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TWISTOR TRANSFORM OF VECTOR BUNDLES

STEPHEN A. HUGGETT and SERGEY A. MERKULOV

1. Introduction.

Let {X;,—Y |t € M} be a family of compact complex submanifolds X; of a
complex manifold Y parametrised by a complex manifold M. In this paper
we study vector bundles and linear connections on the moduli space M in-
duced from holomorphic vector bundles on the space Y. The origin of this
approach lies in the Ward transform [W] of holomorphic vector bundles £
on Y which are trivial when restricted to each submanifold X; of the family
{X;—Y |te M} We consider a more general class of holomorphic vector
bundles E on twistor spaces Y which, when restricted to a submanifold X; of
the family, have the same integer 4°(X,, E| y,) for all € M. With such a
vector bundle £ on Y there is an associated vector bundle £ on M whose
fibre at 1 € M is isomorphic to H’(X;, E| ). It is shown that provided the
cohomology groups H’(X,, E|, ®N; ) and H'( X, E|;, ®N; ) vanish (where
N, is the normal bundle of X;—7Y), the vector bundle £ induced on the
parameter space M comes equipped with a distinguished linear connection V
satisfying some natural integrability conditions (cf. [L,E,B-E]). The curva-
ture tensor of V is represented, at each 7 € M, by a cohomology class in
H! (X,7E|Xr® ©? N*) ® (HO(X,,E|XI)> . This theorem-construction gives a
very simple way to estimate the curvature tensor of an induced connection
directly from the original twistor data.

As an application, we consider a pair X — Y consisting of a complex
contact 3-fold (¥,L) and a Legendre submanifold X = CP' such that the
contact line bundle L restricts to X as O(3). Then the moduli space M of all
holomorphic Legendre deformations of X inside Y is a 4-dimensional mani-
fold which comes equipped with an induced 1-flat Gs-structure [Br2], and
any such structure arises locally in this way. Suppose that there exists a line
bundle £ — Y such that L = E®3 (such an E always exists on a sufficiently
small tubular neighbourhood of X in Y). Since the normal bundle of X is
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isomorphic to J'O(3) = C*® O(2), the above cohomology conditions on
E|y®N; are satisfied. Then the induced rank 2 vector bundle & comes
equipped with a distinguished linear connection which, as easily follows
from its integrability properties, is a ‘“‘spinor’” version of the torsion-free
connection on M with holonomy in Gj. In fact, any torsion-free connection
with holonomy in G3 can be constructed, at least locally, in this way (cf.
[Mel]). The point is that the way we prove the above mentioned theorem-
construction gives a rather simple method of computing the distinguished
linear connections from the twistor data X < Y; in particular, one may use it
to compute (as many as one would like!) explicit torsion-free affine connec-
tions with exotic holonomy G (exotic in the sense that they are missing in
the corresponding Berger list [B]). Blowing up a point in the 2-fold covering
of a neighbourhood of a (1,4) curve [Ped] in a quadric CP! x CP!, branched
along the curve, we obtain a complex 2-fold Z containing a rational curve X
with self-intersection number 3. Applying the developed machinery to the
contact manifold ¥ = P(Q!'Z), we compute an explicit example of a torsion-
free affine connection with holonomy Gj.

This example is in the class of deformation data “X — Y’ where one
should expect the most interesting applications of our theorem-contruction.
The fact that a torsion-free affine connection with holonomy G35 can be
constructed by twistor methods is a particular manifestation of the general
phenomenon [Mel]. Let X be a generalised flag variety embedded as a Le-
gendre submanifold into a complex contact manifold Y with contact line
bundle L such that Ly is very ample on X. Then the Legendre moduli space
M of the associated complete family {X;—7Y |t € M} of all Legendre de-
formations of X inside Y is an h°(X, Ly)-dimensional complex manifold
[Me2]. Such a moduli space M comes equipped with an induced irreducible
G-structure with G isomorphic to the connected component of the identity of
the group of all global biholomorphisms ¢ : Ly — Ly which commute with
the projection 7 : Ly — X. For motives explained in [Mel], irreducible G-
structures which, at least locally, arise in this way are called Poisson. The
class of Poisson G-structures is of interest for several reasons: (i) this class
includes the subclass of a// irreducible G-structures admitting torsion-free
connections; (ii) the complement of the subclass in (i) consists of G-struc-
tures with rather special invariant torsion; (iii) the theorem of Hano-Ozeki
[H-O] is not true in the category of Poisson G-structures, i.e. the class of
groups which can be realised as irreducibly acting holonomies of affine con-
nections in Poisson G-structures is restricted. The main motivation behind
our investigation of vector bundles on twistor spaces is that the resulting
machinery gives an very efficient tool for the analysis of Poisson G-struc-
tures. The application to Gj-structures shows that, in some aspects, this



TWISTOR TRANSFORM OF VECTOR BUNDLES 221

machinery is much more effective than the Cartan-Kéhler method used by
Bryant [Br2] or the twistor method used in [Mel]. It is hoped that one might
construct spinor versions of affine connections in Poisson G-structures by
decomposing the contact line bundle Ly = I;""| ®---® I,'™| as a tensor
product of the generators of the Picard group on the generalised flag variety
X and applying the theorem-construction to an appropriately assembled line
bundle £ = I @ --- @ '™ with n; < m;.

In this paper we follow the tradition of identifying vector bundles with the
associated locally free sheaves of local sections.

2. Vector bundles on twistor spaces.

2.1. Families of compact complex submanifolds. Let Y and M be complex
manifolds and let m; : Y x M—Y and m : Y x M—M be the natural
projections. An analytic family of compact submanifolds of the complex
manifold Y with the moduli space M is a complex submanifold F—Y x M
such that the restriction of the projection m on F is a proper regular map
(regularity means that the rank of the differential of v =m, |p: F— M is
equal at every point to dim M). Thus the family F has the structure of a
double fibration

Y L F Y Mm

where p = m; |p. Thus for any point ¢ in the moduli space M there is an as-
sociated submanifold X; in Y which is said to belong to the family. On the
other hand, for any point y € Y’ = U,ep X;, there is an associated subset
vopu !(y)in M. It is not difficult to show that such a subset is always an
analytic subspace of M. We denote the set of its regular points in v o u~!(y)
by «, and call it an alpha subspace of M (cf. [Pen]). The ambient manifold Y
is often called a twistor space in this context.

