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SQUARE FUNCTIONS FOR RITT OPERATORS ON
NONCOMMUTATIVE L?-SPACES

CEDRIC ARHANCET*

Abstract

For any Ritt operator 7" acting on a noncommutative L”-space, we define the notion of completely
bounded functional calculus H*°(B,) where B, is a Stolz domain. Moreover, we introduce the
‘column square functions’

”x”p,T,c,a = ‘

+00 1
<Zk2a71 |Tk71 I - T)a(x)‘Z)
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and the ‘row square functions’
+o0 %
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for any ¢ > 0 and any x € LP(M). Then, we provide an example of Ritt operator which
admits a completely bounded H°°(B, ) functional calculus for some y € ]O, Z [psuch that the
square functions |- ||, 7,c.a (OF [|-|l p,7,r,«/) are not equivalent to the usual norm ||-|| .» (7). Moreover,
assuming 1 < p < 2and o > 0, we prove that if Ran(/ — T') is dense and 7 admits a completely
bounded H*° (B, ) functional calculus for some y € ]O, %[ then there exists a positive constant
C such that for any x € LP(M), there exists x;, xp € LP(M) satisfying x = x| + xp and
Ix1llp,7c,0 + II%2llp,7,r, < CllxllLe (). Finally, we observe that this result applies to a suitable
class of selfadjoint Markov maps on noncommutative L?-spaces.

1. Introduction

Let M be a semifinite von Neumann algebra equipped with a normal semifinite
faithful trace. For any 1 < p < oo, we let L” (M) denote the associated (non-
commutative) L”-space. Let T be a bounded operator on L”(M). Consider

the following ‘square function’
+00 5
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ifl < p<2and

’

+00 %
‘(Z kT (x) — T"—l(x)|2)
k=1 Lr(M)

+o0
H (Z k|(T*(x) — T’H(x))*lz) }
k=1 Lr(M)

if2 < p < oo, defined forany x € L”(M). Such quantities were introduced in
[13] and studied in this paper and in [2]. Similar square functions for continuous
semigroups played a key role in the recent development of H°°-calculus and its
applications. See in particular the paper [9], the survey [12] and the references
therein.

Foranyy € ]O, % [ let B, be the interior of the convex hull of 1 and the disc
D(0, siny). Suppose 1 < p < oco. Let T be a Ritt operator with Ran(/ — T')
dense in L?(M) which admits a bounded H*°(B,) functional calculus for
some y € ] 0, %[ i.e. there exists an angle y € ]O, 1[ and a positive constant
K such that [|o(T) ||rm)— ey < K@l (s, for any complex polynomial
@. A result of [13] essentially says that

@) xllpra= maX{

o=

3) lxllee oy = Ixllp. 71, x e LP(M)

(see also [2, Remark 6.4]). Now, consider the following ‘column and row
square functions’

1

+00 3
) Ixlp.7.c1 = H (Zk |T*(x) — Tk_l(x)|2)
k=1

LP(M)

and

(5) Ixlprr = ” (fk |<T’<(x) - T"l(x))*‘Z)é
k=1

defined foranyx € L?(M). Assume 1 < p < 2. Inthis context,ifx € L? (M),
it is natural to search sufficient conditions to find a decomposition x = x| + x;
such that ||x||,,7.c,1 and ||x2|| 5, 7.1 are finite. The first main result of this paper
is the next theorem. It strengthens the above equivalence (3) in the case where
T actually admits a completely bounded H (B, ) functional calculus, i.e. there
exists a positive constant K such that [|¢(T) ||co, e )Ly < Kl @llm=s,)
for any complex polynomial ¢.

Lr (M)
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THEOREM 1.1. Suppose 1 < p < 2. Let T be a Ritt operator on LP (M)
withRan(I —T) dense in LY (M). Assume that T admits a completely bounded
H>(B,) functional calculus for some y € ]O, %[ Then we have

lxlioany = inf{Ilxillp .1 + Ix2llp 7t : X =x1+x2},  x € LP(M).

In this context, it is natural to compare the both quantities of (4) and (5).
The second principal result of this paper is the following theorem. It says that
in general, ‘column and row square functions’ are not equivalent.

THEOREM 1.2. Suppose 1 < p # 2 < oo. Then there exists a Ritt operator
T on the Schatten space S?, with Ran(I — T) dense in S?, which admits a

completely bounded H*(B,) functional calculus for some y € ]O, %[ such

that x|
T,c,1 .
S {#'xeSp}:oo if 2<p<
lxlp. 7.1
and Il
Tl .
sup{#:xeS”}=oo if 1<p<?2.
”x”p,T,c,l

Moreover, the same result holds with |||, 7.c,1 and ||-|| 7.1 switched.

The paper is organized as follows. Section 2 gives a brief presentation of
noncommutative L”-spaces and Ritt operators and we introduce the notions of
Col-Ritt and Row-Ritt operators and completely bounded H*° (B, ) functional
calculus which are relevant to our paper. The next section 3 mostly contains
preliminary results concerning Col-Ritt and Row-Ritt operators. Section 4 is
devoted to prove Theorems 1.2. In section 5, we present a proof of Theorem 1.1.
We end this section by giving some natural examples to which this result can
be applied.

In the above presentation and later on in the paper we will use < to indicate
an inequality up to a constant which does not depend to the particular element to
which itapplies. Then A(x) ~ B(x) will mean that we both have A (x) < B(x)
and B(x) < A(x).

2. Background and preliminaries

We start with a few preliminaries on noncommutative L”-spaces. Let M be a
von Neumann algebra equipped with a normal semifinite faithful trace . Let
M be the set of all positive elements of M and let S, be the set of all x in M.
such that 7(x) < oo. Then let S be the linear span of S;. Forany 1 < p < oo,

define 1
Ixlraany = (z(x17)) 7, x €S,
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where |x| = (x*x)% is the modulus of x. Then (S, |||/ »(a)) is a normed space.

