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MORITA EQUIVALENCE OF NEST ALGEBRAS

G. K. ELEFTHERAKIS

Abstract

Let A (resp. A3) be a nest, A (resp. B) be the corresponding nest algebra, Ag (resp. Bg) be the
subalgebra of compact operators. We prove that the nests .47, A, are isomorphic if and only if
A and B are weakly-x Morita equivalent if and only if Ag and By are strongly Morita equival-
ent. We characterize the nest isomorphisms which implement stable isomorphism between the
corresponding nest algebras.

1. Introduction

Rieffel introduced the idea of Morita equivalence in Operator Theory, devel-
oping the theory of Morita equivalence for C* and W* algebras [17]. After
the advent of the theory of operator spaces and operator algebras a parallel
Morita theory for non-selfadjoint algebras was developed by Blecher, Muhly
and Paulsen [6], [2]. We call this equivalence strong Morita equivalence.

Recently, two approaches have been suggested for Morita equivalence of
dual operator algebras. The first one, called A-equivalence, was introduced
[11] by the present author and is equivalent to the notion of stable isomorph-
ism of dual operator algebras [13]. The second one, called weak-* Morita
equivalence was introduced by Blecher and Kashyap [3], [14] and is strictly
weaker than A-equivalence. It is interesting that if A and B are strongly Morita
equivalent approximately unital operator algebras then the second dual oper-
ator algebras A™*, B** are weakly-* Morita equivalent [3]. New results on
weak-*x Morita equivalence and A-equivalence can be found in [4].

The present paper is concerned mainly about seeing what these new notions
mean when specialized to the case of nest algebras. As we show the case of nest
algebras is very useful to illuminate the above theories of Morita equivalence.
For example, several natural questions are answered here, and the importance
of weak-* Morita equivalence is displayed.

More precisely, we prove that strong and weak-* Morita equivalence are
lattice properties: If A and B are nest algebras and Ay and By are the asso-
siated subalgebras of compact operators then Ay and By are strongly Morita
equivalent if and only if A and B are weakly-* Morita equivalent if and only
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if the nests Lat(A) and Lat(B) are isomorphic. The main tool of the proof is
that if 6 : Lat(A) — Lat(B) is a nest isomorphism, then we can construct a
dual operator A — B bimodule Y and a dual operator B — A bimodule X. As
we prove, the identity operator of A is the limit in the strong operator topology
of a net of finite rank contractions (f;) where every f; can be approximately
decomposed into the product of a row with entries in ¥ and a column with
entries in X. Similarly, we can decompose the identity operator of the algebra
B. This can be considered as a generalization of the Erdds density theorem for
nest algebras [7].

In Section 3 we prove that two nest algebras are weakly-* Morita equivalent
if and only if they are spatially Morita equivalent (Definition 3.1). We also
prove that if A is a nest algebra, spatially Morita equivalent to an algebra B,
then A and B are weakly-* Morita equivalent.

In Section 4 we present a measure theoretic result which describes when
two separably acting nest algebras are stably isomorphic. As it was pointed
out in [3] Example 3.7 in [12] is an example of weakly-x Morita equivalent
algebras which are not stably isomorphic. Using the results of this paper we
give a new proof of the fact that weak-x Morita equivalence is strictly weaker
than A-equivalence.

In Section 5 we present a counterexample which shows that the second
duals of two unital strongly Morita equivalent algebras are not necessarily
stably isomorphic.

In the following paragraphs we describe the notions used in this paper;
since we use extensively the basics of Operator Space Theory, we refer the
reader to the monographs [5], [9], [15] and [16] for further details. A (normal)
representation of a (dual) operator algebra A is a (w*-continuous) completely
contractive homomorphism « : A — B(H) on a Hilbert space H. In case A
is unital, we assume that ¢ is unital.

Let H, K be Hilbert spaces and A C B(H) be an algebra. A subspace
X C B(K, H) is called a left module over A if AX C X. Similarly we can
define the right modules over A. A left and right module over A is called a
bimodule over A. An operator space Y is an abstract left (right) operator module
over an abstract operator algebra A if there exists a completely contractive
bilinearmap A x Y — Y (¥ x A — Y). A left and right operator module over
A is called an operator bimodule over A.

Let A be a dual operator algebra and Y be a dual operator space. We say
that Y is a left (right) dual operator module over A, if the above completely
contractive bilinear map is separately w*-continuous. A left and right dual
operator module over A is called a dual operator bimodule over A.

Two operator bimodules Y and Z over an operator algebra A are called iso-
morphic as operator bimodules if there exists a completely isometric and onto
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A-bimodule map 7 : Y — Z. We write Y = Z as operator A-bimodules. In
case A isadual operator algebra and Y and Z are dual operator A-bimodules we
write Y = Z as dual operator A-bimodules if the above completely isometric
and onto A-bimodule map 7 is w*-(bi)continuous.

If Y is a right operator module over an operator algebra A and X is a left
operator module over A we denote by Y ®i“ X the balanced Haagerup tensor
product of Y and X which linearizes the completely bounded A-balanced
bilinear maps [5, 3.4]. If Y (resp. X) is a left (resp. right) operator module over
an operator algebra B then Y ®Z X is also a left (resp. right) operator module
over B, [6, Lemma 2.4].

If Y is a dual right operator module over a dual operator algebra A and X
is a left dual operator module over A we denote by Y ®ih X the balanced
normal Haagerup tensor product of Y and X which linearizes the separately
w*-continuous completely bounded A-balanced bilinear maps [13]. In the case
Y (resp. X) is a left (resp. right) dual operator module over a dual operator
algebra B then Y ®Zh X is also a left (resp. right) dual operator module over
B, [13].

The following are the two definitions of Morita equivalence used in this
paper:

DEFINITION 1.1 ([6]). The operator algebras A, B are called strongly Mor-
ita equivalent if there exist an A — B operator module X and a B — A operator
module Y such that A = X ®”% Y and B = Y ®", X as A and B operator
bimodules respectively.

DEerFINITION 1.2 ([3]). The dual operator algebras A, B are called weakly-x
Morita equivalent if there exist an A — B dual operator module X anda B — A
dual operator module Y such that A = X ®‘1§h Yand B=EY ®‘/§h X as A and
B dual operator bimodules respectively.

If X isasubspace of B(H, K ), where H and K are Hilbert spaces, we denote
by RE;‘(X) (resp. Cg‘g(X)) the space of operators (xj, x2,...) : H*® — K
(resp. (x1,x2,...)7 : H — K*) such that x; € X for all i and there exists
no € N for which x,, = 0 for all n > ny.

