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CYCLIC VECTORS IN KORENBLUM TYPE SPACES

ABDELOUAHAB HANINE*

Abstract

In this paper we use the technique of premeasures, introduced by Korenblum in the 1970’s, to
give a characterization of cyclic functions in the Korenblum type spaces ./, °°. In particular, we
give a positive answer to a conjecture by Deninger [7, Conjecture 42].

1. Introduction

Let D be the open unit disk in the complex plan C. Suppose that X is a topo-
logical vector space of analytic functions on D, with the property that zf € X
whenever f € X. Multiplication by z is thus an operator on X, and if X is
a Banach space, then it is automatically a bounded operator on space X. A
closed subspace M C X (Banach space) is said to be invariant (or z-invariant)
provided that zM C M. For a function f € X, the closed linear span in X
of all polynomial multiples of f is an z-invariant subspace denoted by [ f]x;
it is also the smallest closed z-invariant subspace of X which contains f. A
function f in X is said to be cyclic (or weakly invertible) in X if [f]x = X.
For some information on cyclic functions see [3] and the references therein.
In the case when X = A?(D) is the Bergman space, defined as

1 2
A’(D) = {f analyticin D : / / |f(re') > do < oo},
0o Jo
a singular inner function S,,,

+z
-z

1 27 ei9
S = - - du(d), eD,
u(2) = exp——— /0 0 n(®) z
is cyclic in A%(D) if and only if its associated positive singular measure u
places no mass on any A-Carleson set for A(t) = log(1/¢). A-Carleson sets
constitute a class of thin subsets of T, they will be discussed shortly. The
necessity of this Carleson set condition was proved by H. S. Shapiro in 1967
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[21, Theorem 2], and the sufficiency was proved independently by Korenblum
in 1977 [17] and Roberts in 1979 [19, Theorem 2].

In the following a majorant A will always denote a positive non-increasing
convex differentiable function on (0, 1] such that:

A0) = +o0
tA(t) is a continuous, non-decreasing and concave function on [0, 1],
andtA(t) —> Oast — 0.

e There exists a € (0, 1) such that r* A(¢) is non-decreasing.

(1.1) A < CA®).

Typical examples of majorants A are log™ log* (1/x), (log(1/x))?, p > 0.

In this work, we shall be interested mainly in studying cyclic vectors in the
case X = &/, ™, generalizing the theory of premeasures developed by Koren-
blum; here o/, * is the Korenblum type space associated with the majorant
A, defined by

Ay® = Ueosly® = | J{f € HolD) : | £ (2)] < exp(cA(l — [z]))}.

c>0

With the norm

I fllezpe = sup | f(2)] exp(—cA(l — |z])) < oo,

zeD

o/, ¢ becomes a Banach space and for every ¢; > ¢; > 0, the inclusion
o, " — o/, is continuous. The topology on

‘Q{KOO = UC>0‘$2{XC$

is the locally-convex inductive limit topology, i.e. each of the inclusions &7, “—
o/, % is continuous and the topology is the largest locally-convex topology
with this property. A sequence {f,}, € &, converges to f € o, if
and only if there exists N > 0 such that all f, and f belong to ﬂKN , and
limy, s 400 | fn — f”&{;"’ =0.

The notion of a premeasure (a distribution of the first class) and the defini-
tion of the A-boundedness property of premeasure was first introduced in [15],
for the case of A(¢) = log(1/t) in connection with an extension of the Nevan-
linna theory (see also [16] and [11, Chapter 7]). Later on, in [18], Korenblum
introduced a space of A-smooth functions and proved that the so called pre-
measures of bounded A-variation are the bounded linear functionals on this
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space. Next, he established that any premeasure of bounded A-variation is the
difference of two A-bounded premeasures [18, p. 542]. Finally, he described
the Poisson integrals of A-bounded premeasures.

Our paper is organized as follows: In Section 2, we first introduce the notion
of a A-bounded premeasure, and we will prove, using some arguments of real-
variable theory, a general approximation theorem for A-bounded premeasures
which will be critical for describing the cyclic vectors in 27, *°. Furthermore,
this theorem shows that in respect to some general measure-theoretical prop-
erties, premeasure with vanishing A-singular part (see Definition 2.4), behave
themselves in some ways like absolutely continuous measures in the classical
theory.

In Section 3, we show that every A-bounded premeasure  generates a
harmonic function %(z) in D (the Poisson integral of w) such that

(1.2) h(z) = O(A(1 — |z])), lz]| > 1, z €D,

h(z)_/l——|z|2d
~ e =

Conversely, every real harmonic function /(z) in D, satisfying £(0) = 0 and
(1.2) is the Poisson integral of a A-bounded premeasure. (This result is for-
mulated in [18, p. 543] without proof, in a more general situation).

Finally, in Section 4 we characterize cyclic vectors in the spaces .2/, ~ in
terms of vanishing the A-singular part of the corresponding premeasure. We
prove two results for two different growth ranges of the majorant A. At the end
we give two examples that show how the cyclicity property of a fixed function
changes in a scale of .27, spaces, A, (x) = (log(1/x))%, 0 <o < 1.

Throughout the paper we use the following notation: given two functions
f and g defined on A we write f < g if for some 0 < ¢; < ¢; < 0o we have
cif <g=<cfonA.

by the formula

ACKNOWLEDGMENTS. The author is grateful to Alexander Borichev, Omar
El-Fallah, and Karim Kellay for their useful comments and suggestions on this
paper. Also the author would like to thank referee for the valuable comments.

2. A-bounded premeasures

In this section we extend the results of two papers by Korenblum [15], [16]
on A-bounded premeasures (see also [11, Chapter 7]) from the case A(¢) =
log(1/¢) to the general case.

Let A(T) be the set of all (open, half-open and closed) arcs of T including
all the single points and the empty set. The elements of Z(T) will be called
intervals.
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DEFINITION 2.1. A real function defined on Z(T) is called a premeasure if
the following conditions hold:

(1) u(™ =0

2) u(hul) = u(ly)+u(l) forevery I, I, € $B(T)suchthat [N, =
and LULDL e .%)(T)

(3) lim,— 4o u(I;) = 0 for every sequence of embedded intervals, I,,+; C
I,,n > 1,suchthat (), I, = ¥.

