
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(2.14) Glg = —G+(P)L/ At logAG™(Q;) dA
2 ©

+Gl—fxllongHdAJr(P++G)’—/x1 log AG, dA,
2 € ' 2 €

when localized. It is a bounded operator from L, (X, E) to H *(X, E). Sum-
ming up, we have found:

THEOREM 2.2. The logarithm of the realization B = (P + G)r satisfies
(2.15) log B =log(P + G)7 = (log P); + G'*¢,

where log P is the logarithm of P on X, and G'°¢ is defined by (2.13), (2.14);
the terms are bounded operators from L, (X, E) to H (X, E) (any ¢ > 0).

The operator G'°2 is a generalized singular Green operator, in the same
spirit as the generalized s.g.0.s G™* studied in [6, Sect. 4.4] (the s.g.o0.-like
parts of the powers B~%), and one can show as in [6, Th. 4.4.4] that there is a
symbol-kernel satisfying part of the usual L, , ,, (R, ) estimates for s.g.0.s,

allowing D’ D¢, (x,Dy,)* and (y,D,,)" in arbitrarily high powers (with
exceptions for the principal term), and allowing some applications of x* D§

and y! Di,/", limited by the regularity and other restrictions. We account for this
in Theorem 2.6 below; let us first consider an example.

EXAMPLE 2.3. Let P = 1 — A on R',.. It is easy to see that the solution
operator for the Dirichlet problem for P —A =1—A—A, A € V = C\R,,is
R, = Q;. +G;, where Q; isthe ¥ydo (1—A—A)~! with symbol ((§)2—1)~!,
and G, is the singular Green operator with symbol-kernel %e"‘l Cntyn)s jop =
((E"Y> =) 3 (We here use the well-known notation (x) = ()cl2 +- .- +x3 +1) 3 )
It follows that

(2.16) log P = OP(2log(£)).

To find out how G'°¢ acts on functions ¢ € Cy°(R’L), we write (using that
e~1® ) jg rapidly decreasing in A on the rays in V when y, is in the support
of ¢):
i
G2y = > / log AG ;@ dA
T Jg

i x N |
= _/ / / lOg)»e’x -£ _e—Kl(Xn"‘}n)(p(g/’ yn) dyn d%’ .,
2” € JR-1 JO 2K]
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with ¢ denoting the partial Fourier transform ¢(&', y,) = Fy_e@(y', yn).
Here we can calculate

2.17)
i 1t ’ 1 —(E =) (xut,
— | logh—e 1) g = @) gy
21 74 2K1 PN 2(@;/)2 _ t)g

= 1 — (245 (tutya)
:/ —le s XnTYn ds
0 2((€")? + )2

o
— / ie—u(xn—kyn) 2udu
&) 2u
J— 1 e_<$,>(-xn+yn)’
Xp + Yn

using that the log |A| contributions cancel out (as in [8, Lemma 1.2]). Thus
o0 L ’ 1 ’
Glogq) — / / PLE e 6 )(-xn+_)}n)(p’(§/’ V) dynd€'.
Re-1 Jo Xn + Yn

This shows that G'°¢ is a generalized kind of s.g.0. with symbol-kernel

1
Xn + Yn

(2.18) 85X, X, Yn, E) = o (ENCantyn)

1
XntYn

the Hilbert transform), it follows that G'°2 is a bounded operator in Ly(R%).
Note that 9 g"°¢ is a standard s.g.0. symbol-kernel, and that x,g"¢ is
bounded.
The same calculations with (£’) replaced by |&’| show that for P = —A,
G'°2 has symbol-kernel #e"fw"”") for |€'] > 1.

n n

Since the operator with kernel

is bounded in L,(R,) (as a truncation of

In the general differential operator case, G'° is qualitatively very much
like in this example. Here one can directly use the symbol-kernel estimates and
boundedness considerations worked out by Seeley in [17], [18]. Notationally,
we follow [8]; in particular, the enumeration of quasi-homogeneous (resp.
homogeneous) terms in the asymptotic expansions of singular Green symbol-
kernels (resp. symbols) have been shifted by one step in comparison with [6],
in order to have the same index on an s.g.0. symbol-kernel (resp. symbol) and
its normal trace. For example, the principal part of a symbol-kernel g of order
—m is denoted g_,, (although the corresponding symbol g_,, has homogeneity
degree —m — 1). We shall use the notation < (resp. >) to indicate “less than
or equal (resp. greater than or equal) to a constant times”, and = to indicate
that both < and > hold.
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THEOREM 2.4. Consider the case where P is a differential operator, G = 0,
and the trace operators Ty, . .., T,,_1 are differential operators. In this case,
the singular Green part G, of the resolvent is of regularity 400 and its symbol-
kernelinlocal coordinates g ~ =0 8—m—j» expanded in quasi-homogeneous
terms

Xn
(2.19) gmj(x iy tE tm)»)
=t i X, v € L) for 1> L |E > 1,
satisfies estimates on the rays in V, with k = |§'| + |)»|ml

(2.20)
}DﬁDg,kak ynDl DY§ | < stk R = mmp ety

for all indices, when k > ¢.
Then G'8 is, in local coordinates near X', a generalized singular Green
operator

o0
GRu(x) = / / X Gy £V (E L y) dyn dE
2.21) ri-1 Jo

= OPG(Z"2(x', Xu, Y, E)u(x)

with g5 ~ Y,

o Xn Yn
2.22) o8y, 2, 2 e
( )g_j<x el 5)

=" Xy &) for 1> 1 and |E'] > 1,

N g ], here the j’th term is quasihomogeneous:

and satisfies, when |£'| > &,

(2.23) | DEDExEDE yl D %) < g/ Tleikak ==L Lokl

for the indices satisfying
(2.24) —k+k —14+1"—|a|—j<0.