If

s1=0(5{,8),...,8,0,0,...), sl #£0

90 ni

and

2 2 2 2
sz=(sl,sz,...,snz,0,0,...), snz#O

are operators in Rgg (X) we denote by (sy, s2) the operator

1.1 1 2 2 2
(sl,sz,...,snl,sl,sz,...,snz,0,0,...)
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which also belongs to Rgg(X). In the same way if s, 52,...,5, € REQ(X)
we define the operator (sy, $2,...,58,) € Rgc‘](X). Similarly if ¢, #,...,t, €
Cin(X) we define the operator (11, 2, ..., t,)T € Cin(X).

A nest /' is atotally ordered set of projections of a Hilbert space H contain-
ing the zero and identity operators which is closed under arbitrary intersections
and closed spans. The corresponding nest algebra is

Alg(N)={x € B(H): N'xN =0V N e /).

If N € &/ we denote by N_ the projection onto the closed span of the union
U M</;:/ (M(H)).If N_ < N we call the projection N © N_ an atom. If the
MeN

nest has no atoms it is called a continuous nest. If the atoms span the identity
operator the nest is called a totally atomic nest. An order preserving 1-1 and
onto map between two nests is called a nest isomorphism.

If A7 and 5 are nests acting on the Hilbert spaces H;, H, respectively and
0 : N1 — N isanestisomorphism we denote by Op(0) the space of operators
x € B(H,, H,) satisfying §(N)*xN = 0 for all N € .#;. Observe that Op(0)
is an Alg(A3) — Alg(A1) bimodule.

Finally, if X is a normed space we denote by Ball(X) the unit ball of X and
by X* its dual space. If Y is a vector space then M, (Y), n € N, is the space
of n x n matrices with entries in Y. If H,, H, are Hilbert spaces and & € H,,
n € H; are vectors we denote by £ ® n* the rank 1 operator sending every
w € Hito (w, n)§ € H,, where (-, -) is the inner product of H;. We also write
SOT for the strong operator topology.

2. Morita equivalence of nest algebras

In this section we fix nests 47, /N5 acting on the Hilbert spaces H, H, re-
spectively, and a nest isomorphism 6 : A} — A5. We denote A = Alg A,
B = Alg N5, X = Op(#), Y = Op(@~'). If Z is a space of operators we
denote its subspace of compact operators by Zy. Observe that

AYB CY, BXA C X, YXCA, XY C B,
AoYoBy C Yy, ByXoAp C Xo, YoXo C Ao, XoYy C By.

The main result of this section is Theorem 2.9. In particular we are going
to prove that

A = Y, ®Y, X0, By = X, ® Yo, A=Y®RYX, B=X®%'Y.

Throughout this section, p denoted the projection V{N & N_ : N € A}}. The
following lemmas are used in Theorem 2.5, where we are going to prove a
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variant of the Erd6s density theorem for nest algebras: There exists a net of
finite rank contractions ( f,) C A converging in the strong operator topology
to the identity operator of H;, where every f3 is the norm limit of a sequence
(yx!)ien with y* € Ball(RI(Y))), x} € Ball(C"(X,)) for all i, A.

LEMMA 2.1. There exists a net (1) of finite rank contractions converging
in the strong operator topology to the projection p such that I, = st, where
s, € Ball(RIN(Yy)), t; € Ball(CiM(Xy)) for all A.

PROOF. Suppose that p = Vicypr where pr = N © (Ny)— for N €
N, k € J. Choose a net of finite rank contractions (f;);e; converging in
the strong operator topology to the identity operator of H;. If # = {F :
F finite subset of J} the family (gr;)(r,) indexed by &# x I where gp; =
Y xer Prfipk is a net. Observe that every gr,; is a finite rank contraction
belonging to A. We can easily check that SOT — lim(r ;) gr,i = VikpPrx = P

Let f = pi fipx forsome k € J,i € I with polar decomposition f = u| f]|.
Suppose that

fl=) ME®E
j=1

for A; > 0 and &; pairwise orthogonal vectors of p;(H;). Choose a unit vector
nin (9(Ny) © 0(Ny)_)(H>). Now we have

1= X&®@n" - n®& =yy*

J=1

where y = (VA1 & @ 1%, ..., /A, & ® n*). Observe that f = uyy* and
uy € Ball(R"(Yp)), y* € Ball(C"(X,)).

Suppose now that F = {ji, ..., j,} C J,i € [ and gr; = > ;_, Pi [i Pjs-
By the above arguments p;, f;p; = sitx where sp € Ball(Rgg(Yo)), €
Ball(C"(Xy)). So gr,; = st where

S =(S1,...,8) € RM(Yp), t=(t1,...,1,)" € CI(Xp).

Also, since the projections (px)kes are pairwise orthogonal and [|sis;|| < 1
for all k we have that

n n
2
st = | Y sest | = | 2 pswstn
k=1 k=1

Similarly we can prove ||¢|] < 1 and this completes the proof.

LEMMA 2.2. Suppose that p+ # 0, £, n € Ball(H,) and N € N such that
£ = ptN(&),n = p-NL(). There exist rank 1 operators (s,)nen C Ball(Y),

<.
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(t))nen C Ball(X), such that the operator € @ n* is the norm limit of the
sequence (Syty)nen-

PrOOF. We define the continuous order preserving map
¢:pt M = [0, [EIP]: ptM — [[pt M)

The nest p*.4; is continuous, so ¢ is onto [0, ||£]|*]. Suppose that (X,) is a
strictly increasing sequence such that A, — |[|£||>. Choose N, € .#; such that
¢(ptN,) = A,.Itfollowsthat N, < N, < N foralln € Nand pt N, (§) —
&. Similarly we can find a sequence (M),),en such that N < M, < M, for
alln € Nand p*~(I — M,)(n) — n. Forevery n € N we choose w, € H, such
that ||60(M,,) © 6(N,,))(wy)|| = 1. The operator

Su = P NA() ® (O(M,) © O(N,) (@)
satisfies s, = N,s,0(N,)" and so s, € Ball(Yy). Similarly the operator
tn = (0(M,) © 0 (Ny)(wn)) ® p(I — M) (m)*
satisfies 7, = G(Mn)tnMnL and so t, € Ball(X;). Now we have
Sutn = PN (§) ® pH(I — M) ()"

which clearly converges in norm to the operator £ ® n*.