Given a premeasure u, we introduce a real valued function i on (0, 277]

defined as follows: .
w(@) = u(ly),

where
Ig:{SET:Ofargé <0}.

The function /I satisfies the following properties:

(a) [1(67)existsforeveryd e (0,2]and i (97) exists forevery 8 € [0, 27)
(b) [1(6) = lim,_- fi(¢) forall 6 € (0,27]
(¢) i@2m) =limy_o+ £ (6) = 0.
Furthermore, the function /i (6) has at most countably many points of discon-
tinuity.

DEFINITION 2.2. A real premeasure u is said to be A-bounded, if there is
a positive number C,, such that

2.1 u() < C [ITIA(T])

for any interval I.

The minimal number C,, is called the norm of u and is denoted by || ,ullX;
the set of all real premeasures y such that || /,L||X < 400 is denoted by B;\L.

DEeFINITION 2.3. A sequence of premeasures {u,}, is said to be A-weakly
convergent to a premeasure p if :
(1) sup, lally < +o0, and
(2) for every point @ of continuity of /i we have lim,,_, o [1,(0) = [i(6).
In this situation, the limit premeasure p is A-bounded.

Given a closed non-empty subset F' of the unit circle T, we define its A-
entropy as follows:

Entr (F) = Y |LIA (LD,
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where {I,}, are the component arcs of T \ F, and |/| denotes the normalized
Lebesgue measure of / on T. We set Entr, (J) = 0.

We say that a closed set F' is a A-Carleson set if F' is non-empty, has
Lebesgue measure zero (i.e |F| = 0), and Entr (F) < 4o0.

Denote by €, the set of all A-Carleson sets and by %, the set of all Borel
sets B C T such that B € €,.

DEFINITION 2.4. A functiono : B, — Ris called a A-singular measure if

(1) o isafinite Borel measure on every setin 6, (i.e. o | F is a Borel measure
onT).

(2) There is a constant C > 0 such that
lo(F)| < CEntrp (F)

forall F € €,.

Given a premeasure /4 in By, its A-singular part is defined by :

22) us(F) = =3 ),

where F € €, and {I,}, is the collection of complementary intervals to F
in T. Using the argument in [15, Theorem 6] one can see that i, extends to a
A-singular measure on %, .

PROPOSITION 2.5. If u is a A-bounded premeasure, F € 6y, then Ms|F is
finite and non-positive.

PROOF. Let F € €. We are to prove that u,(F) < 0.

Let {1,}, be the (possibly finite) sequence of the intervals complementary
to Fin T. For N > 1, we consider the disjoint intervals {J,fv }1<n<n such that
T\UY, L, = U J¥. Then

N N N
= u) =" 1@ < 1wl Y 1IN AN,
n=1 n=1 n=1

Furthermore, each interval J/ is covered by intervals 1,, C J" up to a set of
measure zero, and maxj<,<y |J,fv | > 0as N — oo (If the sequence {1}, is
finite, then all JV are single points for the corresponding N). Therefore,

N

N
= ) <Ml D0 DTl AL < Mllf D AU L.

n=1 n=1[,cJVN n>N
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Since F is a A-Carleson set,
N
— 1 I,) <O0.
lim 21: ) <
n=

Thus, ,usiF <0.

Given a closed subset F of T, we denote by F? its §-neighborhood:

FP={ceT:d, F)<S$).

PROPOSITION 2.6. Let 1 be a A-bounded premeasure and let pg be its A-
singular part. Then for every F € €5 we have

(2.3) ps (F) = Tim ju(F?).
PrROOF. Let F € 6, and let{I,},, |I1| = |I] > ..., be the intervals of the
complement to F in T. We set
1P ={e" : dist(e, T\ I,) > 8}.
Then for |1,,| > 28, we have
L=I'uI®ur?

with [I!] = |I1?] = 8. We see that

P(F) == 3" pu(®).

|1,|>26

Using relation (2.2) we obtain that
—ps(F) =Y puly)

= > ul)+ Y [rU)+pAP) + )]

1,128 [1,1>268
= > nU) = uE)+ Y [rd) +pd)].
[1,]1<28 |1,]>26

Therefore,

W(F®) = s (F) = Y ) + Y 1l > 28[ (1) + u(1)]

[1,1<28
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The first sum tends to zero as § — 0, and it remains to prove that

. L
24) lim 3" u(1) =0.
|1,|>28
We have
SA(S)
pIhy <Cc Y sAG) =C _ o8 AL,
|I,,|2>:26 1ﬂ2>:5 |In2|>:5 |In|A(|In|)

Since the function ¢ — ¢t A(¢) does not decrease, we have

SA(S)

— <1, [1,| > 3.
[ | A(1,])
Furthermore, SA(5)
im—— =0, n>1
§=0 [ LI, |A(| 1))
Since

Y ILIA(LD < oo

n>1
we conclude that (2.4), and, hence, (2.3) hold.
DEFINITION 2.7. A premeasure 4 in B} is said to be A-absolutely continu-
ous if there exists a sequence of A-bounded premeasures (i, ), such that:
(1) sup, [l uall} < +o0
(2) supjcpm (i + wa)(I)| — 0 as n — +oo.

THEOREM 2.8. Let 1 be a premeasure in BY. Then v is A-absolutely con-
tinuous if and only if its A-singular part u; is zero.

The only if part holds in a more general situation considered by Korenblum,
[18, Corollary, p. 544]. On the other hand, the if part does not hold for differ-
ences of A-bounded premeasures (premeasures of A-bounded variation), see
[18, Remark, p. 544].

To prove this theorem we need several lemmas. The first one is a linear
programming lemma from [11, Chapter 7].

LEMMA 2.9. Consider the following system of N(N+1) /2 linear inequalities
in N variables x1, ..., Xy

!
ijfbk,l, I1<k=<Il=<N,
i—k



60 ABDELOUAHAB HANINE

subject to the constraint: x; + x, + - - - + xy = 0. This system has a solution

if and only if
Z bk, 2 0

for every simple covering P = {[k,, 1,1}, of [1, N1.

The following lemma gives a necessary and sufficient conditions for a pre-
measure in B} to be A-absolutely continuous.