It follows in particular that G'® is a bounded operator in L »(X, E) for
I <p<oo

ProoF. The estimates (2.20) were shown in [17, (29)], [18]. Because of the
fall-off in A, they allow us to define the j’th term in the symbol-kernel of G'°¢
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for |§'| = & by

~log ./ N o i ~ / ’
8 (X, X, yn,§) = 5= | 1ogAg m—j(x, X, yn, &, X) dA
2w €

(2.25) .
:/ g—m—j('xl’xlh yn’é/’ _S)ds;
0

here we rewrote the integral as in (2.17) (and [8, Lemma 1.2]). The homo-
geneity is seen from the last integral, using (2.19). The function is estimated
as follows, for the indices satisfying (2.24), when we use that |&'] + smo=
1
(1" +s)m:
(2.26)
B mya k k' Lyl slog
| DL Dgxy DY yy DS, 8%

oo
knk Il =
/ Df/DgranxnynDyng_m_j ()C/, xn, yn7 g/, _S) dS
0
o0
. P r_ I 1\1— _ rym %
L [/l ,/ (&' + 5)%) ™" =€ 1495 (aton) g
0

00

— — /_ /_' — — —

— |£__/| || —k—+k'—1+1 // ul me cu(x,,+)7,,)mum ldl/t
€]

=|%./|7|a|7k+k’fl+l’fj m___ ,=clg | (ntyn)
c(Xn+yn) ’

The operator G'°¢ is defined from a finite number of these symbol terms
multiplied with an excision function ¢ (|&’|), where
(2.27)

¢(t) e C¥(R), ¢(@) =0 for |t| <&, ¢@) =1 for |t| > &,

plus an integral as in (2.13) of the remainder of G, which can be taken with
arbitrarily high smoothness of the kernel and decrease for A — oo, cf. [18,
(2.14)]. Applying the arguments of Theorem 1 of [18] (using Lemmas 1 and 2
there invoking Mihlin’s theorem and the Hilbert transform) one finds that G'°¢
is L,-continuous as asserted.

REMARK 2.5. The lower order terms in g'°¢ and the derivatives are not as

singular for x,, + y, — 0 as (2.23) indicates. In fact, the symbol-kernels one
step down can be estimated as follows:

(2.28) When —k+k =1+ — || —j <—1,
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o0
~1 ’ 7 1 —_p 5
| D DExi DYy, DY 825 < 18710kt ”‘/ 't et gy
&1

& |§_/|—|a|—k+k’—l+l’—j+l+s —cu(x,+yn)

sup |u‘e
ueRy

= |§/|—|a|—k+k/_l+l’_j+1+g(xn 4 yn)—s’
for ¢ > 0. The symbol-kernels two steps down are bounded for x,, + y, — 0:

(2.29) When —k+k —1+1 — || —j <=2,

[
k k' /' ~lo; _kk =4l — 42 1y—m—1
|Df' xk D ynD , g| < |§-| o] —k+ +'—j+ / (|§/| +s1n) ds
0
. _ _ ! - 1
< |S/| |a| —k+k" =1+ — j+ ,

and the smoothness at 0 increases with increasing || and j.

Now let us turn to the pseudodifferential case and the methods of [6,
Sect. 4.4].

THEOREM 2.6. Let { P+ G, T} have regularityv € [%, oo[, and define G'°¢
by (2.13). Then G'°2 is, in local coordinates near X a generalized singular
Green operator as in (2.21) with g'°¢ ~ Z N g_,, here the j’th term is

quasihomogeneous as in (2.22) when j > 0, and the series approximates g'°%
asymptotically in the sense that

B na k k ~1o, ~log
(2.30) ”DX,D XDt y,,[ e gl }

j<J

< <§/>—|a|—k+k’—l+l’—J

L2.xn»,\'n
holds for the indices satisfying
—k+k -1+ —|a|—J <0,

2.31
ey [k — KT+ -1]-
Moreover,
o ! ~1 . lal— ' g
(2.32) ||Df,D$,x5D§ny,’1Dl e ||szn = ()l —kHk =+ =J

holds for these indices.

With ¢(t) defined as in (2.27), the above symbol-kernels multiplied with
¢ (x2)¢ (y,) satisfy estimates for all a, B, J, k, k', 1,1' with (€'Y™™, any M, in
the right-hand side.

Proor. This is modeled after the proof of [6, Th. 4.4.4] and the remarks
preceding it.
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We recall from [6, Th. 3.3.9] that the symbol-kernel g(x’, x,, v, &', A) of
G, (in a local coordinate system) has an expansion in quasi-homogeneous
terms g ~ > >0 §—m—j satisfying (2.19) in V, and that one has for all indices,

denoting A = —u"e' (i > 0), (1€'1> + u> + 1)2 = (&', w):

CErEA Ly ]

j<J L2 ym
(2.33) S (E)M L TNE gy
| gy MM when M’ < v,
= { (ENYME )y M when M > v,

with
M =[k—Kl . +[—-01y+ ||+ J,
(2.34) M =k—-K-+[-1; SO
M +M"'=—k+k -1+ —|a| - J.

The notation N+ = max{£N, 0} is used, and we have (as recalled earlier)
changed the indexation from [6] by one step as in [8].

Let us first observe that the “error terms” and remainders in the resolvent
construction, that are negligible in the class of operators of order —m and

regularity v, give rise to generalized s.g.0. error terms G’ here, satisfying
estimates of the type (as in [6, Lemma 2.3.11])

knk 1 nl =
DEDExEDY YD &

Lo, yn

(2.35) / log A (A) ™1 =0 k=K1==110/m gy
©

<EH™

< ()M, forany M, when [k —Kk'l_+[ -1l <v.
It follows that the corresponding kernels % (x, y) satisty, for these indices:

(2.36) sup| D, ,xiDY v D} He||,, < oo
x/’y/ - “Xns¥n

For j > 0 the Ly, ,,-norm of g_,_; is O(A~'"1/>") since v > 1, so

the corresponding term g‘ff. can be defined directly for |¢§’| > 1 by Cauchy

integrals as in (2.25), convergent in the L, , ,, -norm. The quasi-homogeneity

of gl_"/g is seen as in (2.25) by using [8, Lemma 1.2] in L, ,, ,, -norm.
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We use the estimates (2.33) to see that for g8 — 3" i<’ glff. with J > 0
(so that the first term is excluded), the integrand in the corresponding Cauchy

integral is O(A~'"%) in L, ,, y,-norm (some & > 0), when

2.37) —k+k =1+ —|a|—J <0, if [k—K 1+ =14+ |a|+J < v,
and when

(2.38) [k—K1_ +[ =11 <v, if [k —kKTo + [l = + || + J > v.

Then the integral converges and defines a symbol-kernel satisfying the asserted
estimate. Since

—k+k' =1+~ o] =J = [k—=K1-+[ =] —= (k=K +[1 =]+ +]e|+ ),

we see that the conditions “if ...” can be left out in (2.37)—(2.38), leading to
the formulation (2.31).