LEMMA 2.3. Suppose that p+ # 0, £ € H, such that |p~(&)| = 1 and
q is the projection onto the space p+N|'&. There exists a sequence of finite
rank contractions (r,)nen C A converging in the strong operator topology to
the projection q such that r, = || - || — lim;ey s7't" where 5! € Ball(Rgg(Yo)),
t" € Ball(Ci"(X,)) for all i, n € N.

PrOOF. We define the continuous order preserving map
¢ Nipt — 10,11, ¢(Np™) = [Np=(©)]*.

Since the nest ./ p* is continuous ¢ is onto [0, 1]. Choose Ni.n p* the least
element in /] pt such that ¢ (N, pt) = 23 k=0,1,...,2".
We denote

27[
Ek,n - (Nk,n S} Nk—l,n)pj_7 Sk,n = 2%Ek,n(§)9 rp = Z fk,n
k=2

where fin = §k—1.0 @ § .
Asin [7, Lemma 3.9] we can prove that |7, || < 1 and the sequence (7,),en
SOT-converges to the operator q.
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Using Lemma 2.2 we find sequences of rank 1 operators (sf’") ienC Ball(Yp),

(tf")ien C Ball(Xy), such that 5" 7" LN fim»i — oo for all k, n. We de-

note

1

n 3.n 2”,n)
. PRI

_ 2.n
st=(s70,8, ..,

2,;1 3,n 2”,n)T
and we have r, = || - || — lim; s}'#". Also

on

Is7 12 = | 32 st sty
k=2

k,n

k,
We may assume that s; "= Ei_1.8;7 80

2’7
2 k, k,
“sln” = HZ Ekfl,nsi n(si n)*Ekfl,n
k=2

Since ||sf’"|| < 1 and the projections (E;_; ,)x are pairwise orthogonal we

have ||s/'|| < 1. Similarly we can prove ||| < I.

LEMMA 2.4. Suppose that p* # 0. There exists a net (g,) of finite rank
contractions in A converging in the strong operator topology to p* such that
g = |-l —-lim;ey s}ttt for all A where s} € Ball(RI(Yy)), ¢} € Ball(C"(X,))
foralli € N.

PrOOF. Using Zorn’s Lemma we find a family of vectors & : k € L such
that the projections g onto p~A{"&, k € L are pairwise orthogonal and they

span p*. We assume that || p* ()| = 1 for all k € L. From Lemma 2.3
there exist finite rank contractions (r%),cy such that g = SOT — lim,,ey 7
and 7% = || - || — lim;ey 572" for sequences

"Yien C Ball(RM(Yy)),  ("")ien € Ball(C(X)).

We define % = {F : F finite subset of L}. If F € &% and n € N we define
the finite rank contraction g, p = Zke F r,’f. The family (g, r),, r indexed by
N x & is anet. Fix £ € H.

Observe that for alln € N

175 &) — gr@®I1* = lgr (X — Tu)qr®) 1> < 2llqx (@)1

and so

D U@ = a®1* <2 la@)|* < oo.

keL keL
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Ifn € Nand F € &% we have

g7 (&) — p- &I
= |gnr® - Y a®|
kel

@1 =3 UrE©) — @I + 1P @1 =Yl ® 12
keF keF

<Y 7@ —a@®IP + 1 @1 =D lla®I?
keL keF

Since lim,,cn ||r (&) — qr(&)]*> = 0 it follows from (2.1) that
. I 2 _
(lnl,IIIVl) lgn, (&) — p~= )" = 0.

We have shown that SOT — lim, r) g r = pt.

If F = {kla”'akr} C Lthen 8nF = Z:n lrnm Whererm — || ”_

g So =l limien s FiF here s

Jkj nk;  n.k; n,kj
= qjsl , L = [i

1

F k ky
" _(sn 17 > )9

lim;en s;” C S

ﬂl F — (tln k1

L
Jections (gy, ) are pairwise orthogonal we conclude that si" e Ball(Rgg(Yo)),

" e Ball(Cfi"(Xy)) for all (n, F). This completes the proof.

THEOREM 2.5. There exists a net of finite rank contractions (f3)ea conver-
ging in the strong opemtor topology to the identity operator Iy, such that f, =
I+ Il = limjen v} uj where (v})ien C Ball(RE (Y0)), (u})ien C Ball(CE(Xo))
forall » € A.

PrOOF. If p = 0 the conclusion follows from Lemma 2.1. So we may
assume that p* # 0. From Lemmas 2.1, 2.4 there exists a net (I3, of finite
rank contractions SOT-converging to the projection p such that/, = s,¢, where
s, € Ball(Ri(Yp)), #, € Ball(Ci"(Xy)) for all A € A, and a net (g3);ea of
finite rank contractions converging in the strong operator topology to p* such
that g, = || - || — lim;ey y}x} forall A € A where

y! € Ball(R™(Yp)), x! € Ball(C™"(Xy))

4T Since s’ qi, and the pro-

forall i € N.

We denote f; = I, + g, v} = (sa, y"), ul = (6, x})7 forallA € A,i €N.
Observe that I, = SOT — hm,\eA £, and fk = |- || — limjey v}u}. Now we
have

AP = lIsisy + yEOD* | = lpsisip + pryr b ptll < 1.
Similarly ||ul.k|| <lforallA € A,i € N.
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THEOREM 2.6. The algebras Ay, By are strongly Morita equivalent. Partic-
ularly Ag = Yy ®ﬁ’go Xo, By = Xo ®Z0 Yoy as operator modules.

PrOOF. We define the bilinear map Yy x X9 — Ap : (y,x) — yx. This
map is completely contractive and By-balanced. So induces a completely con-
tractive Ag-module map 7 : Yy ®}1§0 Xo = Ap 1y ®p, x — yx. We shall
prove that 7 is completely isometric. It suffices to prove that if

mi,j

2 : i,j ij ..
Zl,j: yk ®Boxk L) l’JZIs"'sn
k=1

then

i il = H (Z y’lfjx;‘])i, H

We recall the contractions fi, (v*)sen, (U2)sen, A € A from Theorem 2.5.