If F—Y x M is an analytic family of compact submanifolds, then, for
any t € M, there is a natural linear map [K]

k,: T,M—H°(X,,N,),

from the tangent space at ¢ to the vector space of global holomorphic sec-
tions of the normal bundle N, = TY[y /TX, to the submanifold X,—Y,
which can be described as follows. First note that the normal bundle of the
embedding v~!(f)<—F is trivial and thus there is a canonical map
pr: TTM—H® (v~ (1), N, -1(r). Then a composition dy o p, gives the desired
map k, for the differential of y maps global sections of N, to global
sections of Ny, y. Here the symbol N, stands for the normal bundle of a
complex submanifold 4 —B.
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Let F—Y x M be a family of compact complex submanifolds and Ng
denote the normal bundle of the submanifold F in Y x M. It is clear that,
for any t € M, Npl,(, = N;. Define Y’ = p(F), i.e. Y’ = UjepX;. Then F is
a submanifold of Y’ x M. It is not hard to check that there is a commutative
diagram with exact rows and columns

0 0
T i
OF/M = QF/M
T i
(1) 0 — wQY) — QF — QF/Y — 0
1 1 |
0 — N — QM) — QF/Y — 0
T i
0 0

where Nr is the normal bundle of F— Y’ x M, and Q'F/Y and Q'F/M are
vector bundles of p-vertical and, respectively, v-vertical 1-forms. It is clear
that, for any ¢ € M, QIF/M\V,W) ~ Q'X, and NFl, 1y~ Nt where Ny is
the normal bundle of X; in Y’. It is a subbundle of N; generated by global
sections from k(7,M) C H°(X,,N,). In particular, if the natural “evalua-
tion” map

k(T[M) ®C OX,_’N[

is an epimorphism, then A/, = N, and one obtains a commutative diagram as
above with Y’ and Ny replaced by Y and Ny respectively (cf. [B-E]). In all
examples of families of compact complex submanifolds ever considered in
the twistor theory framework, this condition holds.

We shall be interested in this paper in two kinds of maximal families of
compact complex submanifolds. The first one was introduced by Kodaira in
1962. The initial data is a compact complex submanifold X of a complex
manifold Y with normal bundle N and the object of study is the associated
set, M, of all “nearby” compact complex submanifolds, X, — Y, obtained by
holomorphic deformations of X inside Y. If H'(X,N) = 0, then, according
to Kodaira [K], X belongs to the maximal analytic family F —Y x M with
the moduli space M being an 4°(X, N)-dimensional complex manifold.
Moreover, here the canonical map k, : ;M — H°(X,, N,) is an isomorphism
for any t € M. The manifold M is called a Kodaira moduli space. It is not
hard to show that if the natural evaluation map

H’(X,,N;,) ® Ox,—N,

is an epimorphism for all 7 € v o u~!(y), then the subspace vou~'(y) C M
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has no singularities, i.e. it coincides with the alpha subspace «,. Also, in this
case N, = N,.

The second type of maximal family of compact complex submanifolds
which will be of interest to us arises from different initial data “X — Y.
Assume that the ambient manifold (‘““twistor space’) Y has a complex con-
tact structure, i.e. a corank 1 holomorphic distribution D C TY such that the
Frobenius form

&:DxD—TY/D

(v,w) —[v,w] mod D

is non-degenerate. Then dim Y = 2n + 1 for some integer n > 1 and there is a
natural contact line bundle L on Y defined by the exact sequence

0—D—TY—L—0.

Assume also that the submanifold X — Y is a Legendre submanifold, i.e.
dim X =n and TX C D. The normal bundle of a Legendre submanifold
X <Y is isomorphic to J'Ly, where Ly = L|y, and fits, therefore, into the
following exact sequence

0—0'X ® Ly— N25Ly—0.

The object of study is the set M of all “nearby” complex Legendre sub-
manifolds of Y obtained by holomorphic deformations of X inside Y. It has
been proved in [Mel,Me2] that if H'(X,Ly) = 0, then X belongs to a max-
imal family, F C Y x M, of compact complex Legendre submanifolds with
the moduli space M being an h°(X, Ly)-dimensional complex manifold.
Moreover, the canonical composition

T M+ o HO (X, N,) 25H(X,, Ly,)

is an isomorphism for any ¢t € M. The manifold M is called a Legendre
moduli space. Thus each point ¢ in M is represented by a compact complex
Legendre submanifold X; in Y, while each point y in Y’ = U,cy X, is re-
presented by an alpha subspace «, in M. It is not hard to show that if the
natural “derivation and then evaluation” map

H°(X,,Ly,) ® Oy,—J"'Ly,

is an epimorphism for all ¢, then for any y € Y’ the alpha subspace «, coin-
cides with v o u~!(y), the set of all Legendre submanifolds passing through y.
Also, in this case N, = N,.

If X —Y is a complex submanifold, there is an exact sequence of vector
bundles

0—N*—Q'Y| —0'X—0,
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which induces a natural embedding P(N*) —P(Q!Y) of total spaces of the
associated projectivised bundles. The manifold ¥ = P(Q!Y) carries a natural
contact structure such that the constructed embedding X = P(N*)—7Y is a
Legendre one [Ar]. It is not hard to show [Mel,Me2] that if
{X;—=Y |te M} is a maximal Kodaira family of compact submanifolds,
then the associated family {X, = P(N}) —P(Q'Y) |t € M} of projectivized
conormal bundles is a maximal family of compact Legendre submanifolds.

2.2. Geometric structures induced from vector bundles on twistor spaces. Let
F—Y x M be a family of compact complex submanifolds. A holomorphic
vector bundle E on Y is said to be weakly M-uniform' if the function

M — N
r — hO(X,,E|Xr)

is globally constant on M. Then using the double fibration
y £ F oM,

one may associate to E — Y a locally free sheaf € = 1°(u*(E)) on M. It is
natural to call & induced from the weakly M-uniform bundle E. For any
t € M, the corresponding fibre &£, C £ is isomorphic to HO(Xt,E|X[). If E is
non-trivial on X;, then, for any y € Y’, the restriction £ \% of £ to the alpha
surface o, has canonically a vector subbundle ¥, whose fibre at any ¢ € o,
is, by definition, the subspace of H’(X,, E| ) consisting of global sections
which vanish at y € Y’. We also define &, = 5|%/‘Zy. The following result is
a variation on the themes developed in [W,M,E,B-E,Me3].