LEMMA 2.10. Let u be a A-bounded premeasure. Then w is A-absolutely
continuous if and only if there is a positive constant C > 0 such that for every
& > 0 there exists a positive M such that the system

Xk < ML | A )
w(li ) + xiy < min{C [ )| A(| I 1), €}

-1
Xk, = E Xs,s+1
s=k

X()’N =0

(2.5) 1

in variables x 1, 0 < k <1 < N, has a solution for every positive integer N.
Here I | are the half-open arcs of T defined by

. k [
I, =1 :2n— <6 < 27— .
' N N

PrOOF. Suppose that ;¢ is A-absolutely continuous and denote by {1, } a se-
quence of A-bounded premeasures satisfying the conditions of Definition 2.7.

Set
C =sup llu + uall}, M = sup ||, |I%,
n n

and let ¢ > 0. For large n, the numbers x;; = u,(Ix;), 0 <k <l < N,
satisfy relations (2.5) for all N.

Conversely, suppose that for some C > 0 and for every ¢ > 0 there exists
M = M(e) > 0 such that for every N there are {x;;};; (depending on N)
satisfying relations (2.5). We consider the measures duy defined on I 41,

0<s < N,by Xgoi1
s,8

dun(§) = &,

|Is,s+l|

where |d&| is normalized Lebesgue measure on the unit circle T. To show that

wn € B, it suffices to verify that the quantity sup, —D__ is finite for every

[TIACI])
interval I € B(T). Fix I € B(T) suchthat1 ¢ I.
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IfI C Ik,k+ls then

Xk, k+1 Xk, k+1
un(l) = ———|I| < ' [TIA(T]) < MITIA(T]).
[T k1] [ Dkt | A e kg1 )
If I = I, then

-1 -1

une) =) punUssp) = Y Xosrn =X < M| AT
s=k s=k

Otherwise, denote by I; ; the largest interval such that /; ; C I. We have

un) = pnUe) + v\ Iy
< M|Ii | A( i ]) + max(xg—1k, 0) + max(x; 41, 0)
S3M| L | A( i) < 3MITIA(T).

Thus, wy is a A-bounded premeasure. Next, using a Helly-type selection
theorem for premeasures due to Cyphert and Kelingos [6, Theorem 2], we can
find a A-bounded premeasure v and a subsequence py, € BX such that {1 n, }
converge A-weakly to v. Furthermore, v satisfies the following conditions:
v(J) < 3M|JIA(J]) and w(J) + v(J) < min{C|J|A(|J]), e} for every
interval J C T\ {1}.

Now, if [ is an interval containing the point 1, we can represent it as I =
I U {1} U I, for some (possibly empty) intervals /; and 5. Then

w() +v) = (u+v)U) + (n+v)(2) + (n+v)({1})
<(u+v)U)+ (u+v)(H).

Therefore, for every I € %B(T) we have u(J) +v(J) < 2e. Since (u + v)(T\
I)=—u(l)—v(l), we have

() +v(J)| < 2e.

Thus w is A-absolutely continuous.

LEMMA 2.11. Let o € B} be not A-absolutely continuous. Then for every
C > 0 there is € > 0 such that for all M > 0, there exists a simple covering
of T by a finite number of half-open intervals {1,},, satisfying the relation

> min{u(l,) + MILIA(LD. ClLIA(LD. e} < 0.

n
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Proor. By Lemma 2.10, for every C > 0 there exists a number & > 0 such
that for all M > 0, the system (2.5) has no solutions for some N € N. In other
words, there are no {x; ;};; such that:

-1
2.6) > pu(lossr) + Xo s
s=k < min{u(les) + ML | AL D, Cllc | AL, e}

with x;; = Zl;}( Xs,s+1 and xo y = 0.
We set X; = w(lj j+1) + xj j+1, and

by = min{u (I 1) + Mo | AT Ds Clere | AU D, g}

Then relations (2.6) are rewritten as
!
ijsbk,l, O0<k<I<N-1.
Jj=k

Therefore, we are in the conditions of Lemma 2.9 with variables X;. We con-
clude that there is a simple covering of the circle T by a finite number of
half-open intervals {I,} such that

> min{u(L,) + MILIA(LD, ClLIA(LD, e} < 0.

n

In the following lemma we give a normal families type result for the A-
Carleson sets.

LEMMA 2.12. Let { F,, }, be a sequence of sets on the unit circle, and let each
F,, be a finite union of closed intervals. We assume that
1) |Fu] = 0, n — oo,
(i) Entrp(F,) = O(1), n — oo.

Then there exists a subsequence {F,, }; and a A-Carleson set F such that: For
every 8 > 0 there is a natural number N with

(a) Fnk C FS)
(b) F C F,fk.
forallk > N.

Proor. Let {I; ,}; be the complementary arcs to F, such that |I; ,| >
|I.,| > ---. We show first that the sequence {|/; ,|}, is bounded away from
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zero. Since the function A is non-increasing, we have

Entrs(F) = Y el A Teal) = [T\ Fal (LD,
k

and therefore, Entr (F,)

> A I1nl).
T\ Ful

Now the conditions (i) and (ii) of lemma and the fact that A (0™) = +o0 imply
that the sequence {|/; .|}, is bounded away from zero.

Given a subsequence { F, k(m)} « of F,,, we denote by (1 j("Z)) ; the complement-

ary arcs to F k('"). Let us choose a subsequence {F; k(l)}k such that
1 n .
I =@, b") > @', b = J

as k — +oo, where J; is a non-empty open arc.

If|Ji] =1,then F =T\ J; is a A-Carleson set, and we are done: we can
take {Fy k= {F"}e.

Otherwise, if |J;| < 1, then, using the above method we show that

Entrp (F")
—.
T\ E =10}

A(LYD <

Since limy_ 400 [T\ F{"| — [I{})| = 1 — /1] > 0, the sequence A(|1;}]) is
bounded, and hence, the sequence |12()1k)| is bounded away from zero. Next we
choose a subsequence {F, k(z)}k of {F k(l)}k such that the arcs 12(2,3 = (a?, b}) tend
to (a®, b®) = J,, where J, is a non-empty open arc. Repeating this process
we can have two possibilities. First, suppose that after a finite number of steps
we have |J;| 4 - - 4+ |J,,| = 1, and then we can take {F,, }; = {Fk(m)}k,

=5 1<j<m,
ask — +oo,and F =T\ U/, J; is A-Carleson.
Now, if the number of steps is infinite, then using the estimate

sup,, {EntrA (Fn)}

A < = ,
1= 3020 1l

and the fact |J,,| = 0 as m — oo, we conclude that

o0
Yol =1.
j=l1
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We can set {Fy, }x = {(F™},, F =T\ Ujs1 J;-
In all three situations the properties (a) and (b) follow automatically.