The corresponding completion is the noncommutative L”-space associated

with (M, ) and is denoted by L?(M). By convention, we set L*°(M) = M,

equipped with the operator norm. The elements of L”(M) can also be de-

scribed as measurable operators with respect to (M, 7). Further multiplication

of measurable operators leads to contractive bilinear maps L? (M) x LY(M) —
1

L" (M) forany 1 < p,q,r < oo such that % + é = - (noncommutative

Holder’s inequality). Using trace duality, we then have L?(M)* = LP" (M)
isometrically for any 1 < p < oco. Moreover, complex interpolation yields
LP(M) = [L*®(M), L'(M)] forany 1 < p < oo. We refer the reader to [25]
for details and complements.p

Let 1 < p < oo. If we equip the space B(£?) with the operator norm
and the canonical trace tr, the space L”(B(¢?)) identifies to the Schatten-von
Neumann class S?. This is the space of those compact operators x from £>

into £% such that ||x|s» = (tr(x*x)%)% < o00. Elements of B(¢?) or S? are
regarded as matrices A = [a;;]; j>1 in the usual way.

If the von Neumann algebra B(¢?) ® M is equipped with the semifinite
normal faithful trace tr ®, the space L”(B(£*) ® M) canonically identifies to
a space SP(L?(M)) of matrices with entries in L? (M). Moreover, under this
identification, the algebraic tensor product S” @ L? (M) isdense in S” (L? (M)).
We refer to [22] for more about these spaces and complements.

If 1 < p < oo, we say that a linear map on L? (M) is completely bounded
if Is» ® T extends to a bounded operator on S”(L?(M)). In this case, the
completely bounded norm || T ||¢p,.r (m)y— Ly Of T is defined by

T Nlco,zrmy— ey = IHse @ T |lse(rrmy)y—sp (L2 (M) -

We use the convention to define || T ||cp,Lr(a)—Lr a1y DY +00 if T is not com-
pletely bounded.

We shall use various £>-valued noncommutative L spaces. We refer to [9,
Chapter 2] for more information on these spaces. For any Y ,_, xx @ ax €
LP(M) ® €2, we set

n
E X @ ag
k=1

We have for any family (x;)¢> in L (M)

n n %
_ 2
Y x®ex —H(§ il )
k=1 L (M.£3) k=1

(ij’ai)xfxz‘)z

ij=1

LP(M,02) H LP(M)

Lr (M)

n
E €1 Q X

k=1

(6)

SP(LP (M)
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The space L? (M, E%) is the completion of L? (M) ® £? for this norm. It iden-
tifies to the space of sequences (xg)x>; in L” (M) such that Z:j X ® ey 18

convergent for the above norm. We define L? (M, €2) similarly. For any finite
family (x)1<k<n in L? (M), we have

n n 3
Y xu®e (Zm:ﬁ)
k=1 k=1

For any 1 < p < oo and for any x4, ..., x, € L?(M), we have

n
E X ® e
k1 Lr(M.2)

= sup{ < 1}.
LP* (M, £2)

A similar formula holds for the space L?(M, ¢?). For simplicity, we write
SI’(Ef) for L?(B(£?), E?). If 2 < p < oo we define the Banach space L? (M,
€2 =LP(M, >N LP(M,¢2). Forany u € LP(M, £2,), we have

n

Zelk & Xx

k=1

LP(M)

LP(M,e2) H SP(LP(M))

(N

n

Z(xk’ yk>L1’(M),L1’* (M)
k=1

n
Z Yk @ ex
k=1

lullLrez,) = max{||u||Lﬂ(M,zg), ”u”LP(M,Z})}-

If 1 < p < 2 we define the Banach space L”(M, Krzad) = L”(M,Zg) +
LP(M, ¢2). Forany u € LP(M, €2), we have

”u”LI’(M,Zer) = inf{”“l lzr .02y + ||“2||LP(M,£Z)}-

a

where the infimum runs over all possible decompositions u = u; + u, with
uy € LP(M, Ef) andu, € LP(M, Ef). Recall that, if 1 < p < 0o, we have an
isometric identification
®) LP(M, 62 )* = L7 (M, £2,).
Let X be a Banach space and let (g;)x>1 be a sequence of independent Rade-
macher variables on some probability space Q2. Let Rad(X) C L?(2; X) be
the closure of Span{s; ® x : k > 1, x € X} in the Bochner space L*(Q; X).
Thus for any finite family x, ..., x, in X, we have

2\

dw) .
X

n n
Seawn| =([|Eawn
k=1 Rad(X) @ll=
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If 1 € p < oo, the noncommutative Khintchine’s inequalities (see [15] and
[25]) implies

9) Rad(L?(M)) ~ LP(M, ¢>

rad/*

We say that a set # C B(X) is R-bounded if there is a constant C > 0 such
that for any finite families 71, ..., 7, in #, and x, ..., x, in X, we have

n
E & @ Xi
k=1

In this case, we let R(&) denote the smallest possible C, which is called the
R-bound of #. R-boundedness was introduced in [3] and then developed in
the fundamental paper [6]. We refer to the latter paper and to [11, Section 2]
for a detailed presentation.

On noncommutative L?”-spaces, it will be convenient to consider two nat-
urals variants of this notion, introduced in [9, Chapter 4]. Let 1 < p < oo.
A subset # of B(LP(M )) is Col-bounded (resp. Row-bounded) if there ex-
ists a constant C > 0 such that for any finite families 71, ..., T, in &, and
X1, ...,X, in L?(M), we have

(Xn: |Tk(xk)|2)

k=1

<C
Rad(X)

Z & @ Ti(xy)

k=1

Rad(X)

n 2
Lr(M) k=1 Lr(M)
n % n %
(11) (resp. H (Z |Tk(xk)*|2) < c” (Z |x;j|2) )
k=1 Lr (M) k=1 Lr(M)

The least constant C satisfying (10) will be denoted by Col(#). Obviously
any Rad-bounded (resp. Col-bounded, resp. Row-bounded) set is bounded. It
follows from (9) that if a subset &% of B(L?(M)) is both Col-bounded and
Row-bounded, then it is Rad-bounded.