THEOREM 1. Let F —Y x M be a family of compact complex submanifolds
and E a weakly M-uniform vector bundle on Y. If

2) H (XI,E\X@N;‘) —H (Xt,E|Xt®./\/f> -0

for all t € M, then the induced vector bundle & on M comes equipped canoni-
cally with an induced linear connection V such that

(i) At each t € M, the curvature tensor of V is represented by an element of
H' (X, E| @@ N} ® (HO(X,,E\XI)> ;

(ii) For any y € Y', the induced connection V|, preserves the vector sub-
bundle T, C €|, , i.e. the following covariant differentials

V,: T, - T,000 V) :6,-6,000

VIf F is a family of compact rigid manifolds (say, of generalized flag varieties), then one
might consider an M-uniform vector bundle E on Y whose restrictions E|y, have, by definition,
the same holomorphy type for all ¢ € M [E, B-E].
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are well defined,
(iii) For any y € Y', the induced connection V is flat.

Proor. Consider the composition
dp)y - Op -5 QUF—Q'F) Y
and notice that it extends naturally to a well-defined differential operator
Viyy s W' (E)— ' (E) @ Q'F/Y

which annuls the subsheaf ;~!(E) C p*(E). The diagram (1) implies the fol-
lowing exact sequence

0—u*(E) @ Ny —u* (E) @ v (U M) —p* (E) @ Q'F/ Y —0

whose associated long exact sequence of direct image sheaves contains the
following piece

o (WH(E)QNG) —ERQUM—1 (W (E)@Q'F/Y)—v! (1 (E) N 7)) — ...

Both 1?(u*(E) ® N';) and v!(u*(E) ® N}) are locally free on M with the
fibre at t € M isomorphic, respectively, to H°(X;, E|, ®N7) and H'(X,,
Ely@N ;). Since the latter two cohomology groups vanish by assumption,
we get a canonical isomorphism

W (W (E)@ Q' F/Y) =2 Q'M.

*

Then the descent of the diagram V,y : p*(E)—up*(E) @ Q'F/Y from F to
M induces a first order covariant differential

V= M*(VF/y) E—E® QIM

Thus the fact that £ comes equipped with an induced linear connection V is
almost obvious. In order to prove that V has properties stated in items (i)-
(iii) above, we shall discuss next a local coordinate version of the above
“diagramatic’ construction of V. The coordinate approach, though appar-
ently more dull, provides us not only with a rather elementary proof of
Theorem 1, but also with a more suitable reformulation (see Proposition 4
below) as well as with the inverse construction (see subsection 2.4). This ap-
proach is also useful in the context of the explicit construction of V in ex-
amples of interest (see section 4).

We may assume without loss of generality that the moduli space M is a
ball in C" with coordinates {¢*} (the obvious functoriality of the construction
of V given below makes it clear how to deal with the general case). Fix any
to € M and consider the associated submanifold Xy = pov~!(¢) < Y. There
is a finite Leray covering { W} of a sufficiently small open neighbourhood of
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Xo in Y by coordinate charts {W; |i € I} with local coordinate functions?,
(w?, z"), on each chart W; such that the intersection Xy N W; is given by

1771
wi =0.

On the intersection W;N W; the coordinates w{,z!" are holomorphic func-
tions of wj’ and 2,

W =RO0E), =g 2)

with ££(0,z') = 0.

The collection of coordinate domains V; = W; x M with coordinate func-
tions (wf, P, t“) is a Leray covering of an open neighbourhood of Xy x M in
Y x M. Shrinking the coordinate ball M ¢ CU™¥ a5 necessary and using the
implicit function theorem, we may describe the submanifold F—Y x M in

each coordinate chart V; by simultaneous equations of the form ([K])
Wil = (b?(zh Z‘)7

where ¢¢(z;, t) are holomorphic functions of z; = (z!") and ¢ = (¢*) which sa-
tisfy the conditions ¢¢(zi,#p) =0. For each fixed t€ M the equation
wi = ¢{(zi, t) defines a submanifold X; N W; — W,.

Thus we have constructed a finite Leray covering of F by coordinate
neighbourhoods {¥;} with local coordinate functions (z{,*) which are re-
lated to each other on the overlaps Vi N V;j as follows

Z' = g (6i(z5, 1), 73),
where ¢;(z;, f) = ((;Sj’(zj7 t)) Obviously we have
o (g (6121, 1), 73), 1) = fi (123, 1), 7).
Define the functions
wiy =i = ¢ (z,1)

and note that the collections of functions (w?, z", *) form a local coordinate

i %
system on Y x M with the property that the submanifold F —Y x M is de-
scribed in each chart V; by the equations w¢; = 0. On the intersection V; N V;
we have

2 Here and throughout the paper small Latin indices from the first half of the alphabet,

a,b,c..., take values 1, ... codimX;; small Latin indices from the second half of the alphabet,
I,m,n,..., take values 1, ... dimX;; capital Latin indices, 4, B, C..., take values 1, ...,rank&;
calligraphic indices A, B, C, ..., take values 1,..., rankE; and Greek indices take values 1,...,

dimM.
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whoo= S (i + (25, 0), 23) — o (g (wiy + ¢5(25,0), 7). 1),
@ = gl (i + (25,0, z)-

The normal bundle Ny is isomorphic to (JF/JI%)*, where Jp is the ideal
sheaf of functions on Y x M which vanish on F. Since Jr is generated over
Vi by w%, a general element o in H°(F, Nr) can be represented by a Cech 0-
cocycle, {o¥(zi,t)}, of vector-valued holomorphic functions which are
“glued” on V; N V; according to the rule

b
(3) of = Fgab Oj»
where the functions,

on?

ti

b
owy,

a
awf

G

b
zi=gij($),5) 8Wj

st
oz

i

a —
Fyp =

i

wi=6;(z},1)

wi=0 Wi=(zj,1)

form a Cech 1-cocycle, F,¢, = F{, Fi), representing the isomorphism class of
Nr as a cohomology class in H'(F,GL(codimX,Or)). The Kodaira iso-
morphism

k: TM—1°(NF)

can now be described very explicitly: take any vector field v on M and apply
the associated first-order differential operator V*0d, to each function
¢¢(zi, 1), where 9, = 9/01*. The result is a 0-cochain {of = V* 0,¢¢(z;,1)}
which, as it is not hard to show, satisfies the cocycle condition (3) thus re-
presenting an element k(v) € H'(F, Nr).