Proof of Theorem 2.8

First we suppose that u is A-absolutely continuous, and prove that gy = O.
Choose a sequence pu, of A-bounded premeasures satisfying the properties
(1) and (2) of Definition 2.7. Let F be a A-Carleson set and let (/,,),, be the
sequence of the complementary arcs to F'. Denote by (i + ., ) the A-singular
part of i + u,,. Then

—( A+ )5 (F) = (i A+ ) i)
k

=D (w+ )T+ Y e+ ) (L)

k<N k>N
<Y (A )T +C Y ALK
k<N k>N

Using the property (2) of Definition 2.7 we obtain that

—liminf (s + ) (F) < € ) 1l A(ITD.
k>N

Since F € €y, we have Y, [I|A(|Ik]) — 0as N — 4o0, and hence
liminf, o (1t + n)s(F) > 0. Since (u + w,) € B}, by Proposition 2.5
its A-singular part is non-positive. Thus lim,_, o (it + w,)s(F) = 0 for all
F € €,, which proves that u, = 0.

Now, let us suppose that p is not A-absolutely continuous. We apply
Lemma 2.11 with C = 4||/,L||X and find ¢ > O such that for all M > 0,
there is a simple covering of circle T by a half-open intervals {1, I, ..., Iy}
such that

@7 Y min{u(L) + MILIALD. 4lul 5L ALD. £} < 0.

n

Let us fix a number p > 0 satisfying the inequality pA(p) < 5/4||,u||X.
We divide the intervals {1, I, ... Iy} into two groups. The first group {I("},
consists of intervals I, such that

(2.8)  min{u(Ly) + MILIALD, 4l 31 1. AL, €}
= w(ly) + MIL,|A(|1.]),

and the second one is {1 P}, = {I,}, \ {1V},
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Using these definitions and the fact that A is non-increasing, we rewrite
inequality (2.7) as

29) > puaM+ M DAL
<=4lulf Y UPIAAPD - & Cardin < 11| = p).
ni| 17 |<p

Next we establish three properties of these families of intervals. From now
on we assume that M > 4|/ f.
(1) We have {I® : |IP| > p} # @. Otherwise, by (2.9), we would have

0=puM =) nd")+Y nd?)

IA

=M Y IV A(LP)
n

— A pli Y IPIAAL2 D + Il D EPIAALP)
n n

IA

=M Y IIVIAALOD = 3liplf D P IALP) < 0.
n n

(2) We have Y [IP|A(|12]) < 2A(p). To prove this relation, we notice
first that for every simple covering {J,}, of T, we have

0=p(M = ul) =) ul)" =Y n),

and hence,

Do =D nG)t + Y nln)”

=2 u()T = 200lf D 1T AUTD.

Applying this to our simple covering, we get
DM+ D) < 20l F Y [P IAALD + 12 1AALP D],

and hence,

=Y @y <201l Y [IEPIAALOD + 1P 1AL D]

n
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Now, using (2.9) we obtain that

MY IIPIAQL D + el Y P IAGLP)

2
112 1<p

< 20plf Y IHEPIAGLD + 112 1AL D).

n

and hence,

2.10) (M =2]ul}) D 1P IAGLMD

<2uly| D UHPIAWPD - Y |1,§2>|A(|1,§2>|>].

IEY 117 1<p
As a consequence, we have
2 2 2 2
DT PIAQP) = Y PIANLPD,
1L 1<p 111=p

and, finally,

STHPIAGPD) =2 Y IPIANLP) £2) 1P| A(p) < 2A(p).

2
1L 1=p n

(3) We have

20lullf
DALV < =2 A(p).
;” " M —=2|plk

This property follows immediately from (2.10).
We set Fyy =, I,fl). Inequality (2.9) and the properties (1)—(3) show that
(1) Entry(Fy) = O(1), M — oo,

o 20|}
(i) 1FuAQFuD) < 57505 - Alp),

Qi) w(Fi) < =4l [X, 1IIANLOD+ Y, 02, TP AP D] —e.

By Lemma 2.12 there exists a subsequence M,, — +o0o0 such that F;} := F,
(composed of a finite number of closed arcs) converge to a A-Carleson set




CYCLIC VECTORS IN KORENBLUM TYPE SPACES 67

F. More precisely, F C F*° and F C F?® for every fixed § > 0 and for
sufficiently large n. Furthermore, (iii) yields
(2.11)

M(F:)s—4||u||x[2|Rk,n|A(|Rk,,,|)+ > |Lk,n|A<|Lk,n|)}—a,

k k:|Lgnl<p
where F' = | |, Renand T\ F = ||, L

It remains to show that
s (F) < 0.

Otherwise, if u;(F) = 0, then by Proposition 2.6 we have
. S\
}13}) w(F°) =0.

Modifying a bit the set F’, if necessary, we obtain lims_,o u(F,;; N F 5 =0.
Now we can choose a sequence 6, > 0 rapidly converging to 0 and a sequence
{k,} rapidly converging to oo such that the sets F;, defined by

F, = Fl:, \ Foe1  Fo \F‘sn-%—l’

and consisting of a finite number of intervals {/; ,} satisfy the inequalities
(2.12) u(F,) < —4||u||x[2 el A Tal) + ) |Jn,k|A(|Jn,k|>] —¢/2,
k k

where |_|, Jux = (F% \ Fo+1)\ F, =: G,.