Note that contrary to the case of R-boundedness, a singleton {7’} is not
automatically Col-bounded or Row-bounded. Indeed, {T} is Col-bounded
(resp. Row-bounded) if and only if T ® I, extends to a bounded operator
on LP(M, Zg) (resp. LP(M, Ef)). And it turns out that if | < p # 2 < oo,
according to [9, Example 4.1], there exists a bounded operator 7" on S? such
that T ® I,2 does not extend to a bounded operator on S” (Zf). Moreover,
T ® I, extends to a bounded operator on S” (Zf). Then, we also deduce
that there are sets & which are Rad-bounded and Col-bounded without be-
ing Row-bounded. Similarly, one may find sets which are Rad-bounded and
Row-bounded without being Col-bounded, or which are Rad-bounded without
being either Row-bounded or Col-bounded.

[T

(10) ‘
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We turn to Ritt operators, the key class of this paper, and recall some of
their main features. Details and complements can be found in [2], [4], [5], [13],
[16], [18], [19] and [27]. Let X be a Banach space. We say that an operator
T € B(X) is a Ritt operator if the two sets

(12) (T":n>0) and (nT"=T"YH:n>1)
are bounded. This is equivalent to the spectral inclusion

(13) o(T)CD

and the boundedness of the set

(14) {0=DRWO,T):|A| > 1}

where R(A, T) = (AI — T)~! denotes the resolvent operator and D denotes
the open unit disc centered at 0. Likewise we say that T is an R-Ritt operator
if the two sets in (12) are R-bounded. This is equivalent to the inclusion (13)
and the R-boundedness of the set (14).

Let T be a Ritt operator. The boundedness of (14) implies the existence of
aconstant K > O such that |A — 1|||R(A, T)||x—x < K whenever Re(A) > 1.
This means that / — T is a sectorial operator. Thus for any @ > 0, one can
consider the fractional power (I —T')*. We refer to [8, Chapter 3], [11] and [17]
for various definitions of these (bounded) operators and their basic properties.

We will use the following two naturals variants of the notion of R-Ritt
operator.

DEFINITION 2.1. Suppose 1 < p < oo. Let T be a bounded operator on
LP(M). We say that T is a Col-Ritt (resp. Row-Ritt) operator if the two sets
(12) are Col-bounded (resp. Row-bounded).

REMARK 2.2. Assume that 1 < p < oo. Let T be a bounded operator on
LP(M). Using (7), it is easy to see that T is Col-Ritt if and only if T* is
Row-Ritt on L?" (M).

We let 2 denote the algebra of all complex polynomials. Let 7 be abounded
operator on a Banach space X. Lety € ]0, %[ Accordingly with [13], we say
that T has a bounded H*°(B, ) functional calculus if and only if there exists a
constant K > 1 such that

lo(M)llx—x < Kll@lla=s,)

for any ¢ € 2. Naturally, we let:

DEFINITION 2.3. Suppose 1 < p < oo. Let T be a bounded operator on
LP(M).Lety € ]O, %[ We say that T admits a completely bounded H*°(B,)
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functional calculus if 7" is completely bounded and if /5, ® T admits a bounded
H* (B, ) functional calculus on S”(L”(M)).

Let T be a bounded operator on L” (M) and y € ]O, 7 [ Note that 7' admits
a completely bounded H*°(B, ) functional calculus if and only if there exists
a constant K > 1 such that

Mo (T lleo.Lrmy—rrony < Kll@lla=s,)

for any ¢ € 2.

3. Results related to Col-Ritt or Row-Ritt operators

In the subsequent sections, we need some preliminary results on Col-Ritt or
Row-Ritt operators that we present here. Some of them are analogues of exist-
ing results in the context of R-Ritt operators, for which we will omit proofs.

We start with a variant of [2, Proposition 2.8] suitable with our context. The
proof is similar, using [9, Lemma 4.2] instead of [2, Lemma 2.1].

ProPOSITION 3.1. Suppose 1 < p < oo. Let T be a Col-Ritt operator on
L?(M). For any @ > 0, the set

(n“(eT)" "I —oT)* :n > 1,0 €10, 11}
is Col-bounded. Moreover, a similar result holds for Row-Ritt operators.

Moreover, we need the following result [13].

THEOREM 3.2. Suppose 1 < p < oo. Let T be a bounded operator on
LP(M) with a bounded H*(B,) functional calculus for some y € ]0, %[
Then T is R-Ritt.

In the next statement, we establish a variant of the above result.

THEOREM 3.3. Suppose 1 < p < oo. Let T be a bounded operator on
LP(M). Assume that T admits a completely bounded H* (B, ) functional cal-
culus for some y € ]O, %[ Then the operator T is both Col-Ritt and Row-Ritt.

ProoF. We will only show the ‘column’ result, the proof for the ‘row’ one
being the same. We wish to show that the sets

F={T"m>0 and G={mT"-=T"YH:m>1)

are Col-bounded. We consider the operator / ® T on the noncommutative
LP-space SP(L?(M)). Then, applying Theorem 3.2, we obtain that the sets

T ={IsQT™ :m > 0} and H={mlsp @(T™ =T" Y :m > 1}
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are Rad-bounded. Now consider xi,...,x, in L?(M) and Ty, ..., T, in &.
For any finite sequence (&x)1<k<n valued in {—1, 1}, we have

” (Z |Xk|2> 2 (Z(Skxk)*(&cxk)) 2
k=1

k=1
n

E Erer1 @ Xy

k=1

Then passing to the average over all possible choices of ¢ = 1, we obtain

that . .
) 2
[(257)
k=1

By a similar computation, we have

H (Z |Tk(xk>|2) 2
k=1

It follows that

H (Z |Tk<xk>|2)2 < Rad(9) H (Z |xk|2)2
k=1 k=1

This concludes the proof of Col-boundedness of # with Col(#) < Rad(9).
The proof for the set ¥ is identical.