We still have to consider the first term gﬁ;’g in g'°2, defined from the prin-
cipal part g_,, of g. Here we use that g_,, can be found by performing the
resolvent construction on the principal boundary symbol level for the corres-
ponding operators on L, (R, ), and that they obey a one-dimensional version
of the identities in (2.11). So we can replace g_,, by the symbol-kernel of the
principal boundary symbol version of (2.12), which gives a convergent Cauchy
integral, when the A-independent factors are pulled outside of the integration.
In a formal sense, we can ascribe it a symbol-kernel g, g(x Xn» Y, ). The
resulting boundary symbol operator is continuous from L,(R,) to H™¢(R})
fore > 0,ateach (x', £’). If we define the functions derived from g, log “weakly”
by

 ~lo,

Df,D?;xﬁDf;yn Y go g(x xnv yns S )

= —/logADf, Xka ynDl g m(x Xny yn,é )‘)d)"
21 &

we can use that the integral converges in L, ,, ,, -norm when the indices satisfy
(2.31). In this sense, the estimates (2.30) hold also when J = 0 in (2.31).

The estimates (2.32) of the individual terms follow from (2.30) since glog
(glog =i glog) (8" - i<t gl—of)-

Finally, for the statements on the symbol-kernels multiplied with
£ (x2)¢(y,), note that ¢(¢) can for any k € N be written as t%¢,(t) with a
bounded smooth function ¢, so from the already shown estimates we can in-
fer arbitrarily rapid fall-off in &’ by rewriting with arbitrarily high powers of
X, and y,.
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If R, has infinite regularity, v can be arbitrarily large in the second line of
(2.31), so the line can be left out. Note that even then there is a limitation on
the indices for which we get standard s.g.o. estimates.

While G2 is the primary s.g.0.-type operator to consider in this con-
nection, it is also of interest to study some other s.g.o.-type operators here,
namely, in local coordinates, Gt (log P) = r*(log P)e~J and G~ (log P) =
Jr=(log P)e™, with notation as in the text after (2.12). The operators
G*(log P) have properties very similar to those of G'°¢:

THEOREM 2.7. The operators G*(log P) are defined in local coordinates
by

N T :
G (logP)=r"logPe J =r logrQ,dre™J
2 ©

=— | A ogAGT(PQ,)dx,
2 €
(2.39)

G~ (log P) = Jr~ log Pe* = Jr—l—/ log A0, dh e*
27 4

=— | A 'logAG~(PQ,)dAx.

2 €
Their symbol-kernels g*(log p) have properties like those of g'°% in The-
orem 2.6, with v = m.

In particular, when P is a differential operator; the s.g.0.s GE(Q,) satisfy
Seeley’s estimates (2.20), and hence the operators G*(log P) have symbol

estimates and boundedness properties like those of G'°% in Theorem 2.4, Re-
mark 2.5.

ProoF. The defining integrals are established by use of the first formula in
(2.11), noting that GE(A~1) = 0. By [6, Th. 2.7.4], G=(Q;)) is a parameter-
dependent polyhomogeneous family of s.g.o.s of order —m and regularity m —e
(any ¢ > 0), since Q; is of order —m and regularity m. The symbol-kernel
then satisfies estimates like those for g in Theorem 2.6, with v = m — ¢. The
method of Theorem 2.6 leads to the conclusion that the resulting symbol-kernel
&% (log p) has properties like those stated for g'°, with v = m — ¢; here & can
be removed since the second inequality in (2.31) is sharp.

For the second statement, we must show that the Seeley estimates (2.20) are
valid for the homogeneous terms in the symbol-kernel of G*(Q;). But this is
easy. Consider e.g. G*(Q;). Using the Taylor expansion of the symbol of Q;

atx, =0:
' g’ xp 6.0 ~ ) fxhol g(x',0,£,2)
leN
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we have from [6, Th. 2.7.4] that

/ -l /
g @ E e M) ~ Y 1D, g 10L q(x', 0, €, 2)],
leN

where gT[f1(&,, n,) is the s.g.0. symbol corresponding to the symbol-kernel
& f1(xy, yn) defined by:

Y 1w yn) = (rE1F L D) o=y,

The homogeneous terms in the symbols 8)’(” g(x',0, &, 1) are rational functions
of &, with 2mdim E poles in C. = {z € C | Imz = 0}, lying inside a
circle of radius Ck and having a distance > cx from the real axis, for suitable
positive constants C > c. (A more detailed description is given e.g. in [6,
Remark 3.3.7].) For simplicity of notation, consider the j’th term q_,,_; itself.
The inverse Fourier transform evaluated at z,, > O can be written as an integral
of e&érg_,,_ j(x’,0,&" &,) over the curve bounding the intersection of the
circle {|¢,] = C«} with the halfplane {Im§&, > cx} (lying in C,). We get
the factor e ~““* since |e/“%| < e~“% on the curve. (Similarly, the inverse
Fourier transform evaluated at z, < O can be written as an integral over a
closed curve in C_ with Im &, < —c«k.) For the resulting symbol-kernel, this
gives the factor e=“®»F¥); the power of « in front is seen from the degree of
the rational function.

Once the estimates (2.20) are established, the rest of the proof goes as in
Theorem 2.4.

ExampLE 2.8. For P = 1 — A as in Example 2.3, one finds by direct
calculation of the inverse Fourier transform w.r.t. &, that G¥(Q,) both have
the symbol-kernel

1

(240) g+ = g_ = _e_Kl(Xrl+}'r1)’
2K1

with k1 = ((£')? — )»)%. Then the calculations of Example 2.3 can be used
again, to see that
(2.41)

- , - —1
g+(10gp)(x/’xn’ yl’l’g ) = g (logp)(-x/9xna )’n» é/) =

Xn + Yn

ef<‘§/>(xn+yu) .

For P = —A, the calculations give that the symbol-kernel of G*(log P) is

xﬂjyne—lf’lwﬂn) for |£'| > 1; the same holds for P = OP([£]?).

When the order m is even, there is a remarkable simplification in view of
Lemma 2.1:
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PrOPOSITION 2.9. When m = 2k, k integer > 0, then in local coordinates,
the symbol-kernel of G*(log P) satisfies for |€'] > 1:

—k )
(242) g5 (og PY(', xn Y, §) = ———e IO 4 g=0! 5,y 89,
Xn + Yn
where g¥0(x', x,, yn, &) is a standard singular Green symbol of order and
class 0.

PrOOF. We here have in view of Lemma 2.1 that the symbol of log P is the
sum of klog[£]? and a symbol (x, &) of order 0 satisfying the transmission
condition. Then we can apply Example 2.8 to the first term and the standard
G* construction (of [6]) to the second term.