We denote by %,, %,, and J7, the systems of intervals that form F,, G,,
and F?%, respectively. Furthermore, we denote by .%, be the system of inter-
vals complementary to F%, and we put &%, = (U{_, %) U (U{_, %) U Hpi1.
Summing up the estimates on w(F,) in (2.12) we obtain

DD+ Y D = Y |u(F)|
1€ 1e%, i=1

n

> 4|k Z[Z L ATk + |J,~,k|A(|J,-,k|>] +ne/2
k k

i=1
=4y Y IAQT) = 4l Y AT + ne/2

16%, [ey[h+l

=4IIMIIX[ PRIINUHES |1|A<|1|)}

1€¢%,U% I1€341
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(2.13) —4||M||XZ|1|A(|1|)+n8/2-
[E][)

Notice that

> AT

IE'-?//I“I‘FI
< D AQRD + 28,11 AGusr) - Card{k = |J| = 28,41},

[kl <2841

where {Ji}x, |J1| = |J2| > - - - are the complementary arcs to the A-Carleson
set F. Since lim,_.g tA(t) = 0, we obtain that

Jim > AT =0.
=/
Thus for sufficiently large n, (2.13) gives us the following relation

ool = 4ull D AL

Iéflufo Iéflufo

where %, U %, is a simple covering of the unit circle. However, since u € BT,
we have

DT lul=2 > max(u(D),0) <2|uli Y HIA(I).
1€4,U% 1€¢4,U% 1€%,U%

This contradiction completes the proof of the theorem.

3. Harmonic functions of restricted growth

Every bounded harmonic function can be represented via the Poisson integral
of its boundary values. In the following theorem we show that a large class
of real-valued harmonic functions in the unit disk D can be represented as the
Poisson integrals of A-bounded premeasures. Before formulating the main
result of this section, let us introduce some notations.

DEFINITION 3.1. Let f be a function in C'(T) and let i € BX. We define
the integral of the function f with respect to u by the formula

2
/ fdu= | f(")di@).
T 0

In particular, we have

2 2 2 2
1—z| / a 1—|z| N
——du) = — _ 0)de.
fo e — 2 41O ; <89|elﬂ—z|2 # )
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Given a A-bounded premeasure n we denote by P[u] its Poisson integral:

Pl ]()—/znl_—'z'zd ®)
S SPTEFT

ProPOSITION 3.2. Let 1 € B;{. The Poisson integral P[u] satisfies the

estimate N
Plul(z) < 10[|plla AL — |z]), z €D.

Proor. It suffices to verify the estimate on the interval (0, 1). Let0 < r <
1. Then

Plul( )_/2771_—”201 (9)__/2n|:i<1_—r2>i|A(9)d9
HIr) = 0 |ei9_r|2 K - 0 96 |ei0_r|2 K

_/2” 2r(1 —r?)sin6
Jo (1 —2rcosf +r2)?

n(lp) do

T 2r(1 —r?)sin6
2/ wu(ly) do
0

(1 —=2rcosf +r?2)2

/0 2r(1 = r%)sin@ (a0} d
T (L= 2rcosf + 22t

[1(Lp) + n(1—6. 0))] d6

_/” 2r(1 —r?)siné
“Jo (1 =2rcos@ +r2)?

b4 2V o
:/ 2r(l —r?)sinf (=6, 6Y) db.
0

(1 =2rcosf +r?)2

Integrating by parts and using the fact that A is decreasing and tA(¢) is
increasing we get

2r(1 —r?)sin®
(1 —2rcosf +r?)?2

/”293 L= V4o
= 0 \ |el? —r|?

1-r

PLAIGr) < Il EAC — r)[(l _ r)f02

7 do
<hutfaa-nfaa - [T o2
(1—=r)1—-r? Tl —y2
LT +2/0 |ef9—r|2d9]

< 10l AT = 7).
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The following theorem is stated by Korenblum in [18, Theorem 1, p. 543]
without proof, in a more general situation.

THEOREM 3.3. Let h be a real-valued harmonic function on the unit disk
such that h(0) = 0 and

h(z) = O(A(1 — [z]), lz| > 1, z € D.
Then the following statements hold.
(1) For every open arc I of the unit circle T the following limit exists:

u(l) = lim p,(I) = lim /h(i’é) ldg| < oo.
r—>1- r—>1- I

(2) mis a A-bounded premeasure.

(3) The function h is the Poisson integral of the premeasure .

2 1— |Z|2
]’Z(Z) = ﬁd,&(@), z € D.
o le” —z]

Proor. Let Yoo
h(re'?y = Z a,r™en?.

n=-—oo

Since ay = h(0) = 0, we have

2 ] 2 ) 1 2 )
/ h*(re'?) do :/ h™(re'?)ydo = —/ |h(re'?)| do.
0 0 2 0

Furthermore,

—In

r o 0N —inb
la,| = h(re'?ye " do
27'[ 0
r*\n\ 2w ) r7|n| 2w )
< / |h(re'?)| do = / htre'?yde
2w 0 0
<Cr"MA-r)
1 1
(3.1) <Al — ), — =1-r,nez\{-1,0,1}.
n| |n|

Let] ={e?:a <0 <pB}beanarcof T, 7 = B — a. For 0 € [a, B] we
define

1
1(0) = min{6 —a, B — 6}, @) = —(B—-0)0—a).
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Then

1 2
> 1O) =n®) = 1(0), @l <1, 7"0)= - 0 € [a, B].

Given p > 2 we introduce the function g(f) = 1 — n(0)? satisfying the
following properties:

1g'@)] < pn©®", 1g"©®)] < pP*n@®)F 2, 0 € (a p).

Integrating by parts we obtain for |n| > 1 and T < 1 that

B
f (1 —g(6)")e d@’

n|

B .
/ |n|q(9>'""q/(e>e’"9d9‘

n|—1 (7 =2y .70y |2 1 rr In|—1, 1
= ] q()""lg (0)|”do + il q(©)" g™ ()| do

Inl Jo

/2 PRl [n|—-2 292 [T/2 PRl [n|—1
< 2p2/ 1—|= 2r-2qr 4 P R P72 dt
0 2 Inl Jo 2

o/ =2 2p—2 Lo
fcp[/ (1—=e")""rP 2 dr + —
0 Inl Jo

(1 = )12 dti|,

and, hence,

B
/ (1= g()")e™™ de'

-2 5,
< Cy T max (l—t"’)ln| P2 4
T0=t<1

L ,p)lnl—llpz}

||

1
< Cyptin| 2070,

On the other hand, we have

1 1 [P .
o [neerias = o [ hoqwe o
T J 27 o

1 B ) .
+ — f [h(re'®) — h(rq(0)e'®)1do.
27 Jy
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By (3.1), we obtain

1
271

/ h(re®) — h(rq(e)e"%]de‘

B
/ r"'(l—q(e)'"')ei""de'

< Cypr Y ladl(nl + 172075)

nez
—2(1-3)
<c4prz (max(l ; 1))(|n|+1) .