If x is a compact operator then x = || - [| —lim;, x f3 ([7, Proposition 1.18]).1t
follows that z; j = || - || — limy Y3 v,/ ®g, (x;” f2). If € > 0 there exists
A € A such that

l(zi )i jll —€ < H (Z v ®s, (xk’]fx)>in_§'
k=1 '

Since x;7 fi = || - | — limyen X,/ v2u? there exists s € N such that

G om ), -5 <|(Etrom i), |
=1 ’ =1 b

But x}/v* € R"(By), so we have

mj,j
iLj i A
Il —e < [ (ot vy @) |
k=1 b
mij
i,j i,j
= (Zyk x; ) U Qp U D DV Rp, U S)‘
129}
m,',
i,j i,j A A
= (Zyk Xy ) jH”v‘Y QB U ”
mij mij
1/ i,j i,j i,j
< ( ) [ < H(Zyk ) |
ij
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Since € was arbitrary we have
mi j

i,j i,j
el = [ (2o om i), |
k=1 h

We proved that 7 is completely isometric. It remains to prove that 7 is onto
Ag. It suffices to prove that the space Imm is dense in Ayg.

Leta € Ball(Ap) and e > 0. Since a=|-| - limx fr.a there exists A € A
such that |ja — fia| < 5. But f5 = | - || — limg v u , S0 there exists s € N
such that

€
Aoh
Il fr — USMSH < 5

It follows that
la — viuial = lla — 7 (v; ®p, Wia)|| < €.
The proof is complete. Likewise we can prove that By = X ®}/’40 Yo.

We define the bilinear map ¥ x X — A : (y,x) — yx. This map is
completely contractive B-balanced and separately w*-continuous, so induces
acompletely contractive w*-continuousmap p : Y®%"X — A : y®px — yx
which is also an A-module map. We shall prove that the restriction of p on the
space Y ®% X is completely isometric and we shall use this fact in Theorem 2.9
toprovethat A=Y ®‘§h X

LEMMA 2.7. The restriction of p on the space Y ®", X is completely isometric.
ProoF. It suffices to prove that if
mi,
ai=y ' ®sx’.  ij=1....n

k=1

then

mj j

ol = |(3a) |
il < | (i),

We recall the contractions f5, (V})sen, (4*)sen, A € A from Theorem 2.5. Fix
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A € A.If € > 0O there exists s € N such that

[Ewrencts), |-
< (Z v @5 (v m)) H H (Z@i "3 vh) @5 ”?>i J”
k=1 |

_ (Zyl] z/) .(vi‘@BM?@“‘@U?@B”s
i

m;, j

=[ (o), |

It follows that

e, | = [(Sows), |

for all A € A. Since

(>l @sx?) =w —hm(Zyk ®s (' f)
k=1 iJ k=1 L

we have

[ @ni?), [ = H(Zy” ),
k=1 I "

The second dual operator space Ag* of the operator algebra Ay is also an
operator algebra with product describing in [, Section 2.5]. The product on
Ap* extends the product on Ag. With this we mean thatif t : Ag — A{* is the
canonical embedding then ((ab) = t(a)it(b) for all a, b € Ay. The following
lemma is well known, so we omit the proof.

LEMMA 2.8. The operator algebra A, (resp. B) is isomorphic as dual oper-
ator algebra with Ag* (resp. By™ ).

We are now ready to present the main theorem of this paper:
THEOREM 2.9. (A) The following are equivalent:
(i) The nests N, N> are isomorphic.

(1) The algebras Ay, By are strongly Morita equivalent.

(iii) The algebras A, B are weakly-x Morita equivalent.
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(B) If0 : Ny — N, is a nest isomorphism, X = Op(#), Y = Op(0~") then:
(1) Ag =Y, ®’]90 Xo, By = X ®Z0 Yo, as operator bimodules,

(i1)) AZY ®‘§h X,B=X ®Zh Y, as dual operator bimodules.

PrOOF. (A) (i) = (ii). This is Theorem 2.6.

(i1) = (iii). If Ap and By are strongly Morita equivalent then the operator
algebras Aj* and Bj* are weakly-* Morita equivalent, [3, Section 3]. So by
Lemma 2.8 A and B are weakly-* Morita equivalent.

(iii) = (1). Let (A, B, V, U) be a weak-* Morita context [3]. It follows
that there exist completely contractive separately w*-continuous bilinear maps
(,v) : V. x U — A which is A-module and B-balanced map and [-, -] :
U x V — B which is B-module and A-balanced map satisfying

v, x)y =ylx,y1, x'(y,x) =[x, ylx, Vx,x'eU, y,y €V,

and A = spﬁw*({(y,x) :xelU,yeV}),B= spﬁw*({[x,y] xeU,ye
V.

If N € /] wedefine 6 (N) the projection onto the space generated by vectors
of the form [xN, y](w),x € U,y € V,w € H,. Since b[xN, y] = [bxN, y]
forallb € Bwehave §(N)-BO(N) = 0s06(N) € N>. Alsoif N; < N, then
0(N1) < 0(N;) and so 0 is an order preserving map from 4] into A53.

Similarly if M € A we define o (M) the projection onto the space generated
by vectors of the form (yM, x)(§),x e U,y € V, & € H;. Themapo : N; —
M is an order preserving map.

Ifx,x eU,y e Vand N € 4 then

O(N) [xN,y] =0 = [#(N)'xN,y] =0
= [O(N)*xN, ylx' =0 = 0(N)*xN(y,x) = 0.

But the operators of the form (y, x) span the algebra A. So we have
(2.2) O(N)*xN=0=xN=60(N)xN, VxeU, NeM.
Similarly

(2.3) yM =o(M)yM, YyeV, Medh.

Ifx,x’ eU,y,y € V,N € / we have

XN, yIx'N, y'1 = [[xN*, yIx'N, y']
= [xNLt(y,x)N,y1=0 because (y,x') € Alg(A}).
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It follows that [x N+, y]#(N) =0 = [x, N*yd(N)] =O0forallx € U,y €
V, and so

2.4) N1yo(N) =0 = yd(N) = Ny6(N), VyeV, NeM
Likewise we can prove
(2.5) xo(M) = Mxo (M), YxeU, MeWM

IfNeNandx € U,y € Vthen (y,x)N = (y,xN) = (y,0(N)xN) be-
cause of (2.2). The last operator is equal to (yO(N), xN) = o (0(N))(y, x)N.
It follows that N < o (8(N)).

Similarly (y, x)*N* = (N*(y,x))* = (N*y, x)* = (N'y0(N)*, x)*
because of (2.4). On the other hand

(Nty, 0(N) x)* = (N'y, 6(N)*xo (O(N)H)*
=0 (O(N)(N1ty, O(N)*x)*.

Since Iy, = w* — lim; Y ", (v}, x))* for (yi) C V,(x}) C U we have
Nt <o(@(N))* andso N = o (O(N)).

Likewise we can prove that M = 0 (o (M)) for all M € 5. This completes
the proof of the fact that 6 is a nest isomorphism.