Without loss of generality we may assume that the bundle E can be tri-
vialised over each W;, with fibre coordinates 57, A = 1,...,rankE. Then, on
the intersections Wi N Wj,

siA = Gij“% sjB ,

where {Gijfl‘g(wj,zj)} is a Cech 1-cocycle representing, in the Leray covering
{W;} of Y, the cohomology class in H'(Y, GL(rankE, Oy)) associated to the
isomorphism class of E. The sheaf & = 19(u*(E)) is a free Oy-module on F.
Let {e4}, A=1,...,rank&, be a set of basis sections of £ over M. Each
section ey € H'(M,€) ~ H°(F,*(E)) can be represented, in the covering
{Vi} of F, by a Cech 0-cochain {)\?,} with coefficients in y*(E) satisfying
the cocycle condition

(4) Ai(zi 1) = Gijg’(wj’ zj) /\ji(zj’ 7).

wi=¢j(zj,1)

Taking the partial derivative of this equation with respect to t*, one obtains
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A B A A b
(5) Oy _ A a)‘jA 8Gij3 B _ Oy (’)gi';? a¢j
o 0By, Ot owb i4 oz owb o
I = I wi=¢;
(z; being held constant). Denote
A
oA = 9Gis 5 O] O8f
AT gwh 14 oz" owb
Wi=0; T lwi=d;

There is a natural projection
1H(E) ® N 5 17 (E) @ No—0.

Since in equation (5) the functions Xij bﬁ are contracted with J¢;/0t°, it is
their images under the projection i that are of interest to us.

LeEMMA 2. The 1-cochain {i(x; SO} with coefficients in p* (E) @ Ny @ v*(E)
isal-cocycle.

PRrROOF. Suppose

6{Xijbé1} = {wijkbfii}

for some 2-cochain of functions z/)ijkl;‘il with coefficients in p*(E) ® Nj®
v*(€"). Then from equations (5) it follows that

¢t
wijkbél 87(1 =0

Since the map v*(TM)— N is an epimorphism, the latter equation implies
: A
l(%’kbA) =0,

which in turn implies that the 1-cochain {i(x; )} is a 1-cocycle representing
thus a cohomology class in H' (F, u*(E) @ N @ v*(E7)).

Since, by assumption, HO(X“E|XI®N?> =H! (X,,E\X,®N';k) =0 for all
t € M, the Leray spectral sequence for v implies

H (W (E) @ Np @' (€9) = H' (0'(E) @ Np @ v*(£7)) = 0.

Therefore, the Cech 1-cocycle {ilx;; )} is a coboundary of a uniquely de-
termined 0-cochain {6, }, i.c.

(6) i(Xij bél) = -0, Fyp + Gijfl‘S b, e

Then equation (5) can be rewritten in the form

N P N5 o¢?
i 0 A i A J 0. B ~7)
+ G wi=¢; \ 01 04 or |’

6ta ibA at(x - HijiB
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which implies that the Cech cochain

ore A o

is a 0-cocycle representing, for each 4 and «, a global section of p*(E) over
F, i.e. a section of £ over M. Then

ON(zi, 1) A B A
(7) TJ+91bA(Zivf) T:FaA(Z) Ap(zi 1)

for some holomorphic functions T' 5 () on M. It is clear that the latter are
nothing but the coordinate coefficients of the induced connection V. Taking
the partial derivative of this equation with respect to ¢’ and then anti-
symmetrising on « and 3 one obtains the equality

9 (21, 1)

¢l ¢l
(8) Va QibAA a—té - Vg eibAA 87(1 = Faﬂi )‘ié
where
Va aibél = 8a91bé1 - Faljl 911;“3‘3
and

B B B C B C B
FyﬂA = 80¢F‘(3A - aﬂF(yA + FaA F;[)’C - FﬁA PuC

C

is the curvature tensor of the induced connection. Straightforward calcula-
tions show that

ag"
) ’5{V<v eiaél = {Pijaf:‘A 8—Z°JV}

for some l-cochain  {p; A3 on  F  with coefficients in
w(E)® ©>*Nj ®v*(E). Then the statement (i) of the Theorem follows im-
mediately from the invariance of equation (8) under transformations

b
4 99
iab A ot

Va ai aél—>vu’ei aél te
for any ¢,,;, € T(Vi,p*(E) ® @>N; @ v*(£")) and the following

LEMMA 3. The 1-cochain {i(pijafA)} with coefficients in p*(E) @ O’Np®
v*(E*) is a 1-cocycle.

PRrROOF. Suppose
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for some 2-cochain of functions JiikafA with coefficients in p*(E) ® @’ Np®
v*(€"). Then from equations (9) it follows that

4 09
i
Oiikab A o

which implies that

; A
Z<UijkabA) =0,
which in turn implies that the 1-cochain {i(p;; A0} is a 1-cocycle represent-

ing thus a cohomology class in H' (F, u*(E) ® @*Nj @ v*(£Y)).

Next we prove items (ii) and (iii) of the Theorem for an arbitrarily chosen
point yy € Y'. We may assume that yy lies in a coordinate chart W; C Y and
has coordinates (wf, z{)). Then the alpha surface «,, C M is given by equa-
tions

wio — ¢ (zi0, 1) = 0,
and, therefore, the vector field V(1) = V0, is tangent to o, if and only if
V40 (zi0, 1) = 0.
Also, just from the definition of &,, it follows that a section 44(¢) of €|%
takes values in the subbundle £, if and only if
W (t) A (210, 1) = 0.

Taking the partial derivative of the latter equation over * and using equa-
tion (7) one obtains

8¢§’ (2107 [)

(0uh™ (1) + T 5(0) KB (1)) N (z10, 1) = 0,55(zi0, 1) 50

hB(1).

Therefore, for any vector V' € Tay,,
(Vvh)* N\ (zi0, 1) = 0,

which means that Vyh € £, thus proving the item (ii) of the Theorem. The
final item (iii) follows immediately from equation (8) which says that

Vewr ' F, 5 Nj(zi0.1) =0
for any V, W € Tay,. This fact completes the proof of Theorem 1.

REMARK 1. The only role of the cohomology restrictions (6) is simply to
ensure that the natural map

ERUM—1° (" (E) @ Q'F/Y)
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is an isomorphism. Therefore the formulation of Theorem 1 can be appro-
priately modified.