Therefore, if t — t* A(t) increase, and
2
3.2) a+— <1,
4

then ! 5
‘—/ [h(re'®) — h(rq(0)e®)1do
21 Jy

< Cs,p‘f.

Since A(x?) < C,A(x), we obtain

1 [P i B t(0)
E/ h(rq(©)e'®)do §C/ A(1—q(0))d0§C/ A( 3 )de
t/4 /4
§C1/ A(t)dt:CI/ T A(t) dr
0 0

/4
< Czt“A(r)f t7%dt = C3tA(7).
0

Hence,
wr(I) < CH|A(T])

for some C independent of 1.
Given r € (0, 1), we define h,(z) = h(rz). The h, is the Poisson integral
of dju, = h,(€'%) do:

I (z)—/l_—mzd ®)
r = T|€i9—Z|2 Hr

The set {i, : r € (0, 1)} is a uniformly A-bounded family of premeasures.
Using a Helly-type selection theorem [15, Theorem 1, p. 204], we can find
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a sequence of premeasures i, € B converging weakly to a A-bounded
premeasure [ as n — 00, lim, o, 7, = 1. Then

p) < CIIIA(T])

for every arc I, and

2 9 1_|Z|2
S L YAETTA
0= Gl o) ®

Passing to the limit we conclude that

h(z) / 1 —|Z|2 du(9)
T |ei0 — Z|2 '
4. Cyclic vectors

Given a A-bounded premeasure p, we consider the corresponding analytic
fuction

2 ei9 +Z

eiG_Z

4.1) fu(@) = exp/0 du(9).
If /1 is a positive singular measure on the circle T, we denote by Sj; the as-
sociated singular inner function. Notice that in this case u = @ (T)m — i
is a premeasure, and we have S; = f,,/S3(0); m is (normalized) Lebesgue
measure.

Let f be a zero-free function in 7, ™ such that f(0) = 1. According to
Theorem 3.3, there is a premeasure 4. € B} such that

2w i9+
F(2) = exp /0 o dug(6).

el — 7
The following result follows immediately from Theorem 2.8.

THEOREM 4.1. Let f € &/ be a zero-free function such that f(0) = 1.
If (uf)s = 0, then f is cyclic in o/, .

ProOF. Suppose that (1r); = 0. By Theorem 2.8, 1t is A-absolutely con-
tinuous. Let {u,},>1 be a sequence of A-bounded premeasures from Defini-
tion 2.7. We set

2 i
e’ +z
g, (2) = exp/ = du, ), z € D.
0 e’ —Z
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By Proposition 3.2, g, € &/, *, and
i

2
F(@8a(2) = exp / R [TETAIC)
0o € —2Z

2 P ei9+z R N
= exp[—/(; %(6"0 — Z)[Mn(e) — ()] d9:|

27 a 0
=exp[—f0 (e +Z)[M(19)+Mn(16)]d9i|-

30 \ el — 7

Again by Definition 2.7, we obtain that f(z)g,(z) — 1 uniformly on compact
subsets of unit disk D. This yields that fg, — 1in &/, asn — oc.

From now on, we deal with the statements converse to Theorem 4.1. We’ll
establish two results valid for different growth ranges of the majorant A. More
precisely, we consider the following growth and regularity assumptions:

(C1) for every ¢ > 0, the function x — exp[cA(1/x)] is
concave for large x,
A(1)

(C2) m-———— =00
t—0 log(1/1t)

Examples of majorants A satisfying condition (C1) include
(log(1/x))?, 0<p<1, and log(log(1/x)), x — 0.
Examples of majorants A satisfying condition (C2) include
(log(1/x))?,  p=>1.

Thus, we consider majorants which grow less rapidly than the Korenblum
majorant (A (x) = log(1/x)) in Case 1 or more rapidly than the Korenblum
majorant in Case 2.

4.1. Weights A satisfying condition (C1)
We start with the following observation:

A@t) =o(logl/t), t— 0.

Next we pass to some notations and auxiliary lemmas. Given a function f in
L'(T), we denote by P[ f] its Poisson transform,

P _ 1 2 1—|Z|2 0
[f1(2) = f”do, z €D.
0

2 lef? — z]
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Denote by A(D) the disk-algebra, i.e., the algebra of functions continuous on
the closed unit disk and holomorphic in D. A positive continuous increasing
function w on [0, co) is said to be a modulus of continuity if w(0) = 0,
t — w(t)/t decreases near 0, and lim,_, g w(t)/t = oo. Given a modulus of
continuity w, we consider the Lipschitz space Lip,, (T) defined by

Lip,(T) = {f € C(M) : [f(§) = f (DI = C(fHHe(E = LD}

Since the function ¢ +— exp[2A(1/¢)] is concave for large ¢, and A(t) =
o(log(1/t)),t — 0, we can apply a result of Kellay [12, Lemma 3.1], to geta
non-negative summable function 2, on [0, 1] such that

1
eZA(ﬁ) —eZA(ﬁ) x/ Qa(t) dt, n>1.
1

_1
n

Next we consider the Hilbert space Lél\ (T) of the functions f € L?(T) such
that

P[| F|? —|P 2
IIfIIéA=|P[f](0)I2+/ U@ = IPLAIDF o 1 aacz) < oo,

D 1—lzf?
where d A denote the normalized area measure. We need the following lemma.

LEMMA 4.2. Under our conditions on A and 2, we have
(D) 1f113, = Lper IF @A, £ e L] (D),
(2) the functions exp(—cA(t)) are moduli of continuity for ¢ > 0,
(3) for some positive a, the function p(t) = exp(—%A(t)) satisfies the

property ) )
Lip,(T) C Lg, (T).

For the first statement see [5, Lemma 6.1] (where it is attributed to Aleman
[1]); the second statement is [5, Lemma 8.4]; the third statement follows from
[5, Lemmas 6.2 and 6.3].

Recall that

oA ={f €eHol(D) : | f(2)] < C(f)exp(A(l — |z])}.