L (M) ‘ Lr(M)

SP(LP (M)

n

Z &x ® ex1 ® X
k=1

Lr (M)

Rad($7(L?(M)))

Lr (M)

D e ® (s ® To) (e ® xi)

k=1

Rad(S7(L?(M)))

Lr(M) LP(M)

REMARK 3.4. Suppose 1 < p # 2 < oo. The complete boundedness
assumption in Theorem 3.3 cannot be replaced by a boundedness assumption.

ProOF. We have already recalled that, there exists a bounded operator T
on S? such that {T'} is not Col-bounded. Let us fix y € ]O, %[ We may
clearly assume that o (T') is included in the open set B,,. Using the Dunford
calculus, it is easy to prove that T is a Ritt operator which admits a bounded
H*>(B,) functional calculus. The set {T'} is not Col-bounded. Hence T cannot

be Col-Ritt.

Now, we give a precise definition of ‘square functions’ which clarifies (1),
(2), (4) and (5) and a few comments. Let T a Ritt operator on L?(M). For any
a > 0, let us consider

a—3 k-1 o
X = kIR NI = 1) (x)
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forany k > 1. Ifthe sequence belongs to the space L” (M, zf), then || x| 7.c,« 18
defined as the norm of (x; )1 in that space. Otherwise, we set || x|l 5, 7,c,a = O0.
In particular, ||x||, 7.c.« can be infinite. We define the quantities ||x|| .7 .« by
the same way. The quantities ||x||, 7.« are defined similarly in [2], using the
space L? (M, £2,,) instead of L” (M, £2).

Finally, note that, if 2 < p < oo, we have

Xl p. 7.« = max{llx|lp.z.ca: 1Xlp.7.ra}-

andif 1 < p < 2, we have

Ix1lp. 7.0

. _1 _
= inf{llullLrane) + I0lLrne : uk 4+ v =k 2T = T)x, k > 1.

In [13], the following connection between the boundedness of square functions
and functional calculus is established.

THEOREM 3.5. Suppose 1 < p < oo. Let T be a bounded operator on
LP(M). The following assertions are equivalent.

(1) The operator T is R-Ritt and T and its adjoint T* both satisfy uniform
estimates

lxllp.71 < lIxllze o and  ||yllps 1 < WYl

forany x € LP(M) and y € L?" (M).
(2) The operator T admits a bounded H (B,) functional calculus for some
y € ]O, %[
Recall a special case of the principal result of [2].

THEOREM 3.6. Let T be an R-Ritt operator on LP (M) with 1 < p < oo.
For any o, B > 0 we have an equivalence

Ixllp.r.a = Ixlp.7.85 x € LP(M).

We shall now present a variant suitable to our context.

For any integer n > 1, we identify the algebra M, of all n x n matrices
with the space of linear maps E,% — Eﬁ. For any infinite matrix [c;;]; j>1, we
set

Icijllree = sup||lleij 1 Ti<i, j<n ||B(£%)
n>1
This is the so-called ‘regular norm’. We refer to [20] and [24] for more inform-
ation on regular norms.
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The next proposition will be useful. This result is similar to [2, Proposi-
tion 2.6].

PROPOSITION 3.7. Suppose 1 < p < 00. Let [c;j]i, j>1 be an infinite matrix
with ||[cijlllreg < 00. Suppose that {T;; : i, j > 1} is a Col-bounded set of
operators on LP (M). Then the linear map

LP(M, €2) — L (M, £2)

[e,T,1: &2 gy
ij1ij ij(g)ej — Z(ZcijTij(xj)>®ei
j=1 !

i=1 Nj=

is well-defined and bounded. Moreover, we have a similar result for Row-
bounded sets.

Proor. We shall only prove the ‘Col’ result. We can assume that ||[¢;; ][l reg <
I.Letn > 1. By[2,Lemma2.2], wecan write ¢;; = a;;b;; forany 1 <i, j <n
with n "

sup X:Ia,-jl2 <1 and sup lebl-jl2 < 1.

1<i<n =1 1<j<n i=1

Letxy,...,x, € LP(M)and yy,...,y, € L? (M). Since the set {T}; | i, j >
1} is Col-bounded, there exists a positive constant C such that

n

Z< cijTij(x;), yi>
=1

i=l1

LP(M),LP* (M) |

n
= Z<aijbil'Tij(xj)’yi>LP(M),LP*(M)‘
ij=1
n
= Z<Tij(bijxj),aij)’i)y,(M)pr*(M)
ij=1
2 : . :
2 2
< (Z |T;j(bijx;j)| ) H(Z |(aijyi)*| )
i.j=1 Lron A =1 Lr* )
n % n %
2\° 2
i j=1 Lran I\ o LP™ (M)

Now, we have

n n n n
2 2 2 2
D byx P =" Il (Z |bi| ) <Y Il
j=1 i=1 j=1

i,j=1
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Similarly, we have .

Z |CIUY, Z Iy,

i,j=1

Consequently

<ZcijTij(xj), yi>
j=I

LP(M),LP* (M) |

1 n 1
2 2
LP i=1 LP

Taking the supremum  over all y;,...,y, € LP (M) such that
”( > it Y]] ) ‘LI’*(M)

Z (ZQ/EJ(M)) ®e;

i=1 \j=I

i=1

1, we obtain

C Z)Cj Y e
j=1

Lp(M,€2) Lr(M,e2)

by (7). We conclude with [9, Corollary 2.12].

Now, we state a result which allows to estimate square functions ||| . 7,c.«
and |||, 7.r,« by means of approximation processes, whose proof is similar to
[2, Lemma 3.2].

LEMMA 3.8. Suppose 1 < p < oco. Assume that T is a Col-Ritt operator on
LP(M). Let a > 0.