Thus in the even-order case, the terms in G*(log P) of order < 0 satisfy
all the standard s.g.o. estimates.

3. Trace formulas

The normal trace tr, G of a singular Green operator G with symbol-kernel
g(x’, xu, yu, &) in alocal coordinate system is the yydo S = tr, G with symbol

3.1) s(x', € = (tr, (', &) =/0 g, X, X, &) dxy.

In the differential operator case, we see from the estimates (2.23), (2.28),
(2.29) that tr,, glff is well-defined for j > 1. (Example 2.3 shows that this will
generally not hold for the principal part.) In view of the homogeneity (2.22),
tr, glj’f is homogeneous of degree —j in &’ for |£'| > 1, hence a classical ¥rdo
symbol of degree — j. In the pseudodifferential case, we have when v > 1 and
Jj = 1 that the L, , -estimates of g{"f, Vn glj’f, 8},”511:)? and y, 8y”§1ff. imply
as in [6, pf. of Th. 3.3.9] that there is a well-defined normal trace, again a
homogeneous classical symbol of order —j. This estimation applies also to
remainders g'°2 — Dy gl_"f for J > 1.

Forv = % or 1, the estimates in Theorem 2.6 do not provide the estimates

of 9,, gl_"f needed for this argument. However, it is still posssible to take the
normal trace of G,, subtract the principal part, and integrate the remaining
operator with log A to get a classical yrdo of order —1.

THEOREM 3.1. In a local coordinate system, let S, = tr, G, with sym-
bol s(x', &', L) = (tr, 8)(x', &', L), expanded in terms s_,,_;j(x', &', 1) =
(tr, §—m—;)(x", &', X). Define the parts of G, and S,, of order —m — 1 by

GA,sub = Gk - OPG(g—m(X/, Xns Yns é:/v )"))»

(3.2)
SA,sub =tr, GA.sub = SA - OP/(S_m(X/, 5/7 )"))
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(the remainders after subtracting principal parts), and let
(3.3) - / 10g 3. G.qub d,
2w 4
with symbol-kernel g gSub = gloe — glog The formula
(3.4) - / 108 ) Sy A
2 €
defines a classical W do of order —1, with symbol siﬁﬁ (x', &') expanded in terms

(3.5) Si¥ T 5)——flogksmj(x/,g’,k)dk, j=1L
2 Je

When v > 1, Ssub is the normal trace of GSub

ProOFE. Since G, and G, g, are of regularity v > l , S) and S g are of
regularity v — % > 1 ¢f. [8, Section 3]. In particular, the symbols in S sup
are O(A~1=1/4m) on the rays in V so that the integrals in (3.4) and (3.5) make
sense.

As accounted for in the text before the theorem, there are estimates in
the cases v > 1 that allow interchange of the A-integral with the x,-integral

involved in taking tr,.

For the operator in Example 2.3, we note that S, = tr,, G, is the yrdo with
symbol —(2x1) 72 = —i((&’)z—)\)*', soits log-integral gives — ; log(l Ay).
This demonstrates that the “log-transform” of the principal part of S, will not
in general be a classical yrdo.

Finally, we shall connect this with the study of the expansion coefficient
Co(I, (P + G)r) in the last section of [8]; we here write it simply as Co((P +
G)7) (or Cy(B)). It is known from [6, Sect. 3.3] that when m > n, the trace
of the resolvent has an expansion in powers of —A,

(3.6) TrR, = Y al- W5 o( ),

0<il<n

and a similar proof shows that for general m > 0, the expansion holds for a
sufficiently high iterate:

N—-1

d .
(37 TrRY=Tr hm =Y VTN o).

0<l<n
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Define the basic zeta value as the coefficient of (—1)~V:
(3.8) Co(B) =V,

it is independent of N. If B is invertible, Cy(B) equals the value of the zeta
function ¢ (B, s) — the meromorphic extension of Tr(B~™°) —ats = 0. If B
has a nontrivial nullspace, the constants are connected by

(3.9) Co(B) = ¢(B,0) + v,

where vy 1s the dimension of the generalized eigenspace of the zero eigenvalue.

There are similar expansions as in (3.7) of the traces of the yrdo iterates oy
on X, truncated to X, that follow from integration over X of the diagonal kernel
expansions, as established in [6, Sect. 3.3] (with remarks); it is the s.g.o0. con-
tribution that presents the greater challenge in [6]. In view of the identifications
in [8, Sect. 1], the coefficient of (—A)~" here equals —% res; (log P), where
the plus-index indicates that the pointwise contribution to —% res(log P) is in-
tegrated over X only. It can also be regarded as —% res((log P).), extending
the notation of [4].

The constant Cy(B) was analyzed in [8, Sect. 5] in relation to residue
formulas, and we can now improve the result with further information.

THEOREM 3.2. One has that

(3.10) Co(B) = — L res, (log P) — L resy (S1%),
where the terms are calculated as sums of contributions from local coordinate
patches of the form

/ / trl_,(x,&)dS(&)dx, resp.
(3.11) POl

/ / trsiﬁi,l—n(x/7$/) das’dx’.
Rt Jigri=1

The term —n%reer(log P) has an invariant meaning as the coefficient of
(=) 7N in the expansion similar to (3.7) of Tr(((P — A)™N),), and hence
the last term in the right-hand side of (3.10) likewise has an invariant mean-
ing.

When the problem is differential, or when the problem is pseudodifferential

with regularity v > 1, then resx/(Ssﬁﬁ) is, in local coordinates, the residue of
log

the normal trace of G .
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ProOF. It was shown in [8, Sect. 5] how Cy(B) is found from integrals of
the strictly homogeneous symbol terms of order —m — n in (P — A)~! resp.
of order —m — n + 1 in G,; the proof given for the case m > n extends
to general m when the iterates are used, cf. [§, Remark 3.12]. It was shown
moreover that these integrals by use of [8, Lemmas 1.2, 1.3] could be turned
into log-integrals as in (3.5). In those proofs, the log-integration is applied
after the tr,-integration, so the boundary term is really res(Slﬁﬁ), as defined in
Theorem 3.1.

When v > 1, in particular when the problem is differential so that v = oo,
Theorem 3.1 shows that Siﬁ% is the normal trace of Gﬁ%, so the assertion for
the residues follows.