LEmMMA 4.3. Under our conditions on A, there exists a positive number c
such that . ]
P Lip, oa (T) C (2, )"

via the Cauchy duality .
(f.8) =) agn),

n>0
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where f(z) = ano a,7" € szgl, g € Lip,-.s (T), and P is the orthogonal
projector from L?(T) onto H>(D).

PRrOOF. Denote
L3 (D) = {f € Hol(D) : / |F@PIA' (1 — |z ]e 27D gA(z) < +OO},
D

and

By = {f(z)=Z Haol® + ) lagPe 240 < }

n>0 n>0

Let us prove that
4.2) LA(D) =

To verify this equality, it suffices sufficient to check that

1
o2 ) / P2 AN = ) e=220D gy,
0

In fact,

1 1
/ PP A (1= r)le M dr < / |A' (1= r)le " dr
1-1/n 1-1/n

xe_ZA(%), n>1.

On the other hand,
1-1/n
/ P2 AL = r)le22 0 gy
0
1-1/n
_ _/ P2+l g, =200-r)
0

1-1/n
= —e 22/M 4 (op 4 1)/ r2e= 2= gy
0

n

1
- ZefmﬂcefZA(l/k)p.
k=1

Since the function exp[2A(1/x)] is concave, we have ¢?A(/0) > —eZA(l/")

and hence,
e2M1/0) < _esz(]/n).
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Therefore,

1-1/n
/ r2ﬂ+l|A/(1 _ r)|e—2A(l—r) dl’
0

n
1
< Cn2e 200/ Ze—Zn/kk_3 = o 280/m)
k=1

and (4.2) follows.
Since %g‘ C Lf\(D), we have (?/312\)* C (sz;l)*. By Lemma 4.2, we have
P, Lip,(T) C (%3)*. Thus,

P, Lip,(T) C ().

LEMMA 44. Let f € " for some n > 0. The function f is cyclic in
o, % if and only if there exists m > n such that f is cyclic in o/,".

ProoF. Notice that the space &/, *° is endowed with the inductive limit
topology induced by the spaces %XN . A sequence { f,}, € &/, converges
to g € &/, * if and only if there exists N > 0 such that all f, and g belong to
VQf;N ,and lim,, 1 oo || fn — €l AN = 0. The statement of the lemma follows.

THEOREM 4.5. Let ju € B}, and let the majorant A satisfy condition (C1).
Then the function f,, is cyclic in £, if and only if u; = 0.

PRroOOF. Suppose that the A-singular part p; of ¢ is non-trivial. There exists
a A-Carleson set F C T such that —oo < u,(F) < 0. We set v = —,uS|F.
By a theorem of Shirokov [22, Theorem 9, pp. 137, 139], there exists an outer
function ¢ such that

¢ € Lip,(T) NH®(D), @S, € Lip,(T) NH*(D),

and the zero set of the function ¢ coincides with F. Next, for &, 6 € [0, 27 ]
we have

[0S, () — ¢S, ()]
= |p(™)S, (") — p(®) S, ()|
< 1(@(e) = 9N Su(e)] + 1(9(e") — ()5, ("))
+ 1(@S)(e"”) = (9S) ()],

and hence, o
¢S, € Lipp(T).
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Set g = P, (z¢$,). Since ¢S, € Lip ,(T), we have g € (&ﬁl)*. Consider
the following linear functional on ﬂgl :

L) =(f.8) =) agm), [fQ@ =) a7 ey

n>0 n>0

Suppose that L, = 0. Then, for every n > 0 we have

0=L,(z")

2
o o——— db
[ o e
0 T

_ /271 ol (110 (e do
0 S, (e') 21

We conclude that ¢ /S, € H*(D), which is impossible. Thus, L, # 0.
On the other hand we have, for every n > 0,

mo o ————do
L,("S,) = / S, ()3 (e 5
0 T

m o ——db
_ / 65,3 5
0 T

2
‘ 0. dO
/ el(n+l)0(p(610)
0 27
0.

Thus, g L [ fﬂ] -1 Which implies that the function f), is not cyclic in &fgl.
A
By Lemma 4.4, f, is not cyclic in o/, *°.

4.2. Weights A satisfying condition (C2)

We start with an elementary consequence of the Cauchy formula.

LEMMA 4.6. Let f(2) = ) .o 2" be an analytic function in D. If f €
&fgoo, then there exists C > 0 such that

la,] = O(exp[CA(L)]) as n— +oo.

THEOREM 4.7. Let ;v € B, and let the majorant A satisfy condition (C2).
Then the function f,, is cyclic in &£, > if and only if us = 0.
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Proor. We define

A3 = ({g € Hol®) N C*®) : | Fm)] = O(exp[—cA(L)])}.

c<0o0
and, using Lemma 4.6, we obtain that &/3° C (.27, *°)* via the Cauchy duality
(f,g)=Zf(n)§(n)=lin} f(r§)g(é) ds, fed,™ gedy.
=0 r— 0

Suppose that the A-singular part us of u is nonzero. Then there exists a
A-Carleson set ' C T such that —oo < u,(F) < 0. We set 0 = ,u,S|F. By
a theorem of Bourhim, El-Fallah, and Kellay [5, Theorem 5.3] (extending a
result of Taylor and Williams), there exist an outer function ¢ € 2/g° such that
the zero set of ¢ and of all its derivatives coincides exactly with the set F, a
function A such that

(4.3) A@) =o(A(), t—0,
and a positive constant B such that
(4.4) 9" ()] <n!B"eN®, n=0,zeD,
where A*(n) = sup,_o{nx — A(e™*/2)}.
We set
U =0¢S,.
For some positive D we have

D"n!

45 SO < ——
) 5= Gz, P

zeD,n>0.
By the Taylor formula, for every n, k > 0, we have
(n) 1 . k (n+k)
(4.6) ™ (2)] < Fdlst(z, F) max " (w)l, z€D.

Next, integrating by parts, for every n # 0, k > 0 we obtain

-~ e 1 2 E(k) it -
V()| = |(¢Sg)(l’l)| = Z'A Wefmt dtl.
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Applying the Leibniz formula and estimates (4.4)—(4.6), we obtain forn > 1
that

~ 1 — .
< (k) (it
(W)l = infly -7 max [(9Ss)™ (e )I}

k

1 ) .