REMARK 2. In the case when the vector bundle £ on a twistor space Y is
trivial when restricted to each submanifold X, —Z, items (ii) and (iii) of
Theorem 1 are exactly equivalent to the classical Ward construction [W] as
formulated in [B-E], while the item (i) is equivalent to Manin’s Theorem on
p-125 in [M].

REMARK 3. Often it is more suitable to work with the normal bundle N,
of X; —Y rather than with the subbundle A, C N,. This motivates our in-
terest in the following

PROPOSITION 4. The statement of Theorem I remains true when the symbol
N is replaced everywhere by the symbol N,.

This Proposition is an easy consequence of the following Lemma.

LEMMA 5. (i) The 1-cochain {x; A with coefficients in y* (E) ® Ny @ v*(E7)
is a 1-cocycle. (ii) The 1-cochain {pija;}“A} with coefficients in p*(E) @ @*Nj®
v (&) isal-cocycle.

Proor. We shall prove only statement (i), since the proof of (ii) is fully
analogous. The equations

Gz (Wi 21) = Gyt (fix (Wi, 210), &3 (Wi, 7)) Gy (W, 2ic)

imply
A gec A c
Gy _ 9Gic Uik e 9Gic 0% ~c . o4 90s
owh — ows owd KB T gz gl TIRE T TG gyh
or
A c
oG _ Gie F‘kch'kCB’ +G-»“é‘ Gy
owp |y owe |10 TEELE T R gy
(10) B | B
OGijc| 99] Ogji & OGijc| 08k ;
ows |0z owl |, Elr " oz F(’)wﬁ B

where the symbol |, means the restriction from Y x M to F, i.e. the sub-
stitution of functions ¢y(zx,?) for coordinates wy. Taking into account
equation (4), one therefore obtains

G

(11) 5
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In a similar way, one can use equations (4) and
gik(Wi, zk) = g3 (fi Wk, 2x), gk (Wi, 2x) )

to show that

c

kB
F

5 N, Ogf ’
F

_ 8(Gifé‘F) agjfﬁ
oz" owy | B

m b
8Zj owy

Finally, the last equation together with (11) imply that

{a Gis| 5 ONAOg
§q BN N5 CAaZO
ow; -

}_0
JIF

14 o owb

which proves Lemma 5.

REMARK 4. If H° (X,,E|X,®N’:) #0, but the other conditions of
Theorem 1 are satisfied, then the induced vector bundle £ comes equipped
not with a unique connection V, but with a whole family of induced con-
nections {V} such that for any 1 € M and any pair of connections, V; and
V,, from the family one has

Vil =V e j (0 (X, Bly, ey ) ) @€,
where
j i H (X Bl &N; ) — &0 QM

is a natural map constructed with the help of the Kodaira map
k: T,M—H°(X,,N,). Indeed, in this case the cochain {6,,%} is determined
by equation (6) up to a global section of u*(E) @ Nz @ v*(€°). The same
arguments as before show that for any connection from the family {V} items
(1)-(iii) of Theorem 1 remain true.

REMARK 5. Let X be a rational curve in a complex surface Y with normal
bundle O(2). Then the Kodaira moduli space M parametrizing holomorphic
deformation of X inside Y exists and is a complex 3-fold which, as shown by
Hitchin [H], comes equipped with an induced Einstein-Weyl structure. As-
sume that the canonical bundle « on Y admits a cubic root. Then the bundle

E = /ﬁ)i%
is such that for any t € M,
E |X[: o(1).

Then all the conditions of Theorem 1 are satisfied, and, therefore, the in-
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duced rank 2 vector bundle £ — M comes equipped canonically with an in-
duced connection V. The items (i)-(iii) of Theorem 1 imply that V is nothing
but a spinor version of the Einstein-Weyl connection on M.

2.3. Twistor interpretation of J'E*. Elements of the induced vector bundle
& over a point t € M have a clear twistor interpretation — they correspond to
global sections of £ over the associated submanifold X,. Often, however, we
are also interested in elements of J'E (in field theory, for example, La-
grangians are usually constructed from first jets of sections of vector bun-
dles). It is the purpose of this subsection to find a (surprisingly simple!)
twistor decoding of J!£* and, as a by-product, to prove a stronger version of
Theorem 1. To simplify notation, we assume in this and the subsequent sec-
tion that for any submanifold X <— Y under consideration the map

H(X,N)®@ N—N

is an epimorphism, i.e. N = N. This assumption is by no means crucial for
the conclusions drawn below.

Let (X,0Ox) be a complex submanifold of a complex manifold (Y,Oy)
and E a holomorphic vector bundle on Y. Assume that at any x € X the
stalk of E|, is spanned by germs of global sections, i.e. there is an epi-
morphism

(12) & ®c Ox -5 Ex—0,

where £ = H°(X, Ex) and Ey = E|,. Consider the restriction of the dual of
E to the first order infinitesimal neighbourhoood of X in Y which, as an

Og})-module, has the following extension structure
0—E; @ N* -2 E*| o) — Ey—0.

Define the composition

i I RidRi;
B E, QN S E;@N @ Ey@N°'— N & Eyu

where
is : EY®N* — Ey®QN" @ Ey®N'
fo— el
The quotient sheaf of (’)gy-modules,
&= [GON © Ell/blE o]

fits into the commutative diagram



234 STEPHEN A. HUGGETT AND SERGEY A. MERKULOV

0 0
! !
0 — Ey®cN" — Elyy — Ey — 0

| I

0 — &®N° — & — Ey — 0.

Next define another (’)g})—module &7 by the following commutative diagram

0 0
! i
0 — &EO®N* — & — E} — 0

I l l

0 — &N — &o0)Y — 00y — O
Finally from the exact sequence
0—&EN & N -Lerae; 5 B @ B, —0,
we obtain a “difference” sheaf of (’)gp-modules
% =g '(diagonal in @ Ey)/h(diagonal in & & ® N*).

It is clear that €} = [€]] — [€3] in Ext_ (Ey, & ® N*). The consequences
of these constructions are the following Lemma and Proposition.

LeEMMA 6. €% is locally free on X.