(B) Let & : N — A, be a nest isomorphism and X = Op(9),Y =
Op(#~"). Claim B(i) follows from Theorem 2.6.

Letp:Y ®‘l’;” X — A be the map which was defined above Lemma 2.7.
Let z € Ball(M,(Y ®‘,§h X)) for a fixed n € N. By [3, Corollary 2.8] there
exists a net (z;) C Ball(M, (Y ®’é X)) converging in the w* topology to z. It

follows that p(z;) LN p(2) in M, (A). If f, g are finite rank operators in A
we denote f" = f D f @ --- @ f and similarly for g". We have that

fpzig" TN f"p()g" = p(f"zig") M, p(f"zg").

From Lemma 2.7 it follows that f"zg" € M, (Y ®’§ X)and || p(f"zgM)| =
|| f"zg" |l for all finite rank operators f, g in A. We recall the finite rank con-
tractions (f3)ica from Theorem 2.5. For A, u € A we have

LA zf = le (Ol =1 p@ i < lp@Il.

Since zf) = w* — lim, f{'zf; we have |zf}|| < |lp(2)| for all u € A.
Now taking the w*-limit of (Zf,f)ueA we obtain ||z|| < ||p(z)||. We proved that
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themapp : Y ®(l§h X — A is a complete isometry. From Theorem 2.6 and its

proof we have that Ay = span(YyXo). The equality A = A_ow* implies
A =span” (YX) =span” ({p(y ®s x) : y € ¥, x € X}).

By the Krein-Smulian Theorem the space Imp is w*-closed and so p is onto
A. Similarly we can prove that B = X ®9" Y, as dual operator modules.

3. Spatial Morita equivalence and nest algebras

In this section we shall investigate the relation between weak-* and spatial
Morita equivalence for nest algebras. We give the definition of spatial Morita
equivalence:

DEerINITION 3.1 (I. G. Todorov). Let C, D be w*-closed algebras acting
on the Hilbert spaces K, K, respectively. We say that C and D are spatially
Morita equivalent if there existsa D—C bimodule V C B(K, K;)andaC—D
bimodule U C B(K,, K1) such that C = spanw*(UV), D = spanw*(VU).

We also need the following notions: If .Z is a set of projections acting on
the Hilbert space H the set

Alg(F)={x € B(H): ptxp=0,Yp e %)

is an algebra. An algebra A is called reflexive if there exists a set of projections
Z suchthat A = Alg(%). In the special case where % is a complete lattice of
commuting projections containing the zero and identity operators the algebra
Alg(Z) is called a CSL algebra and the lattice . is called a CSL lattice.
Obviously, nest algebras are CSL algebras. If A is an algebra acting on the
Hilbert space H the lattice

{p e pr(B(H)) : ppr =0,Vx e A}

is called the lattice of A and we denote it by Lat(A). If .# is a CSL lattice then
Lat(Alg(%)) = 7, [1], [8].

Two spatially Morita equivalent algebras are not always weakly-x Morita
equivalent even in the case one of them is a CSL algebra:

ExamPLE 3.2. Let C be a nest algebra. We denote the algebras A = C & C

and 0 beua
B:{(O b ):a,beC}.

Observe that A is a CSL algebra whose lattice is

Lat(A) ={p®q : p,q € Lat(C)}.
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Since the center of C is trivial [7, Corollary 19.5] the center of A is Z(A) =
C & C and the center of B is

Z(B):{(g “;A):A,Mec}.

We also denote the spaces

x={(5 3 )ravech v={(§ 1)ianec)

We can check that X is an A — B bimodule, Y is a B — A bimodule and
XY = A, YX = B. So the algebras A, B are spatially Morita equivalent. If
A and B were weakly-x Morita equivalent by [3, Theorem 3.7] they would
have isomorphic centers through a completely isometric homomorphism. This
is a contradiction because Z(A) is a von Neumann algebra and Z(B) is a
non-selfadjoint algebra.

Despite the above example, in [10] we proved that two CSL algebras are
spatially Morita equivalent if and only if their lattices are isomorphic, so by
Theorem 2.9 we conclude the following theorem:

THEOREM 3.3. Two nest algebras are spatially Morita equivalent if and only
if they are weakly-x Morita equivalent.

Also despite Example 3.2 we have the following theorem:

THEOREM 3.4. Let A be a nest algebra, B be a unital dual operator algebra
and B be a completely isometric normal representation of B such that A and
B(B) are spatially Morita equivalent. It follows that A and B are weakly-*
Morita equivalent.

Proofr. By[10, Theorem4.1, Remark 4.2] 8(B) is anest algebra whose nest
is isomorphic with the nest of A. The conclusion follows from Theorems 2.9
and 3.3.

THEOREM 3.5 (Blecher-Kashyap). If A, B are weakly-x Morita equivalent
unital dual operator algebras, for every completely isometric normal repres-
entation a of A there exists a completely isometric normal representation 8 of
B such that the algebras a(A), B(B) are spatially Morita equivalent.

PrOOF. Suppose that (A, B, X, Y) is a weak-x Morita context [3]. We con-
struct the proof by using arguments and ideas which appeared in [3]. If ¢ is a
completely isometric normal representation of A on the Hilbert space H the
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tensor product K = Y ®7" H with its norm is a Hilbert space on which B is
represented through the w*-continuous complete isometry § given by

BbL)y®h)=(by)®h VYbeB,yeY heH.

Also Blecher and Kashyap prove that the maps ¢ : ¥ — B(H,K), ¥ : X —
B(K, H) given by ¢(y)(h) = y ® h and Y (x)(y ® h) = a((x, y))(h) are
w*-continuous complete isometries. See [3] for the properties of the bilinear
map (-,-) : X x ¥ — A. We can easily check that {(X) is an «(A) — B(B)
bimodule, ¢ (Y) is a 8(B) — a(A) bimodule and

a(A) = span”” (Y (X)$(Y)), B(B) =span”” (¢ (Y)Y (X)).

COROLLARY 3.6. If A is a nest algebra and if A and B are weakly-x Morita
equivalent then there exists a completely isometric normal representation 8 of
B such that B(B) is a nest algebra.

ProoF. Theorem 3.5 implies that there exists a completely isometric normal
representation 8 of B such that the algebras A and B(B) are spatially Morita
equivalent. From [10, Remark 4.1] the algebra 8(B) is reflexive and from [10,
Theorem 4.2] the lattice of 8(B) is isomorphic with the nest of A. So B(B) is
a nest algebra.