< inf{ — C? max S(S) ¢ max (k—s) et

~ k>0 nk Zo kte[O,er]l o ( )|te[0,2n] e ()l
5=

1
(2s)!

k
NS o B*D\" (k -+ 5) k!
= k20 no) =2k —s)!

~ 2p\ ¥
< inf k!eA*@k)(‘m—D) }

k>0 n

4B2D k N(1/4
< inf k! ATk
<infie| () g e

n O<t<l1

(k + s)!Bk-‘rSeK*(k+S)
k>0

k
1
< inf —kE C;D’s!
n
s=0

By property (4.3), for every C > 0 there exists a positive number K such

that -
e A < g oA te(0,1).

We take C = ﬁ, and obtain for n # 0 that

~ 4B2D\* eACD
|W(n)| < K inf k! sup
k>0 n

O<r<1 tk

; e—AW®
< K;inf{ 2n)""k! su .
- lkzo{( ) 0<tI<)1 tk }

Finally, using [14, Lemma 6.5] (see also [5, Lemma 8.3]), we get
Wm)| = 0@ 2/m),  |n| > oo,

Thus, the function g = P, (z¢S,) belongs to (&igl)*. Now we obtain that
fu 1s not cyclic using the same argument as that at the end of Case 1. This
concludes the proof of the theorem.

Theorems 4.5 and 4.7 together give a positive answer to a conjecture by
Deninger [7, Conjecture 42].

We complete this section by two examples that show how the cyclicity
property of a fixed function changes in a scale of .27, > spaces.
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ExAMPLE 4.8. Let Ay(x) = (log(1/x))*,0 < < 1,and let 0 < oy < 1.
There exists a singular inner function S, such that

. o
Sy iscyclicin % & a > a.

Construction. We start by defining a Cantor type set and the corresponding
canonical measure. Let {m};> be a sequence of natural numbers. Set M; =
> 1<s<i Ms, and assume that

“4.7) My =< my, k — oo.

Consider the following iterative procedure. Set % = [0, 1]. On the step n >
1 the set %,_; consist of several intervals . We divide each I into 2"+!
equal subintervals and replace it by the union of every second interval in this
division. The union of all such groups is %,. Correspondingly, .%, consists
of 2™ intervals; each of them is of length 27"~ Next, we consider the
probabilistic measure u, equidistributed on .%,. Finally, we set E = N>,
and define by u the weak limit of the measures (.
Now we estimate the A,-entropy of E:

By ) < 3 2% 24

1<k<n
= E 27 mg, n — oo.
1<k<n
Thus, if
(4.8) E 27" my° < oo,
n>1

then Entr Aug (E) < 0o. By Theorem 4.5, S, is not cyclic in sz;fo for o < .
Next we estimate the modulus of continuity of the measure u,

w, (1) = |Sll|l—p wu(l).

Assume that
Ay = 2-U+D=Min < 1] < A; = 27I=M;
and that / intersects with one of the intervals /; that constitute .#;. Then

1 . .
p() < 48ty = I = 4y,
J
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Thus, if
4.9) 27 < C(log(1/Aj)* < m¢, j>1, a0 <a <1,

then
w, (1) < Ct(log(1/1))".

By [2, Corollary B], we have u(F) = 0 for any Ay-Carlesonset ooy < o <
1. Again by Theorem 4.5, S, is cyclic in &/, > for & > a. It remains to fix

{mi}i=1 satisfying (4.7)—(4.9). The choice mk 2k/@o =2/ works.
Of course, instead of Theorem 4.5 we could use here [5, Theorem 7.1].
EXAMPLE 4.9. Let A,(x) = (log(1/x))*,0 <o < 1,and let 0 < oy < 1.
There exists a premeasure w such that u; is infinite,
fu is cyclic in &/ <= o > ao,
where f), is defined by (4.1).

It looks like the subspaces [ f,,] Ay, O < o, contain no nonzero Nevan-
linna class functions. For a detailed discussion on Nevanlinna class generated
invariant subspaces in the Bergman space (and in the Korenblum space) see
[10].

For ¢ < «, instead of Theorem 4.5 we could once again use here [5,
Theorem 7.1].

Construction. We use the measure y constructed in Example 4.8.
Choose a decreasing sequence u; of positive numbers such that

E Up = 1, E Vi =
k>1 k>1

where vy = uy loglog(l/u) > 0,k > 1.
Given a Borel set B C B® = [0, 1], denote

k—1

B, = {ukt+2uj :teB} c [0, 1],

j=1

and define measures vy supported by B by

v (By) = :—imwk) — weu(B),

where m (By) is Lebesgue measure of By.
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We set

V= E Vk.

Then v(B,?) = vk(B,g) =0,k > 1, and v is a premeasure.

Since
v < C@)upAg(up), 0<a<l,

v is a Ay-bounded premeasure for o € (0, 1).
Furthermore, as above, by Theorem 4.5, f, is notcyclic in &fgf‘) fora < «p.
Next, we estimate
wy (t) = sup [v(I)].
[1|=t
As in Example 4.8, if j, k > 1 and

ugAjrr < || < urAj,

then
I 4
(4.10) vl SC.ZJ.%.
1] Ug
Now we verify that
(4.11) w, () < Ct(log(1/1))*, o <a < 1.

Fix o € (ag, 1), and use that
1\ lte) i .
log— ) =c- 2%/ j>1,
Aj
for some C, ¢ > 0. By (4.10), it remains to check that
' ! (I+e)] LY
2/loglog — < C( 2" 4 (log — .
Uk Uy
Indeed, if
1 .
loglog — > 2%,
Uk

then 1\@ 1
C(log —) > 2/ loglog —.

Uk Uk
Finally, we fix @ € («g, 1) and a A,-Carleson set F'. We have

T\ F=u,L}
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some intervals L. By [2, Theorem B], there exist disjoint intervals L, s

such that

1
F C usLn,s’ Zan,s|Aa(|Ln,s|) < ;7 n>1.

N

Then by (4.11),

> W(Ln)l < -
B n

Set .
T\ UsLys = UL, ;.
Then . c
}Z v(L, )| < .
S
Since F is A,-Carleson, we have

D LI AL(LY]) < oo,

and hence,

Z v(L;S) — Z v(LY)

s

as n — o0o. Thus,

D v =0,

N

and hence, v(F) = 0. Again by Theorem 4.5, f,, is cyclic in sz;:" for o > .
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