What we gain here in comparison with [8, Sect. 5] is a little more insight
into how the boundary term stems from the s.g.o.-like part of log B, plus the
inclusion of all orders m > 0. At any rate, since Cy(B) is an invariant, we can
propose it to be the residue of —% log B:

DErRINITION 3.3. When {P; + G — X, T} satisfies the hypotheses of para-
meter-ellipticity given above, the residue of log(P + G)r is defined to be the
constant

(3.12) res(log(P+G)r) = —mCo((P+G)7) = res, (log P) +resy (S%),

as calculated in Theorem 3.2.

This is consistent with the definition of [4]. We note that certain steps in an
explicit calculation of this constant depend very much on localizations, e.g.
in the steps of discarding the principal symbol and taking tr,,. A number of
similar or more general residue definitions are made in [9] for compositions
of ¥rdbo’s with components of log Py (when Pr is defined from an even-order
differential problem). These residues do have a certain amount of traciality:
res([A, log Pr]) = 0 holds for operators A of order and class zero (cf. The-
orem 6.5 there).

It should be noted that Definition 3.3 does not cover the case of first-order
differential operators with spectral boundary conditions, since such boundary
conditions are not normal. But for such boundary problems (Atiyah-Patodi-
Singer problems [1]) there exists a wealth of other treatments, adapted to
the specific situation. The results there often depend on additional symmetry
properties. (See e.g. [7] and its references.)
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4. Sectorial projections

Now we turn our attention to a certain spectral projection connected to the
realization (P + G)r; namely a projection whose range contains the closure
of the direct sum of the generalized eigenspaces for the eigenvalues in a sector
of the complex plane. Such projections have been studied earlier by Burak
[3], Wodzicki [20], and Ponge [14]; the latter gives a detailed deduction of the
basic properties in the case of classical ¥do’s on closed manifolds. We recall
the properties below, supplying them with some additional information.

In order to apply the techniques to different types of operators, we first
consider an abstract situation where A denotes an unbounded, densely defined,
closed operator in a Hilbert space H. It is assumed to have the following
properties:

A has a resolvent set containing two sectors Vy and V,, around ¢’’R, and
e'YR,., respectively, for some 6 < ¢ < @ + 2, the resolvent (A — A)~! is
compact, and ||[(A — 1)~!| is O(A™") for A going to infinity on each ray of
these sectors. (We refer to Kato [12] for general background theory.)

For x € D(A) and A on a ray in either sector, we have

(4.1) IATAA =X < I A =0T Ax] = 007,

so that ="' A(A — 1)~ !x is integrable for [A| — oo.
Then define the operator Iy ,(A), the sectorial projection, with domain
D(A) to begin with, by

42)  Te,(Ax=— [ 2'A(A—1)""xdr, xeD(A),
2 Ty

where the integration goes along the sectorial contour
4.3)
ng(p:{re”"|oo>r>r0}U{roe""|<p2a)29}u{re’9 | ro < r < o0},

with ry taken so small that O is the only possible eigenvalue in {|A| < r(}. If the
operator is bounded in H-norm, we extend it to H. This operator is a spectral
projection in the following sense:

For each A € 0 (A), denote the generalized eigenspace by E;,

E, = U ker(A — L)F
keN

(it equals ker(A — A)* for a sufficiently large k). For o < S, set

Agp=1{ré|r>0,a<w<§p,}, Eop = Freoinng, En-
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PROPOSITION 4.1. l'Ig,(p(A)2 = Ip ,(A), ie Ty ,(A) is a (possibly un-
bounded) projection in H. Its range contains Ey , and its kernel contains
Eo+ Ey o127 .

(a) If A has a complete system of root vectors, i.e. +)cqa)E) is dense in
H, then Ty ,(A) is the bounded projection onto m along Eq + Ey o407

(b)If Aisnormal,i.e. A*A = AA*, thenTly ,(A) is the bounded orthogonal
projection onto @;.cq(A)nn,, ker(A — L) along @j.cq(a)\A,, Ker(A — A).

Proor. Except for a few elementary considerations regarding the domain
and closedness, the proofs of [14, Propositions 3.2, A.4, and A.5] carry over
almost word for word to the present setting (it should be noted that some
contours in [14] have the opposite orientation).

In (a) and (b), the boundedness of Iy ,(A) follows from the fact that the
kernel and range are closed.

In certain important cases, Iy ,(A) can be seen to be bounded regardless
of whether the hypotheses of (a) or (b) can be verified; as shown in [14,
Proposition 3.1] this holds when A is a ydo of order m > 0 on a closed
manifold. We shall see below in Theorem 4.6 that it also holds for the realization
of a differential elliptic boundary value problem.

As shown below, the sectorial projection has a direct connection with the
choice of spectral cut in our definition of the logarithm of an operator. Using
arguments as in Section 2, we can define the logarithm of A with a branch cut
at the angle 9 as

.0 s _
4.4) log, A = 11{% = [g 9 A; " logg AM(A — 1)1 da

where the subscript 8 indicates that A~ log A is chosen to have a branch cut
along ¢'?R ., and the contour is the Laurent loop

4.5) € ={ré" |oco>r>ry
U{ree’® |0 >w >0 =27} U{re%2" | ry < r < co}.
The following proposition eliminates the limiting procedure of (4.4) and

gives a useful alternative description of Iy ,(A). A proof can be found in the
Appendix.

PRrOPOSITION 4.2. For x € D(A) we have the identities

4.6) logy Ax = — [ A 7logy AAA — ) 'xdA  and
21 D
; —9
47 Ty,(A)x = 2’— (A—2"xdn+ £,
JT

Fg»w
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where the integral in the right-hand side of (4.7) is an improper integral.

Next, we include a lemma which will be useful for our considerations
regarding expressions involving different branches of the logarithm. Again, a
proof is available in the Appendix.

LEMMA 4.3. Let f(A) be a continuous (possibly vector-valued) function on
the “punctuated double keyhole region”

4.8) Vs ={reC| A <2rgor|argh—0| < Sor|argh—¢| < §}\{0},

such that f(X) is O(A~'7%) for |\| — oo in Vio.s- Then

4.9) / logy Af (M) dA — / log‘p Af(A)dr = —2mi f)da.
o

€, oy

We can use this lemma to describe the relation between Iy ,(A) and log-
arithms of A as follows:

ProrosITION 4.4. For x € D(A),

(4.10) logy Ax —log, Ax = / ATTAA — ) 'xdh = —2miTlg ,(A)x.

Fé’.w

When Iy ,(A) is bounded, so is logy A —log, A, and

i
@.11) Mg (A) = 5 (log, A — log, A).