(1) Let V be an operator on LP (M) such that TV = VT with {V} Col-
bounded. Then, for any x € LP (M), we have

” V(x)”p,T,c,a g COI({V})”x”p,T,c,oc-

(2) Letv > o + 1 be an integer and let x € Ran((I — T)"). Then

o—1
”x”p,QT,c,ot —_— ”x”p,T,c,a-

Moreover, the same result holds with ||-|| p.1.c.« Yeplaced by |||, T 1. for Row-
Ritt operators.

Now we state an equivalence result in our context similar to Theorem 3.6.

THEOREM 3.9. Let T be a bounded operator on L? (M) with 1 < p < oo.
Leta, B > 0.
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(1) If T is Col-Ritt, we have an equivalence
”x”p,T,c,oz ~ ”x”p,T,c,ﬂa X € LP(M)-
(2) If T is Row-Ritt, we have an equivalence

”x”p,T,r,oz ~ ”x”p,T,r,/S, X € LP(M)'

ProoF. The proof is similar to the one of [2, Theorem 3.3], using Proposi-
tion 3.1, Proposition 3.7, Lemma 3.8 and [9, Corollary 2.12].

4. Comparison between squares functions and the usual norm

We aim at showing Theorem 1.2. We will provide an example on the Schatten
space S”. This example also prove that in general, row and column square
functions are not equivalent (Theorem 4.3).

Let a abounded operator on £2. Assume 1 < p < co. Welet %, : S? — SP
the left multiplication by a on S? defined by %,(x) = ax and we denote
Ry + SP — SP the right multiplication. It is clear that £ and % are the
right multiplication and the left multiplication by @ on S”". Note that, by [9,
Proposition 8.4 (4)], if I — a has dense range then Ran(/ — .%,) is dense in
S”. The next statement gives a link between properties of a and its associated
multiplication operators.

PrROPOSITION 4.1. Suppose 1 < p < o00. Assume that a is a bounded
operator on £>.

(1) If a is a Ritt operator then the left multiplication £, is a Ritt operator
on SP.

(2) Lety € ]0, %[ Then £, has a bounded H>(B,) functional calculus if
and only if a has one. In that case, £, actually has a completely bounded
H>(B,) functional calculus.

Moreover, we have a similar result for right multiplication.

ProOF. We have ¢ (%) C o(a). Moreover, if . € p(a) we have R(A, .£,)
= ZLr(..a)- The first assertion clearly follows. The statement (2) is a straight-
forward consequence of

ISI’ 024 ga = g]£2®a and f(ga) = "Zf(a)’ f S P.

The proof of the ‘right’ result is identical.
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We denote by (e )x>1 the canonical basis of 2%, Now, for any integer k > 1,

we fixa, =1— zik We consider the selfadjoint bounded diagonal operator a

on ¢ defined by

“+00 —+00
(15) a(Z xkek> = Zakxkek.
k=1 k=1

It follows from the Spectral Theorem for normal operators, that the operator
a admits a bounded H*° (B, ) functional calculus for any y € ]0, %[ Thus %,
and %, admit a completely bounded H> (B, ) functional calculus for any
y € ]O, %[ (hence %, and %, are Ritt operators).

LEMMA 4.2. Assume that 2 < p < oo. Let a be the bounded operator on
02 defined by (15). If £, : S? — SP? and R, : SP — SP are the left and right
multiplication operators associated to a, we have

(16) Ixllp. % cn = Ixllse  and lxllpa,.r1 = llxllsr,  x €SP

Proor. We will only show the result for the operator %, the proof for %,
being the same. For any x € S? and any ¢ € ]0, 1[, we have

k(L)' — 0L (0)) (0L ' — 0L0) (x))
= k((ea)*'(I — 0a)x)*((0a)* ' (I — ga)x)
= kx*(I — ga)(0a)**~"(I — ga)x
= kx*(I — 0ZL,)* (@ %)** " (x).

Now, for any z € D, we have
+00

(17) Dkl =1-27
k=1

Since the operator ., is a contraction, we deduce that, for every o € 10, 1],
the operator I — (0-%,)? is invertible and that we have

+00
(18) Y k(L) D = (1 - (%)%

k=1
the series being absolutely convergent. Then we deduce that the series

+00

> k((@Z) N = 0 L) (@) (L)' (I — 0 L) (x))

k=1
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is convergent in the Banach space S7 and that

f K((0Z) ' — 02 () ((0Z)! U — 0 Z0) (x))
- 0L (I — (%)) x
= x*(I + oa)°x.
We deduce that

¥lloz,ca = [ (0 +ea)?x)* |, = [ + ) 7'x] .
Then, for any x € S?, we obtain the estimate
1XMp.02 e < INU 4+ 0a) lp@lIxllse < llxllse.
By a similar computation, for any x € S”, we have
sIxllse < Nxllp.ogyc-
Applying Lemma 3.8 (2), we deduce an equivalence
Hixllse < Ixlp,#.en < lIxlls,  x € Ran((J — £)%).

For any integer n > 1, we let d,, the bounded diagonal operator on £? defined
by the matrix diag(1, ..., 1,0, ...). Itis not difficult to see that, for any integer
n > 1, the range of %, is a subspace of Ran ((I - efa)z). Hence we actually
have

1
51%a, ) lsr < NZa, ) lp. 2,cn < NZa, () lsr, xeS n=>1
Then, on the one hand, we obtain
1Za, Ol p.zc1 < Nxllse, xeSn=>1

By [9, Corollary 2.12] and (6), this latter inequality is equivalent to

1
Y e @k LN - L)(L, (1))

k=1

SHXHS"’ xespan>1,l>1~
SP(SP)

Passing to the limit in the above inequality, we infer that

I
Y e @k LN — Lu)(x)

k=1

< lxllse, xeSPl>1.
SP(S7)




SQUARE FUNCTIONS FOR RITT OPERATORS 307

Using again [9, Corollary 2.12], we obtain that
Ixllp, %,.c.1 < llxllse, x €SP

Note, in particular that, for any x € S”, we have || x|, #, ;1 < 00. Onthe other
hand, note that, for any integer n > 1, the operators %, and .¥,; commute.
Hence, for any x € S” and any integer n > 1, we have

1%L, Olsr S || L, )|

P.Za,c,1

Letting n to the infinity, we deduce that

+00
Y e ® k2 LN — Lu)( L (x))
k=1

SP(SP)

—+00
Isr ® gd,,)(z ek ®k%$ak_](l - ga)(x))

k=1

Sr(sr)

Ixllsr < XMl p. 2, c.15 x €S8P

The proof is complete.