Proor. A sufficiently small tubular neighbourhood of X in Y can be
covered by the Leray coordinate charts { W;} with local coordinate functions
(wf, ZI") such that the intersection X N W; is given by w{ = 0. Then a choice

of trivialisation of E over each W; induces a trivialisation

—& O N* S Elpny-

. *
QiR } WinX ‘ Winx

Keeping the notation of the proof of Theorem 1, one may easily find the
transition matrix of such trivialisations

b o B
6B‘y_ij )\C ()Gnc

4 A oy X jA ows X
mon = | B

0 GijA‘x

The analogous transition matrix for & has the form

sp | 0 o
AWV}‘ X oz owd ¥
B
0 Gh,

Neither of these matrices match up on triple intersections, reflecting the fact
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that neither &] nor &} are locally free. By the very definition of &}, its
transition matrix has the form

P o B p -
5B oy ¢ %G| _ oAf gy
H A awg‘ X A Ow;’ X oz Owgl X
= . . .
G.E ’
0 ijA Y
. 9G.€ ONB Og . .
c GA| O g ZON
By Lemma (5), the 1-cochain {/\j Vi oz | is a cocycle, which
Ty

implies that the matrices Hj; satisfy on triple intersections W; N W; N Wi the
condition Hyx = Hj; Hy. which is necessary and sufficient for the sheaf & to
be locally free on X. This fact completes the proof.

By construction, the vector bundle &y fits into an exact sequence
(13) 0—Ey—&xy—E&) @ N—0.

THEOREM 7. Let {X,—Y |t € M} be a family of compact submanifolds
and E — Y an M-homogeneous vector bundle. Then, for each t € M, there is a
commutative diagram of vector spaces

0 — & — (Jlé'*)f — TMQE, — 0

| | |

0 — H(X,E|y) — H(X,,€x) — H°(X,,N,)®H(X,,E|y)
with rows exact.

Proor. Keeping the notation of subsection 2.2, define the map
V'), — HX, €x)
{ V“B} yeb Oa
BN ]
vE VaBo AR + VEAE
By equation (5) and the explicit description of the transition matrix of €y,

given in the proof of Lemma 6, this map is well-defined and has, evidently,
the properties stated by the commutative diagram above.

Therefore, with a weakly M-uniform vector bundle £ on a twistor space
Y and any submanifold X, — Y of the family F — Y x M there is a naturally
associated element x, € H'(X,, Ex, ® N;) ® (H°(X;, Ex,))" which is the ob-
struction to a global splitting of the exact sequence

0 —Ey—€&y—N,® H'(X,, Ey,) —0.

A vector bundle £ — Y is said to be M- uniform if it is weakly M-uniform
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and x, = 0 for all # € M (the subscript in the symbol M, is used to remind
us that certain assumptions about E| x(1 are now in force).

Treating the triple (7}(E),F—Y x M), m being a natural projection
Y x M — Y, along the same lines as the triple (E, X —Y) above, one con-
structs a locally free sheaf € on F which fits into an exact sequence

(14) 0—s " (E) - €p—Np @ 1" (£)—0
and has the property that the following diagram
0 — & — (JEY — TM ® & — 0

™ | |

0 — wnWeE) — wn€) — ulr)unpE)

is commutative.

If E is an M ;)-uniform vector bundle on Y, then the extension (14) splits,
i.e. admits a morphism s : € — p*(E) such that soi=id. Any such split-
ting induces, via the commutative diagram (15), a map s : (J'&)" — &,
which splits the extension

0—& L (JIE) —E 0 TM—0,

i.e. satisfies s’ oj = id. It is well known [M] that any such splitting is
equivalent to a linear connection on £ . A linear connection on £ which
comes from a splitting of (14) is said to be an induced connection. If
H°(X,,Ey, ® N;) =0 for all € M, then there is only one splitting of (14)
and hence a unique induced connection on &. Of course, this is the same
creature that was studied in Theorem 1. In general, since the set of all split-
tings of (14) is a principal homogeneous space for the group
H(F,;"(E) ® Nj @ v*(£")), we obtain the following strengthening of
Theorem 1

THEOREM 8. Let F—Y x M be a family of compact complex submanifolds
and E an M y)-uniform vector bundle on Y. Then the induced vector bundle &
on M comes equipped canonically with a family {V} of induced connections
such that

(@) if Vi and V5 are in {V}, then Vi —V, € H* (M, v,(u"E ® Np) @ &);

(b) the items (i)-(iii) of Theorem 1 are true for any V € {V}

2.4. Inverse construction. Let F—Y x M be a family of compact complex
submanifolds with Y = U,cjs and let £ be a vector bundle on M with a linear
connection V. Assume that v*(£) fits into an exact sequence

0—FTr—v* () —Spr—0

for some vector bundles &y and T on F. Consider the composition
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Ve ' (€) "N () @ vt (M) —t (€ @ Q)Y

and assume that V y is flat when restricted to the subbundle &5 C v*(£").
Denote by Ep the 1~ (Oy)-module of Vy,y-horizontal sections of &}. As-
suming that the fibres of p are simply connected, we obtain a locally free
sheaf E = (u.Er)" on the twistor space Y with rank E* = rank &}.. Assum-
ing also that v,(Tr) =v!(Tr) =0, we conclude that v, (u*E) =¢&, ie.
& — M is a vector bundle induced from the weakly M-uniform vector bun-
dle E — Y. To complete this inverse construction we have to prove the fol-
lowing

PROPOSITION 9. The bundle E = (p.Er)" is an M yy-uniform vector bundle
such that V is an induced connection on £.

A SKETCH OF THE PROOF. We have to prove that there exists a splitting of
the extension (14) such that the associated induced connection on & is ex-
actly the original linear connection V. Let g be a germ in the stalk of
Nr @ v*(€) at a point p € F. One can use the epimorphism

V'(TM ® &) L Nr® V(&) —0

and the monomorphism iy : v*(TM @ &)—v*(J'E*)" associated with v*(V)
to define the subset iy o i; ! (g) C v*(J'€")". Then, using the composition
i N (JE) U (1€ ) D &,

where ev, is the natural map of “evaluation of a global section at p”’, one
finally obtains the subset A(g) = i» o iy o i; ! (g) of the stalk of & at p. Since
the diagram (15) is commutative, the image of A(g) under the epimorphism
&r — Np @ v*(€) is the original germ g. Thus if one can show that the set
/A\(g) consists of only one element, then one would obtain a genuine splitting
of the extension (14) thus proving the Proposition. This final check can be
easily made with the help of the local coordinate descriptions of & and all
the maps involved in the construction (see subsections 2.2 and 2.3).

