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ON THE SINGULAR LOCI AND THE IMAGES OF
PROPER HOLOMORPHIC MAPS FROM
PSEUDOELLIPSOIDS

CRISTINA GIANNOTTI and ANDREA SPIRO*

Abstract

We prove a generalisation of Rudin’s theorem on proper holomorphic maps from the unit ball to
the case of proper holomorphic maps from pseudoellipsoids.

1. Introduction

In the beginning of the *80’s, W. Rudin proved a theorem that gives an ex-
haustive description of proper holomorphic maps F : B" — €, from the unit
ball B" onto a domain €2 of C”, in terms of finite unitary reflection groups.

Such result can be stated as follows. Recall that for any finite group I'
of automorphisms of the unit ball there exists some 7 € Aut(B,) such that
I, = hI"h~! is a finite subgroup of the unitary group U,, i.e. of the group
of automorphisms of B" fixing the origin. Let us denote by I'yqery C 'y the
maximal subgroup of reflections in I', and by (P, ..., P,) a fixed set of
generators for the space of Iy -invariant polynomials in n-variables. One
can check that the holomorphic map

Pr=Pr,oh™': B" — B} := Pr(B"),

with Pr, := (Py, ..., P,), is proper and is uniquely associated with I', up to
composition with an element of a special group of polynomial biholomorph-
isms (see §2). Rudin’s theorem is the following.

THEOREM 1.1 ([15]). For any proper holomorphic map F : B" — Q onto a
domain Q C C", of multiplicity m > 1 and €' up to the boundary, there exists
a finite subgroup I' C Aut(B") and a biholomorphism ¥ : Q — Pr(B") such
that W o F = Pr.
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This immediately implies that any domain, which is image of a proper
holomorphic map from B” that is €' on B", is necessarily biholomorphic to
one of the domains Bf. = Pr(B"), whose classification can be reduced to that
of finite reflection subgroups of U,,.

A crucial element of Rudin’s proof is the celebrated Alexander Theorem
on global extendability of local automorphisms of B". One can therefore ask
if a result, similar to Rudin’s theorem, can be proved for the pseudoellipsoids
of C*, on which several analogues of properties of the unit ball have been
obtained by appropriate applications of Alexander Theorem (see e.g. [13], [9],
[51, [10D).

So, let us focus on the pseudoellipsoids of C*, namely the domains %(’;),

with p = (p1, ..., pr) € N¥, p; > 2, defined by

n—k
2 2 2pc
(l;?) = {ZGC”:Z|Zj| +|Z”k+1|p]+"'+|Zn|p1‘<l},
j=1

Let also denote by ¢”) : C* — C" the holomorphic map

(1.1) 0P (@) = (21, -2 ks @uoir )P - (20)™),

whose restriction ¢ |g(l;))2 ?3(’;) — B" is directly seen to be a proper map.
Some ideas of Rudin’s theorem can be actually implemented to study proper

maps from pseudoellipsoids and they bring to the following theorem.

THEOREM 1.2. For any proper holomorphic map F : %(’;J) — Q onto a

domain Q C C", of multiplicitym > 1 and €' up to the boundary, there exists
a finite subgroup I' C Aut(B") and a proper holomorphic map ¥ : Q —
Pr(B") such that W o F = Pp o ¢P.

In other words, if we call factoring of f any expression of the form f = go#h,
where f appears as composition of two factors g, h, our theorem says that
any proper holomorphic map F, defined on a pseudoellipsoid and €' up to the
boundary, is always a factor of a map of the form Pr o ¢?). This reduces the
analysis of the first to that of factorings of the second.

We would like to stress that our result is optimal, in the sense that one cannot
expect that W can be proved to be a biholomorphism, as in Rudin’s theorem:
just consider the case F' = Idg(r;) : %5(';) — ?5(';).

It is also clear that there exist several proper maps F that are not equivalent
to the trivial examples Idgr , 97 or Pr o 7. Consider for instance the

pseudoellipsoid

&b = Uz + 122 + lz3l* + zal* < 1)
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and the map
F: gé,z) — Q= F(C@pég))’ F(2) = (z122, 21 + 22, (23)%, 240),
which is a non trivial factor of the map Pr o 9?2, given by
220 — 2 _
9 77(2) = (21,22, (23)7, (z4)7) and  Pr(2) = (2122, 21 + 22, 23, 24)

(here Pr is associated with the group I' = {Idp+, g(2) = (22, 21, 23, 24)})-

Nonetheless, the fact that F is always a factor of Pr o 9P gives precise
information on the singular locus Zr = {det Jr(z) = 0}. Indeed, it is neces-
sarily an analytic subvariety of %”(';) mapped by ¢'? into a subvariety of B"
contained in the union of the hyperplanes {z; = 0} and the fixed point set of a
finite reflection subgroup of Aut(B").

It also gives strong restrictions on the class of the images 2 of the proper
holomorphic maps from pseudoellipsoids, since, in their turn, they are con-
strained to admit a proper holomorphic map onto a domain Bp:. We believe
that such information can bring to the classification of such domains at least
in the most simple cases, as for instance when I' is trivial and B = B" (see
e.g. [3], [7], [8] for the case n = 2).

We finally note that, when &7 = B", by Rudin’s theorem the map W :
Q — Br, givenin Theorem 1.2, is necessarily invertible and the holomorphic
correspondence

\IJfleogp(p)floPr_l:BIrf—OQ

splits. Therefore a question worth of further investigations could be under
which conditions on T or on Z one can infer that W ~! necessarily splits or,
equivalently, that W is actually a biholomorphism.