THEOREM 4.3. Let > 0. Let a be the bounded operator on €* defined by
(15). Let £, : SP — SPand R, : SP — SP be the left and right multiplication
operators associated to a. Assume that 2 < p < oo. Then

X ZLa.c,
{W—W:xeS”}:oo and
Xlp, %L, ra
(1 [l
X
:—p'%’r’a 1x € S”} = 00.
”x”p,%a,c,a

Assume that 1 < p < 2. Then

sup{—”x”p’%’r’a tx € S”} =00 and
Xl p,Zy,c,o
(20) g

X
: [ ”p,.%,,,c,a ‘x e Sp} — 00,
15y 20rea
Proor. By Theorem 3.9, it suffices to prove the result for one specific real
«. Throughout the proof, we will use @« = 1. We first assume that 2 < p < oo.
Given anintegern > 1, we considere = e;+---+e, € Zﬁ andx = ﬁe@e €

S?. Clearly, we have ;

xx* = E eij.

i,j=1
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Now, we have
k(LN — L)) (LU — Zom)
= k(a" (I — a)x) (@' — a)x)”
= ka" ' (I — a)xx*(I — a)a*™!

= Z ka*'(1 — a)e;;j(I — a)a*!

i, j=1
=Y (1 —a)(l —apk(aia)*e;.
i,j=1

Using the equality (17), we obtain that the series

+00
D KL = L)L = L))
k=1

is convergent in S? and that

+00
D k(LTI - L) LU = L))
k=1 "
= ) (—ap(l —ap(l —aia)e;.
ij=1
Now, note that
S 2i+j
(I =a)( —a)(l —aia;)) " = G 1

We deduce that

" 9i+j 5
11, 2,01 = H(Z ﬁem)
@42 -0

kY4
== U EEEera——— .
@2 -1

_ i+
Welet A = [(2"—.&-2/'—1)2]1<i,j<n
the above equations. We have

) n 9i+j 2 n 4i+j
I ||s§ Z<(21_|_21_1)2> Z 20 42/ —1)4

i,j=1 i,j=1

be the n x n matrix in the last right member of
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Moreover, note that

4iti 4it] 1 2 16
2t +2/ — 14 (2i +27)* 2i=j 4 2i-i +2 4li—j|

1
i1 <32 X g )~

kez

Thus we have

If4 < p < oo, we obtain

1 1 |
16l 2,01 = IAIZ, < IAIE < nt.
n

Since x = \/L;le ® e is rank one, its norm in S” does not depend on p, and it

is equal to JL;||€||§2 = /n. Then, by Lemma 4.2, we have ||x ||, #, 1 ~ /n.
We obtain the first equality of (19) in that case.
If2<p <4,wecanwrite% = ¥+§with0 < 0 < 1. Then
2

2 1-6 0
10,1 = Al 5 < TAlg " 1Al

By construction, we have A > 0, hence we have

n 2i+j
Allg = S _
1 Alls: tr(j; 2 +2) = 1)261«/) Z (21+1 n2 S Z (2!)2 "
Thus o 8 e
||x||pyr1§n n:=n 2
Recall that || x|, #, .1 & +/n. We obtain that
Ixllp.%,cq _ n? .
et > =n4.

[|x ||p,$a,r,1 ~ n%_%
Since n was arbitrary and 6 > 0, we obtain the first part of (19) in this case.
Likewise, the above proof has a ‘right analog’ which proves the second equality
of (19).
We now turn to the proof of (20). We assume that 1 < p < 2. The second
part of (19) says

1) sup{—||y||”*’$f’“1 ‘ye SP*} — 0.
Iy llp*, 2.e.1
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To prove the first equality of (20), assume on the contrary that there is a constant
K > 0 such that for any x € S?

(22) Ixllp, .1 < Kllxllp, 2,c1-

We begin by showing a duality relation between ||-|| p«, #x .1 and |||l . #, .r.1-
Lety e SP" and x € SP. For any integer n > 1, recall that d,, is the bounded
diagonal operator on £? defined by the matrix diag(1,...,1,0,...). By (18),
forany 0 < o < 1 and any integer n > 1, we have

(v, Za, ) s 50|

+00
= <y, Y k(L) VU — (0L Za, <x>>
Sr* . Sp

k=1

+o0

=) (kL) VU = (0% L0, (0))g
k=1
+o0o

= Y kLT U - 0 U + 0y,
= k2 (0N — 0% %4, (x))

< | (k2D 11 — 0 LHU + Q‘fa*)zy),@1 HS,,(@)Ilfdn M p.oyrr-
Now, it is easy to see that {.¥} is Col-bounded. We infer that
](y, gdn (x)>SP*,SP |

S [ @' = 0L i | o) 1% o

= I¥llpr.02p.callZa, () p.osrt-

Assume for a while that y € Ran((/ — °fa"‘)z). By Lemma 3.8 (2), letting o to
1, we obtain

[y L, ) s 50| S Myl 25 e Ly Ol p 21

Letting n to the infinity, we obtain

[y, X st 50| S NVl 201 X p, 2,01

According to (22) and the first part of (16), we deduce that

[0 XY s 50| S MY Npe et 1%l p, 7,c0 S N e,z e X s
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By duality, we finally obtain that

(23) Vs = IV llpe.2z.c1-

For an arbitrary y € S”", we also obtain (23) by applying it to 2 (y) and then
passing to the limit. The second equivalence of (16) says that ||y ||+ ¢+ 1 ~
|y|ls» for any y € SP". This contradicts (21) and completes the proof of the
first part of (20). The proof of the second part is similar.