COROLLARY 3.7. If A is a CSL algebra which is not a nest algebra then A
is not weakly-x Morita equivalent with a nest algebra.

Proor. Corollary 3.6 implies thatif A was weakly-x Morita equivalent with
anest algebra then it would have a normal completely isometric representation
a such that ¢ (A) is anest algebra. This is a contradiction since as we can easily
check a(Lat(A)) = Lat(x(A)).

4. A stable isomorphism theorem for nest algebras

In this section we are going to present a new theorem which characterizes the
stable isomorphism of separably acting nest algebras.

DEeFINITION 4.1. Two dual operator algebras C, D are called stably iso-
morphic if there exists a Hilbert space H and a completely isometric, w*-
bicontinuous isomorphism from the algebra C ® B(H) onto the algebra D ®
B(H), where ® is the normal spatial tensor product.

We give two relevant definitions:

DErINITION 4.2 ([10]). Let C, D be w* closed algebras acting on Hilbert
spaces H; and H, respectively. If there exists a TRO.# C B(H, H,), i.e.
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a subspace satisfying JM* M C M, such that C = Span® (M* D) and
D = span® (M CM*) we write C £ D. We say that the algebras C, D are
TRO-equivalent if there exists a TRO . such that C L D.

DEerINITION 4.3 ([11]). Let C, D be abstract dual operator algebras. These
algebras are called A-equivalent if they have completely isometric normal
representations ¢, ¥ such that the algebras ¢ (C), ¥ (D) are TRO-equivalent.

In [13] we proved the following theorem:

THEOREM 4.4. Two unital dual operator algebras are stably isomorphic if
and only if they are A-equivalent.

Blecher and Kashyap have shown that A-equivalence implies weak-* Mor-
itaequivalence [3, Section 3]. The converse does not hold. The counterexample
is [12, Example 3.7]. We shall give a new proof of this fact in Example 4.10.

Theorem 3.2 in [12] implies the following corollary:

COROLLARY 4.5. Two nest algebras are A-equivalent if and only if they are
TRO-equivalent.

In what follows if X is a subset of B(H) where H is a Hilbert space we
denote by X’ the commutant of X and by X” the algebra (X’)’. In [10] we
proved the following criterion of TRO-equivalence for reflexive algebras:

THEOREM 4.6. Two reflexive algebras C, D are TRO-equivalent if and
only if there exists a *-isomorphism § : (C N C*) — (D N D*) such that
d(LatC) = Lat D.

Comparing Theorems 4.4, 4.6 and Corollary 4.5 we get the following:

COROLLARY 4.7. The nest algebras Alg N, Alg N, are stably isomorphic if
and only if there exists a x-isomorphism § : N|" — N, such that §(N}) = N,.

In the rest of this section we fix two nests .47, /5 acting on the separable
Hilbert spaces H,, H, respectively and we denote A = Alg A, B = Alg 5.
We use now extensively notions from [7, Section 7]. If & (resp. w) is a unit
separating vector for the algebra /" (resp. /") we define the order isomorph-
ism ¢ (resp. ¥,,) from A} (resp. A3) onto a closed subset of the interval [0, 1]
given by ¢z (N) = [N (£)||* (resp. Yo, (M) = | M (@) ?).

Suppose that [0, 11\ ¢e (V1) = U, (ln, r2) and [0, 1]\, (N2) = U, (1, 50)-
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If m is the Lebesgue measure we define the measures g, v, given by

we(S) = m(S N Ge(M)) + D (rw — 1)

rm€S

Vo (8) = m(S N Y (N2)) + Y (su — ta),

sy €S

for every Borel subset S of [0, 1]. We denote ./, (resp. #,) the nest {M, : 0 <
s < 1} € B(L*([0, 1], pg)) (resp. {Ny : 0 < s < 1} C B(L*([0, 1], v,)))
where M, (resp. N;) is the projection onto the space L>([0, s], ne) (resp.
L2([0, 51, vo)).

The algebra 4| is *-isomorphic with the algebra L*°([0, 1], ug) (resp.
L>([0, 1], v,,)) acting on the Hilbert space L2 ([0, 1], W) (resp. L?([0, 1], vy))
through an isomorphism mapping the nest ] (resp. A3) onto #; (resp. /).

We denote by AbsHom ([0, 1]) the set of order homeomorphisms « : [0, 1]
— [0, 1] which satisfy the property m(S) = 0 = m(«(S)) = 0. The theorem
below describes when two separably acting nest algebras are stably isomorphic.

THEOREM 4.8. The algebras A, B are stably isomorphic if and only if there
exist separating unit vectors & for N/,  for /)" and « € AbsHom([0, 1])
such that a(¢pg (M) = Y (N2).

ProOF. Suppose that the algebras A, B are stably isomorphic. From Corol-
lary 4.7 there exists a x-isomorphism § : A]" — A} such that §(A}) = N>.
Fix separating unit vectors & for /", and w for .#,". Taking compositions we
obtain a x-isomorphism

80 L™([0, 11, pe) — L=([0, 11, v,)

such that ’5(/%1) = ;. Every isomorphism between maximal abelian selfad-
joint algebras is implementing by a unitary. So the nests .4, ./, are unitarily
equivalent. By [7, Theorem 7.23] there exists « € AbsHom([0, 1]) such that
o (e (M) = Y (N5).

Conversely if there exist such &, w and «, by the same theorem there exists
a unitary u € B(L*([0, 11, ue), L*([0, 1], v,,)) such that u*Mou = M. 1t
follows that L*°([0, 1], ug) = u*L*>([0, 1], v,)u. Taking compositions we
take a s-isomorphism § : A{" — )’ such that §(#7) = ;. Again from
Corollary 4.7 we conclude that the algebras A and B are stably isomorphic.

REMARK 4.9. If there exist separating unit vectors & for A", w for 4;" and
o € AbsHom([0, 1]) such that «(¢: (A1) = ¥, (N2) then for all separating
unit vectors & for A{" and w, for A7’ there exists «; € AbsHom([0, 1]) such
that o; (¢g, (N1)) = ¥, (N2). This is a consequence of [7, Proposition 7.22].
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The next example shows that weak-* Morita equivalence is strictly weaker
than A-equivalence.

ExaMPLE 4.10. Let C be the Cantor set, ¥ be an order homeomorphism
of [0, 1] such that m(y (C)) > 0. Suppose that [0, 1]\ C = |, (/,, r,) and
[0, 11\ y(C) = U, (t., s»). We denote by 1 the measure

w(S) =Y (ra—1ln)

€S

and by v the measure

v(8) =m(SNy(C))+ Y (sn—tu).