3. Example.

3.1. Conic structures and conic connections. Let M be a complex n-dimen-
sional manifold and d < n an integer. A d-conic structure on M is a closed
complex submanifold i:F <Gy (n—d;Q'M) such that the projection
v:F — M is a holomorphic submersion [M]. Thus F — M is a fibration
with fibres isomorphic to an algebraic subspace in the Grassmanian
G(n —d,C"); any point p € F can be identified with an (n — d)-dimensional
subspace p C Q,(,)M and hence with a d-dimensional subspace ptcC T,pmM.
A conic connection on F is, by definition, a holomorphic rank d distribution
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D C TF such that, at each p € F, dv(D) is exactly p* C T,,)M. A conic
connection is said to be integrable if it is integrable as a distribution.

Let 31 be the tautological vector bundle on the relative Grassmanian
Gu(n—d,Q'M) and 2 the dual of the quotient o*(Q!M)/4, where
o0:Gy(n—d,Q'M)— M is the natural projection. It is clear that
B C ¢*(TM) and hence i*(*%0) C v*(T'M). Then, defining

TF = dv (i (1)),

one may regard a conic connection on F as a splitting of the exact sequence

0—TF/M—TF % i* () —0,
where TF/M is the sheaf of v-vertical vector fields on F. It is therefore
natural to call v, (i*(28") ® TF /M) the sheaf of conic connection coefficients.

3.2. Twistor space of an exotic Gz-structure. Let S be a standard 2-di-
mensional representation space of GL(2,C). Then GL(2, C) naturally acts on
the symmetric tensor product ®°S. If p: GL(2,C) — GL(4,C) is the asso-
ciated representation, one may define a subgroup G; = p(GL(2,C)) of
GL(4,C). Let M be a complex 4-manifold and 7 : L*M — M the holo-
morphic coframe bundle whose fibres L!M = 7~ !(¢) consist of all C-linear
isomorphisms e : C* — QI M. The space L*M is naturally a principal right
GL(4,C)-bundle, where the right action R,:L*M — L*M 1is given by
Ry(e) = eog. A Gs-structure on M is, by definition, is a principal subbundle
of L*M with the group G;. It is clear that a Gs-structure is equivalent to a
local factorization of the tangent bundle into the symmetric cube

™ = &3S

of a locally defined vector bundle S of rank 2. Though such a vector bundle
may fail to exist on the whole of M, the projectivised vector bundle Py (S) is
well-defined globally. Since we are interested in this paper in local properties
of Gj-structures, we assume from now on that M is a complex 4-manifold
with G3-structure such that S exists on the whole of M; it is called a spinor
bundle on M. A linear connection V on S is called a spinor connection on M.
It is clear that any spinor connection on M induces, via the isomorphism
TM = &3S, an affine connection with holonomy in G3; moreover, any affine
connection on M with holonomy in Gj3 arises, at least locally, in this way. By
a torsion tensor of a spinor connection we mean the torsion tensor of the
associated affine connection.

There is a canonical injective bundle map, i: Py (S*) — Gy (2, Q' M),
which can be unambiguously characterised by the isomorphism
(8) = v (8*)(=2) = v*(8*) ® Or(—2), where Oz (—2) = [O(—1)]** and
Or(—1) stands for the tautological sheaf on Py (S*). Thus Py (S*) is natu-
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rally a 2-conic structure F on M. Since i*(*0) = v* <S® (A28)®2>(—2) and
TF/M = v*(A*S")(2), the conic connection coefficient sheaf on F is iso-
morphic to

(16) W(TF/M @i () = 0°S" @ A’S @ &S

A projective connection on F = P,,(S*) determines a splitting of the exact
sequence

0—TF/M—TF 2 v (TM) —0,

that is a morphism ~ : v*(TM) — TF such that dv o v = id. Then, restricting
~ to the subsheaf 2 C v*(TM), one gets a conic connection on F. From the
exact sequence which relates coefficient sheaves of projective and 2-conic
connections,

0—1" (8" @ AXS") —TF/M @ v (Q' M) —TF/M @ i* () —0,

it is clear that the map
{ projective connections on Py (S*)} — { conic connections on F}

is surjective with its kernel given by sections of S* ® A’S*. Hence the kernel
of the surjection

. . pr . .
{ linear connections on S } — { conic connections on F }

consists of arbitrary sections of S* ® A2S* @ ®3S*. Using this freedom to-
gether with (16), it is not hard to check that there exists a unique 2-conic
connection D on F, called the distinguished 2-conic connection, such that the
set pr~!(D) contains a (necessarily unique) linear connection V whose tor-
sion tensor is a section of ©78* @ (A28)®* ¢ TM ® Q*M. Then this section is
nothing but the invariant torsion [Brl] of the Gj-structure. The vanishing of
this section is a necessary and sufficient condition for the Gj-structure to
admit a torsion-free affine connection.

ProposiTiON 10. [Br2] A Gs-structure on a complex 4-fold M admits a
torsion-free affine connection if and only if the distinguished 2-conic connection
on F, is integrable.

Thus, with any torsion-free Gs-structure on a sufficiently “small’” 4-fold
M there is naturally associated a double fibration
y £ Fr LM

where Y is a 3-dimensional complex manifold (called the twistor space)
parametrising leaves of the integrable distribution D. It is not difficult to
show that the composition
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Uiy (8 2N (S @ QM) —1 (S @ QUF) Y

preserves the subbundle Oz(—1) C v*(S*). Moreover, an analysis of the cur-
vature tensor of V through the Bianchi identities (cf. [Br2]) implies that V/y
is actually flat on Ox(—1). Thus one may define a holomorphic line bundle

E* = Keer/Y|Of(,l)

on Y whose restriction to each rational curve pov~!(f), t € M, is iso-
morphic to O(—1). Then Proposition 9 implies that both the spinor bundle S
and the torsion-free affine connection V are induced, in the sense of
Theorem 1, from the vector bundle £ — Y. The manifold Y comes equipped
with a 4-parameter family of rational curves X; = p o v~!(¢) with the normal
bundle C* ® O(2). Therefore, the family {X, <Y | ¢ € M} is not complete in
the Kodaira sense making the hopes of restoring M with the help of the
Kodaira relative deformation theorem gloomy. However, the prospects of
twistor methods improve when one takes into account the complex contact
structure [Br2] canonically induced on Y. There is a canonical embedding