For an operator admitting a completely bounded H>°(B,,) functional cal-
culus, it also seems interesting, in view of the equivalence (3), to compare
the column and row square functions with the usual norm ||-||Lr(ary. If T is a
operator with Ran(/ — T') dense in L?” (M) which admits a bounded H* (B, )
functional calculus for some y € ]0, % [, the equivalence (3) and Theorems 3.5
and 3.6 implies that

lxllzeany < N1xllp,T.e1 and lxl ey < XM p,7,m1

ifl < p<2and

lxllp,7e0 < NIxllLran and lxllp 7.1 < lxllzra

if 2 < p < oo, for any x € L?(M). The following result says that except for
p = 2, these estimates cannot be reversed:

COROLLARY 4.4. Suppose that 2 < p < oo (resp. | < p < 2). Leta > 0.
There exists a Ritt operator T on the Schatten space S?, with Ran({ — T)
dense in SP, which admits a completely bounded H* (B, ) functional calculus
withy € ]O, %[ such that

X||sr X||p,T,c,

sup{& iX € SP} =00 (resp. sup{””p—ca 1x € S”} :oo).
Ixllp.7.c.e llxllse

Moreover, the same result holds with ||-||p.7.c.« Yeplaced by ||-|lp.7 r.a-

PrOOF. One more time, we only need to prove this result for « = 1. Then,
this follows from Lemma 4.2 and Theorem 4.3.

5. An alternative square function for 1 < p < 2

Let T be a Ritt operator on L? (M), with 1 < p < 2. For any o > 0, we may
consider an alternative square function by letting

”-x”p,T,O,a = inf{”xl ”p,T,c,oc + ||x2||p,T,r,ot tx =x+ x2}

for any x € L?(M).
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Note that if T is both Col-Ritt and Row-Ritt, by Theorem 3.9, the square
functions ||x||, 7,0« and ||x||, 7,0, are equivalent for any o, 8 > 0.

Suppose that ||x|| . 7,0, is finite and that we have a decomposition x = x; +
Xy With [[x)[|p.7.c0 < 00 and |[X2]lp. 7.0 < 00. Letting uy = k*~2 TF1(1 —
T)?x; and v = k¥~ 2 T*=1(I — T)%x,, we have

TN =T = up + v, k> L.

Moreover, the sequences u and v belong to L? (M, 63) and L (M, E%) respect-
ively. We deduce that

Ixllp. 7.0 < IX1p.7.0,0 x € LP(M).

We do not know if the two square functions ||-|| ,. 7, and |-l », 7,0, are equivalent
in general. In the next statement, we give a sufficient condition for an such
equivalence to hold true.

THEOREM 5.1. Suppose 1 < p < 2. Let T be a bounded operator on LP (M)
withRan(I —T) dense in L? (M). Assume that T is both Col-Ritt and Row-Ritt.
Let a, n > 0. Suppose that T satisfies a ‘dual square function estimate’

(24) Iy 7o < WYl arys ¥ € L7 (M).
Then we have an equivalence
Ixllp.r.a ~ Ixlp 100, X €L(M).

Indeed, there is a positive constant C such that whenever x € L? (M) satisfies
lxllp,7.« < 0O, then there exists x, x, € L” (M) such that

x=x1+x2 and |xillprea + %20 7re < Clxllp 7.0

Proor. Since T is both Col-Ritt and Row-Ritt, it is also an R-Ritt operator.
Then, by Theorem 3.6 and Theorem 3.9, we only need to prove this result for
o = 1 and n = 1. Observe that, for any y € L” (M), we have

[z T+ T =T9) o | ey
< ”(1 + T*)2HLP*(M)—>LP*(M) ” (k%(T*)kil(l - T*)y)k>l ||LP*(M,(Zfad)

< W llees o
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by (24). We let

L (M) — L” (M, t%,)

» “rad
L e k— * *
y— (k2T U+ T -T )¥) a1
denote the resulting bounded map. Let x € L?(M) such that |[x]|, 71 < oo.
There exists two elements u € L? (M, Z?) and v € LP(M, Kf) such that for
any positive integer k

(25) up +ve = k2T — T)x

and such that
||M||LF(M,eg) + ||U||LF(M,e3) < 2||x||p,T,l-

Recall that we have contractive inclusions L? (M, E?) C LP(M, Erzad) and

LP(M, E%) C LP(M, ¢2). Thus, by (8), we can define x; and x, of L”(M)

rad
by * *
x1 =Z%u and X, = Z%v.

We will show that x = x; + x,. Since T is a Col-Ritt-operator, by Proposi-
tion 3.1 (or by [2, Proposition 2.8]), we infer that there exists a positive constant
C such that

+00 1 5 400 )
Z||k§Tk7](I - T)2||LP(M)—>LV(M) = Zk“ Tki](l - T)2| LP(M)—Lr(M)
k=1 k=1

+001
<CZZE < Q.
k=1

Forany 1 < p < 2, by [9, Proposition 2.5], we have the contractive inclusion
LP(M, Ef) C £2(LP(M)). We deduce that Z,jj‘f lluklli,,(M) < 00. According
to the Cauchy-Schwarz inequality, we deduce that the series

+00 “+00

1 1
§ kTN =T ue =+ T)? § k2T (1 — T)%uy
k=1 k=1

converges absolutely in L?(M). Now, for any y € L? (M), we have

((I = T)xy, y>Ln(M),LF*(M)

=(I - T)Z"u, y)Lp(M)‘L,,*(M)

. *
=(w.zUd-T )y>LI’(M,Zfad),LI’* (M2,
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= (u, (k2 (TH*'U + T2 = TH?)
+0o0

1 —
=Y (e 2 (TN = TV 1o oy
k=1

+00
1
- <Z KT = Ty, y>
k=1

Thus, we deduce that

k=1 )Ll’ (M, €2, L7" (M, €2)