PrROOF. For x € D(A), the expression f(A) = A~'A(A — A)~'x is holo-
morphic in V,, s for some ry, 6 > 0, and f(}) is O(\7?) for |A| = ooin Vio.s
by (4.1).

Hence we can apply Lemma 4.3, and insertion of the expression for f (1)
into (4.9) gives

(4.12) /logekklA(A—A)ldi—f log, 2A"'A(A — )" x d
€

¢

= —2711'/ ATAA =) da.
FH»W
Then (4.10) follows from (4.2) and (4.6).

If Ty , (A) is bounded, (4.10) extends to all x € H since D(A) is dense in
H, and (4.11) follows.
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With the results above at hand we return to the realization (P + G)r.
Modifying the assumption of Section 2 a little, we now assume { P, +G —A, T'}
to satisfy the conditions of parameter-ellipticity in [6, Def. 3.3.1] for A on the
rays of two sectors around ¢’’R . and e’?R,, respectively. Then the realization
B = (P + G)r satisfies the requirements for A above (4.1), and we can define
the sectorial projection accordingly:

(4.13) Mg, (B) = ’—/ W7VBR; dh.
21 T

0.9
Here, and below, the integrals are understood to be in the strong sense, to
simplify notation. Like in the case of the logarithm, we decompose it into the
contributions from the pseudodifferential and singular Green parts.
For the ¥ydo P on the closed manifold X, we can use Proposition 4.2 to see
that

©—0
u = Il ,(P)u, u € D(P);
T

(4.14) 2| oudr+
27 To.p

it is known from [20], [14], that 1y ,(P) is a yrdo of order < 0 on X.
Using Proposition 4.2, (2.4), and the fact that r"e™ = I, we can rewrite
(4.13) as

i o —0
IT B)=— Rydhn + ——
6,(,0( ) o ‘/rigyw A + o
i -0
=— | (@t Glar+ i —
27'[ Fﬁw 27'[
(4.15) h .
_ (L o+ N L 6w
" (27'[ To.p Q. dh + 2w ¢ +2n Top *

i
= Hg’(p(P)Jr + E GA d)»;

F,.),W

in the last line we moreover used (4.14). Now an application of Proposition 4.4
to P and B gives:

Moy (P)s = 5—((logy P)+ — (log, P)-).
(4.16) i

1
My, (B) = g(logg B —log, B).
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Using the contour %, from (4.5) we can define an operator as in (2.13),

4.17) Glos = - / logy AG;, d.,
2 %,

and similarly define G'°% where 6 is replaced by ¢. By rotation it is obvious that
G'°% and G'°% have properties similar to those of G'°¢ described in Section 2.
Now (4.16) and (2.15) show that if we define Gg , by

(4.18) Goyp==|[ Grdx,
T To
then
i
(4.19) Gy = E(Gl‘)ge — G"%).

In view of (4.15), we have then obtained:

THEOREM 4.5. The sectorial projection for B = (P + G)r satisfies
(4.20) [y (B) =Moo (P)y + Go,p,

where each term on the right hand side is known: I1g ,(P) is the truncation
of a Yrdo on X of order at most zero, in particular it is bounded on Ly(X, E);
Gy, is a difference (4.19) of two terms of the log-type described in Section 2
and hence is a generalized singular Green operator, bounded from L,(X, E)
to H*(X, E).

Like G'°¢, Gy, acts asin (2.21). Ithas a symbol-kernel gy ,~ ZjeN 80.0,—j>
with terms given by

~ i ~log ~log
80.9.—j = g(&je - gfjw)

-1 3 3
= m([gg loggkg_m_jd)»—fg logw)ug_m_jdk)

¢

4.21)

By Lemma 4.3 this is simplified to

~ / /7 i ~ / I
(422) g@,(ﬂ,—j(x ’ xn’ }’n, S ) - 2_/ g—m—j(x ,xn7 Yn,é‘_ ’ )\') d)"
7T Jr

0.9

In view of (4.19) and (4.21), the results on G'°2 resp. g'°¢ in Section 2 carry
over immediately to Gy , resp. g¢,,. We shall not reproduce all the statements
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explicitly, but will just present the following important result obtained from
Theorem 2.4.

THEOREM 4.6. Assume that P is a differential operator, G = 0, and the
trace operators Ty, . .., T,,_ are differential operators; hereby B = Pr.

Then Gy, is, in local coordinates near X ', a generalized singular Green
operator

(4.23) Go,o = OPG(gy,4)

with gg o ~ ZjeN 80,¢,—j; the j’th term is quasihomogeneous as in (2.22) and
satisfies estimates as in (2.23).
Go,, and Ty ,(Pr) are bounded operators in L,(X, E) for 1 < p < oc.

In particular, Iy ,(Pr) is a bounded projection in L,(X, E).

Proor. The claims regarding g¢ , follow immediately from Theorem 2.4
and (4.21).

The boundedness properties of Gy , are obvious from Theorem 2.4 and
(4.19). Since Iy ,(P) is the truncation of a ¥rdo of order at most zero, this
is also bounded in L, (X, E); then in view of (4.20) so is Iy , (Pr).

An interesting question is whether one can give criteria on P, G, and T
assuring that the operator Iy ,((P + G)7) belongs to the Boutet de Monvel
calculus.

Concerning the yrdo part Iy ,(P), with symbol 74 , (x, &) in local coordin-
ates, we have easily by use of Lemma 2.1:

LEMMA 4.7. Whenm is even, mg ,(x, &) satisfies the transmission condition.
Hence Ty ,(P) is in the Boutet de Monvel calculus for even m.

Proor. We have that in view of (2.10) that

(4.24) symb(log, P) = mlog[§]+1s(x, &), lo(x,8) ~ Zla,_j(x, £),
jeN

where mlogl&] + lpo(x,&) = logy(pm(x,&)), with similar formulas for
log, P, so the symbols of log, P and log,, P have the same log-term m log[£].
Then it is seen from the first line in (4.16) that

(4.25) Tgo(x, §) = é(l@(x,é) —ly(x, §)),

which satisfies the transmission condition when m is even in view of
Lemma 2.1.
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This could also be based more directly on the fact, worked out in detail in
[14], that 7 o, (x, &) ~ ZjeN g,0,—j(x, &), where the terms are given by

i
(4.26) To,p—j(x,8) = 2—/ G-m—j(x,&, 1) dA;
T J G, (x.8)

here €y , (x, &) isaclosed curve in the sector Ag , going in the positive direction
around the part of the spectrum of p,, (x, &) lying in that sector.