(17) JiPu(SY) — Py (M)

which can be unambiguously characterised by the isomorphism
7 (Opy (1)) = Op,s)(3). As shown in [Me2] in a more general situa-
Eion, the contact line bundle L on Y is nothing but Keer/Y|.* iy where
L ~ Op, (1) is the canonical contact line bundle on Py (Q'M). There-
fore, L=E®. Since h°(X, E®|,)=#"(CP',0(3)) =4, the family
{X; =Y |t € M} is complete as a family of compact Legendre submanifolds
of Y [Br2,Mel,Me2]. Therefore, given a Legendre submanifold
X = CP' <Y of a complex contact manifold ¥ with contact line bundle L
such that Ly = O(3), one may first construct a 4-dimensional Legendre
moduli space M and then, shrinking Y as necessary and then choosing any E
such that E%?* = L, one may apply Theorem 1 to construct on M a torsion-
free affine connection with holonomy in G3. Any such connection can be
constructed, at least locally, along these lines, and how this works in practice
will be shown in the next subsection.

3.3. An explicit torsion-free affine connection with holonomy Gs on Ped-
ersen’s moduli space. In this subsection we apply the machinery developed
above to a particular twistor space ¥ = C(Q2'Z), where Z is a point blow-up
of the 2-fold covering of a neighbourhood of a (1,4) curve [Ped] in a quadric
CP! x CP!, branched along the curve. According to [Ped], this Z contains a
rational curve X with self-intersection number 3 and the associated Ko-
daira’s complete family of rational curves admits a very simple explicit de-
scription. The projectivised conormal bundle X = P(N*) of X in Z is itself a
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projective line naturally embedded into ¥ = P(Q2'Z) as a Legendre sub-
manifold with Ly = O(3). As was noted in subsection 2.1, the Kodaira
moduli space of deformations of X inside Z is identical to the Legendre
moduli space of deformations of X inside Y.

We start by considering CP' x CP', covered by the charts (1, p) U (9, p) :
i =1/n,p=1/p. We can specify a curve X of bidegree (1,4) in CP' x CP'
by putting 5= p* and we change coordinates to (i =p*—7,2=p)U
(u=mn—p* z=p),so that X is given by u = 0. X has normal bundle O(8) in
CP' x CP'.

If U is a two-to-one covering of a tubular neighbourhood of X in
CP! x CP' it has charts (» = V&, 2) U (v = v/, z). Now X, which is given by
v = v =0, has normal bundle O(4) in U.

Finally, we blow up the point v =z =0 in U to obtain our space Z with
charts (W =7,2) U (w = v/z,z), and patching function

fw,z) =w=

w
RN

Z contains our original curve X, which now has normal bundle O(3) as re-
quired.

We now seek a family of curves X, = CP' € Z with normal bundle O(3).
This family will project onto a family of (1,4) curves in CP' x CP! meeting
X in four points to second order, one of these points being u =z=0. A
general (1,4) curve is given by n = p(p)/q(p), for a pair of quartics p and g.
If we choose p(z) = z2P(z) and ¢(z) = Q(z), then our condition can be writ-
ten 2*Q — 22P = (zR)?, or

P=-R+7°0Q,
for some cubic R(z). Now let
R(z) = 2 + 2> + 1z + 1,
and choose
P(z) = 22 = 2tot12 — 2.
Then
0(z) = (24 02)* + 2132+ 12) (12 + 1o) + £ + 1.

The Legendre moduli space M of CPUs in the contact three-fold
Y = Pz(Q'Z) is equal to the Kodaira moduli space of CP"sin Z. Let ¢, be
coordinates on M. Then V¢, the associated X, = CP! € Z is given by
iR(z2)

0(z)

w=¢(z,1) =
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or

where
I:’(%) =z72P(2)
R(2) = z73R(2).
How is this realised in Y? The charts are (W, i,2) U (w,u,z) and the contact

one-form is © = d + udz,© = dw + udz. The patching functions are

Ww=f(wz),z2=1/z,

and
=h(wuz)=2 =
F(1/z)
and V¢, € M the associated Legendre curve X; € Y is given by
_ iR(2) v ¢
0@z)’ Oz
P iR(z) Ca= _6(%).
224/ P(z) 0z
The contact line bundle L has patching function given by © = 40, where
19) _
A= a—i = (W2 + Zz) 3/2-

Define the bundle E on Y by the patching function G = (w? + 22)71/2. Then
L = E®3, as required.
Now we are ready to compute the connection. Since the patching function

G(W7 Z)|w:¢‘)(z,l) - %

the bundle E[y (= O(1)) has only two linearly independent global sections,
given by

0 = 7= 0= 75
and \/; Ve
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Equation (6) becomes

(18) Xba = —0caFy + GOpy,

or 0 o |
F¢ — P32 — | owlw=o(z,)
b 32202 9 0y =20 Oh o |
P2 E(?) P32 ow du

Xb4 1S given by

where

o

oG
X14 = % |w:(§(z71)'>\A’

and

oG
X24 = E |w:¢(z,t)‘>\A =0.

It is convenient to express the solution of equation (18) and the connec-
tion coefficients in terms of the two polynomials « and 3 defined as follows.
Let:

a=1+1tt+26, b==fts—1t, and A =d*—b*+2tab.
Then
a=a/3A and f=5b/3A.
The solution of equation (18) is
010) = iBP, o) = 3ito(a + 1:13),

010y = —itgaP, é0(1> = 3it5(ha — ).

At last, we can use this solution in equation (7) to calculate the connection
coefficients, which are as follows.

o) = 28(tot3 + t112) — 3tot1 1200 Lo = 11133
[ =388+ a3t + 36082 — 20011 — 2t313) Tl = —tpt1530x

Typ = 4118 — a2t + 15t3) 1§ = tof33

[,9 = 360113 + toa(1 + tot2) Il =—-2na

FZ(()) = —lo(3a +411ﬁ) Fz%] =0

Fz({ = 15(35 - 211(1) F211 = —fu

L% =10 T, = —t(3a + 21, 3)
I = —fa Tl =238 - 41q)
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With this explicit connection at hand it is a trivial matter to check that the
curvature tensor of the spinor connection spans at a general point z € M the
whole Lie algebra gl(2,C) which immediately implies that the associated
torsion-free connection has holonomy group Gjs rather than one of its proper
subgroups.
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