LP(M),LP" (M)

+00
(26) (I =T)xi = Y k2T = T
k=1

Similarly we have

+00
1
(I—T)x, = Zka"’l(I — T2y,

k=1
Now, we infer that
+00 too
1 1
(I =T +x) =) kTN = THu + ) k3TN0 =Ty
k=1 k=1

+o0
=D kTN = T e+ v
k=1

+00
= kT =TTV U - THx by (25)
k=1
+00
=Y kT* (I + T)*(I - T)’x.
k=1

By (17), for any z € D, we have

+00
Y k1 -2) =1

k=1

Since the operator T is power bounded, we note that for every o € ]0, 1] we
have

+00
27) I=> k() - (eT)*),
k=1
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the series being absolutely convergent. Hence, for any o € ]0, 1[, we have

+o0
(I —oD)x = (I —oT) Y k(@T)*7*(I — (T)*)’x
k=1
~+00
=Y k(@T)*7>(I + oT)*(I — oT)’x.
k=1

It is not difficult to see that the latter series is normally convergent on [0, 1].
Hence, letting o to 1, we deduce that

+00
(I —T)x=> kT* (I +T)(I-T)x.
k=1

Then we obtain
I-T)x=U-T)x + x2).

Since the space Ran(/ — T') is dense in L” (M), by the Mean Ergodic Theorem
(see [10, Section 2.1]), the operator I — T is injective. Consequently, we have
X = x1+x,. Now, itremains to estimate ||x1,,7,1,c and || x2 ]|, 7.,1,-. According
to (26), we have

+o0
m2T" N1 = T)xy = Y kim2 T 2(1 — T,
k=1

for any integer m > 1. It is convenient to write this as m2Tm=! (I—-T)x =
(I + T)%y,, with

+o00
(28) Y = 3 kIm2 T2 — )2y
k=1
Now, observe that
k%m%
kem:T*m=2(] = T)* = m (k4 m — DATHm=2(1 — T2,

According to [2, Proposition 2.3] and [2, Lemma 2.4], the matrix

(=]
(k+m - 1)2 k,m>1



316 CEDRIC ARHANCET

represents an element of B(£%). Moreover, by Proposition 3.1, the set
{(k+m— DT 21 = T) tk,m > 1)

is Col-bounded. By Proposition 3.7, we deduce that (yu,)m>1 € L7 (M, Ef)
and that
Il m)m=1llLr a2y < NullLeane -

Since {T'} is Col-bounded, we have
1o
xillp.7.c1 = ” (szm - T)xl)m>1HLn(M,eg)

= “ ((I + T)2ym)m>1 “ LP(M,2) by (28)

S ” (ym)m21 H Lp(M,E%)'
Finally, we deduce that there exists a positive constant C such that

lxillp.7.cn < Cllullr,ey-

Moreover, we have a similar result for x,. Finally, we have

lxillp.ren + Ix2llprrt < CllullLraney + Cllvliraney < Cllxllpra.

COROLLARY 5.2. Suppose 1 < p < 2. Let T be a bounded operator on
LP(M)withRan(I —T) dense in L? (M) and let @ > 0. Assume that T admits
a completely bounded H> (B,) functional calculus for some y € ]O, 3 [ Then
we have an equivalence

inf{”Xl lp.7.c.0 + 1X2Mlp,7ore + X = X1 +x2} ~ lxlle s x € LP(M).

ProoF. By Theorem 3.3, the operator T is both Col-Ritt and Row-Ritt
(hence R-Ritt). Moreover, by Theorem 3.5, it satisfies a ‘dual square estimate’

Iyl o1 S Uyl an, ¥ € LP(M).

Then, by Theorem 5.1 above, the norms ||-[| 7.« and ||| 5, 7,0, are equivalent.
Furthermore, by Theorem 3.6 and (3), |||, 7.« is equivalent to the usual norm
Il L» (1), Which proves the result.

Assume now that 7 is finite and normalized, that is, 7(1) = 1. Following
[7] and [26] (see also [1]), we say that a linear map 7" on M is a Markov map if
T is unital, completely positive and trace preserving. As is well known, such a
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map is necessarily normal and for any 1 < p < oo, it extends to a contraction
T, on L?(M). We say that T is selfadjoint if, for any x, x" € M, we have

(T(x)x) = t(xT(x")).

This is equivalent to 7, being selfadjoint in the Hilbertian sense. We also

consider the operator
A,=1-T,.

The following result is proved in the proof of [13, Proposition 8.7] with
bounded instead of completely bounded. But a careful reading of the proof
shows that we have this stronger result. We refer to [8], [9], [12] and [13] for
information on H° (%) functional calculus.

PROPOSITION 5.3. Suppose 1 < p < oo. Let T be a selfadjoint Markov map
on M. Then the operator A, is sectorial and admits a completely bounded
H*>(Xy) functional calculus for some 6 € ]O, %[

Assume 1 < p < oo. At this point, it is crucial to recall that L”-realizations
T, of Markov maps T on M such that —1 ¢ o (7>) are Ritt operators, as noticed
by C. Le Merdy in [13]. Let T be a selfadjoint Markov map on M. According
to [13] and Proposition 5.3, we obtain that 7, admits a completely bounded
H®°(B,) functional calculus for some y € ]0, %[ Hence, by Corollary 5.2,
we deduce the following result which strengthens a result of [13].

COROLLARY 5.4. Suppose 1 < p < 2. Let T be a selfadjoint Markov map
on M such that —1 ¢ o (1) with Ran(I — T,) dense in L?(M). Then, for any
o > 0 there exists a positive constant C such that for any x € LP (M), there
exists xi, xo € LP (M) satisfying x = x| + x, and

1

H(ZkZa 1|Tk 1(1 T)Ol(xl)|)
+ H (Z et - T)"‘(xz))*|2>2
k=1

Lr (M)

< Clxller -
Lr(M)
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