When m is odd, one cannot expect Iy , (P) to satisfy the transmission con-
dition. For example, for a first-order selfadjoint invertible elliptic differential
operator A on X (e.g., a Dirac operator), I_z z(A) equals IT. (A), the pos-
itive eigenprojection %(1 + A|A?|71/2), where A|A%|71/? does not satisfy the
transmission condition (its even-order symbol terms are odd in &).

Next, let us consider the s.g.o. part Gy ,. Example 4.8 below shows a dif-
ferential operator realization where Gy ,, is not a standard singular Green op-
erator, already in a constant-coefficient principal symbol case. Example 4.9
on the other hand defines a general class of differential operator realizations
where Gy, is a standard s.g.o0., and Iy , (B) belongs to the standard calculus.
Here one finds however, that lower order perturbations can ruin the standard
s.g.0.-properties.

ExampPLE 4.8. Consider the differential operators A and P on Ri given by

i 0 0 1 0 i 1 0
(427)A=<0 —i>D1+<—1 0>D2+<l 0>D3+<0 1>D4,

and

4.28 P—(O _A*)

where A* denotes the formal adjoint of A. (A and P are Dirac-type operators,
with A*A = —ADL, (iP)> = —AlL))

Regarding this as a localization of a manifold situation, we seek the pro-
jection onto the (generalized) eigenspaces for the eigenvalues X in the upper
halfplane C. for a certain realisation Py of P, where the boundary condition
is Byou = 0, with

1 010
(4.29) B = ,
01 0 1

i.e., you1 + yous = yous + yous = 0, u; being the i’th component of u.
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Thus, in this localized situation we shall construct Iy ,(Pr) with 8 = 0
and ¢ = 7. In this case the contour I'y , is a contour from —o0 to co passing
above the origin.

P has symbol

_( 0 —a®
p(é)—(a@) 0 )

0 0 &1 —& & +i&
_ 0 0 —5+if —if—&
| Era &+is 0 0 ’
=5 +ig —ifi+ & 0 0

the eigenvalues of which are +i|&|. Hence P — A is parameter-elliptic for A
on all rays in C \ iR, with parametrix-symbol

qE 2 = (p&E)— 1)

—A 0 —i&§+8& —&5—i&

1 0 —A £ —i& 5+ &
CERP R | -k — & —& —i& - 0
& —i&  i& — & 0 —A

We first find the ¥do part of 1y , (Pr): According to (4.26) the symbol 7 (£)
of Iy  (P) is obtained by integrating g (&, 1) along a small closed curve, €,
enclosing the pole i |&| in C,:

7 = 5 [ a6 di= - Res (a6 0)
@ A=ilé]

2
(4.30) €] 0 §1+i& —ib+&
_ 0 €] i&+& —& +i&
208 | &1 —i& —i&+ & & 0
i&+& —& —i& 0 &1

The singular Green part G, of the resolvent R; = (P; — A)~! has symbol-
kernel

8(Xn, Yn, %—/a)\)
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—i&+io —& —i& —A 0
_ ] &-i& & +io 0 —A P
20 —A 0 —i& —io —& —i&; ’
0 —A §—i& & —io

where 0 = /|€’|> + A%. Note that o is holomorphic (and Reo > 0) for
A € C\ %i(|&’], 00); in particular {P — X, By} is parameter-elliptic for A on
any ray in C\ iR.

The integration contour Iy, is homotopic in {re'® | w # +3 orr < |&']}

)
to the real line; thus, due to the exponential falloff of ¢~ (€' 22 Gut3) e get

- i -
Zop Cins s £) = —/ 3 Ctns v £, 1) dA
27 Ty

(4.31)
i ,
= _/ g(xn, yn,éj_ ) t)dt
21 J_

We can now verify that gy , is not a singular Green symbol-kernel: The 12-
matrix entry of gg , becomes

_ 00 ; / |
(4.32) %/ (&' + 12) "2 (P42 tnn) gy
T —00

which, for fixed &', is unbounded as x,, + y, goes to zero; hence, gy, is not in
y_i'__l’_-
To see this note that, for fixed a > 0,

1 [ 5 a1 2, 24 o 5 gl 2,23
fr) = 5/ (@ 412" 1e 7@+ gy =/ (a> 1t} 1" @HD? gy
—00 0

00 ef(ath)r 00 e !
dt =/ du
/0 a+t ar U

which diverges to +o0o0 as r — 07,

v

ExXAMPLE 4.9. Let X, be a closed (n — 1)-dimensional manifold provided
with an elliptic second-order differential operator S which is selfadjoint pos-
itive in L,(X(). Let X = X{, x [0, a] with points x = (x', x,), x" € X[, and
x, € [0, a], and let B be the Dirichlet realization of Din + S on X; itis selfad-
joint positive in Ly (X), with D(B) = H*(X) N H} (X). Let A be the Dirichlet
realization of

(4.33) P (’%"JFS > )
' s -pl-s/)
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on X, then in fact,

B S
(4.34) A:(S _B)

with domain D(B) x D(B). The resolvent is
—-B—-—XA =S8

— -1 —
(4.35) (A—=H) ( _g B

) (2 — B> — 8§

where we used that S and B commute. Define B; = (B2+52)z. Here B2+ S is
the realization of the fourth-order elliptic differential operator (D%ﬂ +5)2+ 52
determined by the boundary condition yyu = 0, ypBu = 0. This is one of
the particular cases where the square root of the interior operator does satisfy
the transmission condition, cf. [6, (4.4.9)]. Moreover, the square root of the
realization B? 4+ S? represents a boundary condition consisting of exactly the
part of the boundary condition for B> + S? that makes sense on H?(X), cf.
[6, Cor. 4.4.3] (based on a result of Grisvard); so in fact B; is the realization
of ((Dfn + 5) + Sz)% determined by the Dirichlet condition yyu = 0. This
belongs to the standard calculus and enters nicely in the theory of [6], cf.
Section 1.7 there. Note that D(B;) = D(B).

We can then calculate

A — (B> + §*)~!
= -B)'=B-N"=B-n"

(4.36) = (Bi— 1) @B) (B A+ B~ M(=B — )"

1
=3B (B =M = (=B =n7)

which leads to the formula:
4.37)
(A—n~"

<—B+Bl_Bl_)\. )
—S B—Bi+ B —A

B ((B1 — ! 0 )
B 0 (—B; — 27!