SRS

We denote ./, (resp. ./>) the nest {M : 0 < s < 1} C B(L?([0, 1], w)) (resp.
{N; : 0 <5 < 1} C B(L%*([0, 1], v))) where M, (resp. N;) is the projection
onto the space L([0, s], i) (resp. L2([0, 5], v)).

The map 6 : My — M>, : Mg — N, is a nest isomorphism, so by
Theorem 2.9 the algebras A = Alg.#,, B = Alg /, are weakly-+* Morita
equivalent. If the algebras A, B were A-equivalent by Theorem 4.8 there would
exist unit vectors & for |, w for M and a € AbsHom([0, 1]) such that
a(¢s (M) = Y, (M>). From[7, Proposition 7.22] we have that m(¢g (M) =
m(C) = 0 and since m(y (C)) > 0 we have that m(y,,(#>)) > 0. This is a
contradiction.

5. A counterexample in Morita equivalence

In this section we shall use the notions of TRO equivalence, of A-equivalence,
of stable isomorphism and we shall consider nest and CSL algebras. See the
appropriate definitions in Sections 1, 3 and 4. If C and D are unital operator
algebras which are strongly Morita equivalent then for every € > 0 there
exists a completely bounded isomorphism from C ®ui, & onto D ®,in K
with ||plles < 1 + € and |[p~ s < 1 + €, where 7 is the C*-algebra of
compact operators on a separable infinite dimensional Hilbert space H and
®min 18 the spatial tensor product [6, Corollary 7.10]. It follows that for every
€ > 0 there exists a completely bounded w*-continuous isomorphism o from
C*™ ® B(H) onto D** @ B(H) with ||o|lcs < 1 +€and o™ s < 1 + ¢,
where ® is the normal spatial tensor product. One may wonder, if the operator
algebras C** and D** are stably isomorphic.

In this section we give a negative answer to this question. We present a
counterexample of unital strongly Morita equivalent algebras C and D whose
second duals are not stably isomorphic. Moreover for these algebras there
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exist normal completely isometric representations ¢ and v such that for every
€ > 0 there exists an invertible bounded operator T; satisfying ||7.|| < 1 + €,
1T < 1+ €, ¢(C™) = T, 'y (D*)T. and ¢(C) = T, 'y (D)T..

Two nests A" and . acting on the separable Hilbert spaces H and K
respectively are called similar if there exists an order isomorphism 6 : A —
M which preserves dimension of intervals. We say that an invertible operator
S € B(H, K) implements 0 if (N) is the projection onto SN (H) for all
N € . In what follows if C is an operator algebra, A(C) is its diagonal
cnc.

We fix similar nests A" and .# with corresponding nest algebras A =
Alg(N') and B = Alg(#). We also assume that A(A) is a totally atomic
maximal abelian selfadjoint algebra (masa in sequel) and A(B) is a masa with
a nontrivial continuous part, [7, Example 13.15]. Suppose that 6 : /" —
is an order isomorphism implementing similarity for A", 4. We denote by A
(resp. Byp) the algebra of compact operators belonging to A (resp. B) and by
A (resp. Bp) the operator algebra Ay + Cly (resp. By + Clk). We denote by
X the space Op(#) and by Y the space Op(6~!).

THEOREM 5.1 (Davidson, [7, Theorem 13.20]). For every € > 0 there exists
an invertible bounded operator S, which implements 6 such that || S¢|| < 1+¢,
||S€_1|| < 14 €. (Observe that S, € X and SE_1 €Y foralle > 0.)

Suppose that j : A; — A}" is the canonical embedding. We denote by J,
the space j(Ao)w .

LEMMA 5.2.
(i) AT*=Ja+CI
(1) J,NCI =0.

ProoF. (i) Since |A| < |la+Alg|| forall compact operators a the functional
p: Al —>C:a+ My —> A

belongs to A}. If x € A" by the Goldstine Theorem there exists a net (a; +
Aily) C Ao+ Cl converging in the w*-topology to x. Since (A;) converges to
p(x) the net (a;) convergestoa € J4y andsox =a + p(x) € J4 + Cl.

(ii) Since p|a, =0if Al € Jothen A =0.So J, NCI = 0.

Suppose that ¢ : Ag — A{" is the canonical embedding. There exists a w*-
continuous completely isometric onto homomorphism¢ : A — Aj* extending
L.

The map ¢|a, : A1 — Ag* extends to a w*-continuous completely con-
tractive map ¢ : A7* — A" satisfying ¢(j(a)) = ¢(a) foralla € A;. Also
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the completely contractive map j|4, : A9 — A]" extends to a w*-continuous
completely contractive map k : A§* — A7* such that k¥ (t(a)) = j(a) for all
a € Ap. Sothe map ¢ ok : AJ* — AJ" satisfies

¢ oR(t(@) = ¢(j(a)) = p(a) = t(a)

foralla € Ay. Itfollows that gox = id 4z Therefore i is a complete isometry.
We denote by 6 the w*-continuous completely isometric homomorphism
Ko¢:A— A7*. Observe that

0(A) = R($(A) =R1(A0)" ) = J(A0)" = Ja.

Suppose that p is the projection 8 (/). Lemma 5.2 implies that p* # 0 and
At = J, & Cpt.

LeEmMA 5.3. The algebra A" is completely isometric and w*- continuously
isomorphic with the algebra A @ C acting on the Hilbert space H & C.

Proor. We define the map 6 and the projection p as in the above discussion.
We also define the completely isometric normal representation

T A =J,®Cpt > BH®CQ :a®ip- = 0 '(@)® 2

which is onto A & C.

For every € > 0 we denote by T; the bounded invertible operator S, Pidc €
B(H & C, K & C). We also denote the spaces U = X C C B(HPC, K Q)
andV =Y®CC B(K®C, HHC). Note that U isa B C— A @ Cbimodule
and Visan A @ C— B & C bimodule.

By the above lemma 7 (A7*) = A® C. If j : Ay — A}" is the canonical
embedding we deduce 7 (j(a)) = a @0 foralla € Ap and w(j(ida,)) =
idygc. Thus,

w(j(Ay)) = span{a ® 0, idggc, a € Ap}.