_ B, —B - 171 el p gl
( g B_B])ZB1 (B =07 = (=B =N,

) By — 2 '(=B; ="

valid for A outside the spectra of B; and — B). To determine the spectral pro-
jection Iy ,(A) with 6 = —%, ¢ = % we use the abstract machinery. It is
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seen from either of the formulas (4.2) or (4.7) that

[I_z = (B1) 0
(4.38) -z z2(A)= < )
0 [_z z(=By)
Bi-B =3 lB"(l'[ (B)) — Tz = (—B)))
S B-B/J2"! -7\l 3.7 1)
Here
(4.39) MozsB)=1, T 535(-B)=0,
in view of Proposition 4.1 and the fact that B is selfadjoint positive. It follows
that
1, lpp-1 1op-1
5+ BB >SB
2 T 205 298]
(4.40) [z 2(A) = ( A L _1).
258, 7 —2BB;

The operator is in the Boutet de Monvel calculus. Note that the sum of the
diagonal terms is /, so the residue of the operator is zero.

Inherent in this example are some symbol calculations where the poles of
the resolvent symbol appear isolated in such a way that integrals over I'g ,
can be turned into integrals over closed curves, reducing to simple residue
calculations. Perturbations can easily introduce more complicated calculations
where integrals as in (4.32) appear, leading to non-standard s.g.o.-symbols (we
shall not reproduce examples here).

In view of Definition 3.3 and the formulas (4.16), the sectorial projection
Ty ,(B) has a well-defined residue. In the differential operator case where
the order m is even, one can moreover define residues of the compositions of
Iy ,(B) with operators A in the Boutet de Monvel calculus; this is taken up
in [9]. It is found there that if in addition, A is of order and class 0, the residue
vanishes on the commutator of Iy ,(B) and A.

Itis still an open question whether the residue is zero on sectorial projections
for boundary value problems, as it is in the closed manifold case; we expect
to return to this question in a forthcoming work.

Appendix A. Proofs of auxiliary results in functional analysis
PROOF OF PROPOSITION 4.2. First we prove (4.6): Let, for N € N,

(A1) €)Y ={ré | N >r>ro)

U{ree’® |0 >w >0 =27} U{re'"2 | ry <r < N}
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Then, for s > 0

(A.2) / A5 Mog, A da

@, )
4 Nei®

1
= [_S—zxg“(l + s log, k)} —> 0 for N — oo,

Nei0—21)

since N~* and N~*log N go to O for N — oo. It follows that

. . —s—1
(A.3) il\il(l) A}l_r)noo ” Ay " logy Adr = 0.
Observe that the order of the limits is important.
Using the resolvent identity A(A —A)~' = 1+ A(A — A)~! we now get for
x € D(A):
(A4)

lim [ A% log, A(A — )" 'x dA
X\OLG g 10gy A( )

1 . —5 _ -1
_11\{‘%1\}@@ %V)LQ logy A(A — X)) xdA

. . —s—1 —s -
:El\r‘%l\}gnoo[‘/%é‘/ Ay’ logy Axdk—i—/%]v Ay logy A(A —X) 1xd)»]

. . —s—1 -1
= lim lim_ %NM logy A[1+ (A =) ]xdA

. . —s—1 -1
=lim lim » 2y Mogy MA(A — 1) x da,

where we used (A.3) in the second line (adding zero). Then, since
A =27 <A,

(A.5) [45° " logy AA(A — 1) x|| < [log AlIAI 2| Ax],

so that the integrand in the last expression of (A.4) is integrable along €
uniformly in s > 0, and

A.6) lim lim 25 Mog, A A(A — 1) Tx dA
(A.6) X\ON%O/%N 0 2o A A( )

:/ 2" Mog, AA(A — A" x dh.
2

Combining (A.4) and (A.6) (and multiplying with #) we obtain the desired
result (4.6).
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The identity (4.7) stems from [3] (we have corrected a sign here). For this,
consider the integration contour

(A7) Tf, ={re" | N >r>rp}
Ufree’® | > w >0} U{re’ | ro <r < NJ.

Using again A(A — A)~! = 14+ A(A — A)~! we obtain

(A.8) f ATAA =) Txda = (A—A)lxdk+/ A xda.
ry_w

To To
For the second term we have, using a logarithm with branch cut disjoint from
Ae,(/h

(A.9) / a7 = [log AN = i(0 — g).
oy
Thus
. . i
(A.10) ’—/ AAA =) xdh = — (A—n"'xar+ 2.
27'[ Fé\f‘ﬂ 27'[ FZ)\,Iw

For x € D(A) the limit for N — oo is well-defined on the left-hand side,
and the limit of the first term on the right-hand side then exists as an improper
integral, as indicated.

ProoF oF LEMMA 4.3. The integral along b is, in detail:
(A.11)
ro

log, A f(L)dA :/ (logr +i0) f(re'®)e’® dr

%9 oo
0—2m ] )
+ / (logro + iw) f(roe'”)irge'” dw
0
+ / (logr +i6 — 27i) f (re"~>")e'* > " dr.
ro

Since f(re'?=2")el? 27 = f(re'?)e'?, the two terms with (log r +i6) cancel
each other. Thus

(A.12) / logy Af (M) d.
@

o oo
T / (log ro + i) f (roe'®)irge'” dw — 2mi / f@re®)e’ dr.
0 g

-2
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Denote the integrand in the first integral g(w) = (logrg + i) f (roe'®)irge’®.
There is of course an identity similar to (A.12) with 6 replaced by ¢, and
then

/loggkf(k)dk—/ log, Af (%) dA
2 ¢,

o e
= (—f +/ )g(a)) dw
0—-2m ¢o—21

(A.13) — 2m’</oo fre®e? dr — /oo frei®)et® d,,)

0 %
= (—/ +/ )g(a)) dow
0—2m ¢o—21
ro o0
—2mi / f(rei‘/’)ei“’ dr —2mi / f(reie)eie dr.
o0 ro

The last two terms are recognized as the contributions to —2si fl“e f)da
P

from the rays e'¢[ry, oo[ and e'?[ry, oo[. The first term is seen to give the
contribution from the arc 6,9, = {roe'” | ¢ > w > 0} as follows:

0 ®
(—/ -l-/ )g(a)) dw
0—2m o—21
0 021 0
= (—/ +f )g(a))dw:f [—g(w) + g(w —27)]dw
® p—2n %

6
= / [ — Qogro +iw) f(roe'®)irge’®
¢

+ (logrg +i(w — 271))f(roei"’)iroei“’] dw

6
= —2m/ f(roe'®)irge’® dw = —27'”'/ F) dn.
¢ %,

0.0,
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