Similarly if j, : By — B{™ is the canonical embedding there exists a normal
completely isometric onto homomorphism p : Bf* — B @ Csuch that

p(j2(B1)) = span{b @ 0, idggc, b € Bo}.
Since SG_IBOSG = Ap and SG_IBSG = A we conclude that
T p(aBT. = w(j(AD), T, 'p(BY)T. = n(ATY)

forall ¢ > 0.
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In the following Lemmas 5.4, 5.5 we identify the algebras AT* with A ® C,
Bi* with B ® C, A; with w(j(A)) and By with p(j>(B1)).

LEMMA 5.4. The algebras AT* and BY* are weakly-* Morita equivalent.

Proor. Let U, V and T,, € > 0 be as in the above discussion. The com-
pletely contractive bilinear map V x U — A7* : (v, u) — vu is separately
w*-continuous, B{*-balanced and A}*-module map. Hence, it induces the w*-
continuous completely contractive and A}*-module map

r:V®%?*U—>AT*:v®BT*u—>vu.

We shall prove that 7 is isometric: If (v;) C V, (u;) C U and € > 0 we have:

H Z Vi @py U )
i=1

Since T.v; € UV C B{* the last norm is equal with

) _ H(Tg‘ ®p; Te)<2n: ”i”")H

i=

n
2o
i=1

n
= HZ(TE_ITJ;’) ®pp Ui |-
i=1

n
H Z T ®pr (Teviuy)
i=1

< 17T

< (L + 2|3 v
i=1
We let ¢ — 0 and we have that

n n
S =[S )
i=1 i=1

Similarly we can prove that T is completely isometric. The equality A =
span” (Y X) implies that AT = span” (VU). Therefore, by the Krein-Smu-
lian Theorem 7 is onto A}*. The proof of the fact B{* = U ®‘/§}T’* V is similar.

LEMMA 5.5. The algebras A\ and B are strongly Morita equivalent.

Proor. It suffices to prove that they have equivalent categories of left oper-
ator modules [2]. If C is an operator algebra we denote by cmod the category
of left operator modules over C. We assume that every Z € ¢mod is essential,
i.e. the linear span of CZ isdense in Z. If Z;, Z, € ¢mod the space of morph-
isms Hom¢ (Z, Z,) is the space of completely bounded maps F : Z; — Z;
which are C-module maps.
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We fix an operator T = T, for ey > 0.If Z € 4, mod then Z** is a left dual
operator module over AT* in a canonical way [5, 3.8.9]. We denote by % (Z)
the subspace of U ®‘/§i’* zZ**

F(Z) =span(Ta @a+z:a € A1,z € Z).
Since U ®9" 7= £ is a left operator module over By™ and
b(Ta @ur2) = (bTa) @ar 2 =T(T~'bTa) @ 2

with T~!'bT € A, for all b € B;, we deduce that % (Z) is a left operator
B;-module.
If W € p,mod, we denote by & (W) the subspace of V ®%?* W

Y(W) =span(aT ™' @p+w:a € A, we W).

Since V ®J" B W** is a left operator module over A7*, ¥(W) clearly belongs
to o, mod.
The space

G(F(2)) =span(axT ™' @pr Tay @arz: a1, a2 € Ay, z € Z)

is a left operator module over A; and subspace of the space V ® B U ®f{*'* AN

The w*-Morita equivalence A7* = V ®% B** U, Bi* = U ®9 A** V induces ([3,
Theorem 3.5]) a complete isometry

V® U® L2 — 77 v @pr U @ar 2 — VUL
which restricts to a completely isometric map
Rz :9(F(2) > Z:a,T™ @pr Tay @ar 2 = ara12

forall a;,a; € Ay, z € Z. This map is clearly onto Z.

Every morphism F € Homy,(Z;, Z,) can be extended to a morphism
F belonging to Hom®, e (Z7*, Z3"), the space of w*-continuous completely
bounded A}*-module maps. (The paragraph [5, 1 4 8] can be used as a proof).

Dueto weak * Morita equivalence A™* = V @9 B U,Bi*=U ®‘j‘i’* V, there

exists ([3, Theorem 3.5]) a normal completely contractive functor & F between
the left dual operator modules of A7* and B{* such that

F(F): UL Zi — UG Z5" 1 u @ 2 — u®ap F(2).

Since ~ ~
F(F)(Ta ®ar z) =Ta Qa F(2)
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foralla € Ay, z € Z; the operator 9?(?7\) maps # (Z,) into ¥ (Z,). As aresult
we are enabled to define

F(F) = F (B : F(Z)) - F(Zo).

We can easily check that # (F) € Homg, (#(Z,), #(Z,)).

This way we define functors # : 4, mod — g mod and ¢ : g mod —
4,mod. Using the above complete isometries {R; : Z € 4, mod} we prove that
the functor 9% is equivalent to the identity functor 1 4, mod and the functor #%
is equivalent to the identity functor 1, mod-

THEOREM 5.6. Strong Morita equivalence of unital operator algebras doe-
sn’t imply A-equivalence of the second dual operator algebras.

ProOF. We recall the unital operator algebras A; and B; which are strongly
Morita equivalent by the above lemma. We shall prove that the algebras A}*
and B[ are not A-equivalent. Suppose that they are A-equivalent. We define
the completely isometric normal representation (see Lemma 5.3)

T AT > BH®O:a®rpt — 0 (a) DA
The algebra 7w (A7) = A @ Cis a CSL algebra with lattice
{(N®O,NpC: N e N}

Suppose that Bf* = Jp@®Cq* where g is the identity of the algebra J and Jp is
isomorphic with the algebra B. By [12, Theorem 2.7] there exists a completely
isometric normal representation o of B{™* on a Hilbert space K; @& K, of the
form o (b ® Agt) = 01(b) @ Ak, forall b € Jg, A € Csuch that the algebras
m(A7*), o (Bf*) are TRO equivalent. Since w (A7*) is a CSL algebra, o (B}™)
is also a CSL algebra, [10, Remark 5.5]. Thus the algebra o (B{™) contains a
masa and hence dim K, = 1. Therefore we are enabled to assume that o (B}™)
is a CSL algebra acting on K| & C.

Since A(A) (resp. A(B)) is a masa, then A(w(AT*)) (resp. A(o (Bf*)))
is also a masa. The algebras A(w (A7¥)), A(o (B{™)) are TRO equivalent [10,
Proposition 2.5], but TRO equivalence between masas is a unitary equival-
ence (use for example [10, Theorem 3.2]). This is a contradiction because
A(w(AT*)) = A(A) @ Cis a totally atomic masa and the masa A(o (Bf*)) =
A(B) @ Chas a nontrivial continuous part. As a result the algebras A}*, B}*
are not A-equivalent.
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