After a section of preliminaries, in §3 we prove a crucial property of the

proper holomorphic maps F : &, — Q that are € " up to the boundary,

namely we show that the subsets of B" of the form ¢» (F~1(w)), w € L,
coincide with the orbits of a finite group I' of automorphisms of B”. With the
help of this fact, we prove Theorem 1.2 in §4.

ACKNOWLEDGMENTS. We are grateful to the referee for his/her kind and
helpful remarks.
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2. Preliminaries
2.1. Finite subgroups I C Aut(B") and the proper maps Pr

Letus call geodesic hyperplane of B" any (n—1)-dimensional subvariety of B”
ofthe form g({z € B" : z, = 0}) forsome g € Aut(B"). Note that the geodesic
hyperplanes g({z, = 0}), determined by elements g € U, = Auto(B"), are
the usual affine hyperplanes through the origin.

DEFINITION 2.1. Anelement h € Aut(B") is called reflection if it has finite
period and its fixed point set is a geodesic hyperplane.

For a given finite subgroup I' C Aut(B"), we denote by I'gery C I' the
subgroup generated by all reflections in I'. Note that a non trivial element
g € I is a reflection if and only if its fixed point set is (n — 1)-dimensional
(indeed, up to conjugation in Aut(B"), any such element is in U,,). This implies
that I'rery 1s normal in I

Consider a finite reflection group I'y = I'yery in U,,. By a classical result
of Chevalley ([4], [16], [6]), there are n homogeneous, [',-invariant poly-
nomials Py, ..., P, that constitute a basis for the invariants of I', (i.e, the
[',-invariant polynomials f € C[zy, ..., z,] are exactly those of the form
f=q(P,..., P, forsomeqg € C[zy,...,z,]). The map

Pr,=(P,...,P,):B" — "

is uniquely determined by I',, up to composition with the polynomial maps
that interchange the bases of homogeneous polynomials for the invariants I',.
The group of such basis changes is the same for all groups I'/ of the conjugacy
class of I'y = I'yrer) in U,,.

Consider now an arbitrary finite group of automorphisms I' C Aut(B"),
with reflections subgroup I'¢ery. It is known that the elements of I" have a
common fixed point x, (see e.g. [15], Thm. 3.1), so that for any & € Aut(B")
with i(x,) = 0, the conjugate group I', = ATh~' is in U, and has Dorery =
hT etyh ! as reflection subgroup. We may therefore consider the map

Pr :B" — Cn, P]" = Prmm Ol’l,

whose components are I' . -invariant rational functions. Up to compositions
with the basis changes described above, Pr is uniquely determined by I'(r).
By [15], Thm. 2.5, the image Bfr = Pr(B") is a domain of C", which is
uniquely determined by the subgroup I'.ry C I" up to biholomorphisms, and
Pr : B" — B} is a proper holomorphic map.

We conclude recalling the statement of Rudin’s generalisation of Alexander
Theorem. Let us call local automorphism of B" any biholomorphism f : %, C
B" — 94, C B" between connected open subsets of B” such that:
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a) each of the intersections d%; NdB",i = 1, 2, contains a boundary open
set I'; C 0B";

b) there exists a sequence {x;} C %, which converges to a point x, € 'y,
which is not a limit point of 9%, N B", and so that { f (x;)} converges to
a point X, € 'y, which is not a limit point of 3%/, N B".

Let also say that f extends to a global automorphism if there exists F €
Aut(B") such that F|q, = f.

THEOREM 2.2 ([1], [13]). Any local automorphism of B" extends to a global
one.

2.2. Correspondences

Let D, D’ C C" be two bounded domains and denote by 7 : D x D" — D and
7’ : D x D' — D' the two natural projections. We recall that a holomorphic
correspondence between D and D' is a subvariety V. C D x D’. It is called
proper if the restricted projections 7|y : V — D and 7’|y : V — D’ are
proper maps. A holomorphic correspondence is called irreducible if it is an
irreducible subvariety.

A holomorphic correspondence V is uniquely determined by the associated
multivalued map

f:D—o D, f@=7'(,'@),

which is a (single-valued) holomorphic map if and only if 7 |y is injective. We
often denote a holomorphic correspondence V by the corresponding multival-
ued map f, so that the subvariety V coincides with the graph

V=Ts:={(zw)eDxD:we f(2)}.

If f : D —o D’isaholomorphic correspondence, we denote by f~! : D’ —o
D the holomorphic correspondence with

[ ={(w,2) € D' x D:(z,w) €Ty}

If f: D—o D' and f': D' —o D" are two (proper) holomorphic corres-
pondences, it is known that the multivalued map f' o f : D —o D” with

Tpop={(z,v) € Dx D" :(z,w) € Iy, (w,v) € I'y for some w € D'}

is a (proper) holomorphic correspondence as well ([17]).

Finally, given two (proper) holomorphic correspondences fi, f> : D —o
D’, we denote by f = f; U f> the (proper) holomorphic correspondence with
Ff:Ffl UFf2 cDxD.
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If f: D —o D’ is a proper holomorphic correspondence, there exist a
positive integer p and a subvariety W C D such that, for every z, € D \ W,
there are an open neighbourhood % C D \ W of z, and p holomorphic maps
fi : U — D’ such that the sets f(z), z € %, have cardinality p and are equal

to
f@ ={fi@,.... 2}

We shortly say that “f is a p-valued map” . For a given z, € D, we say that
f splits at z, if there exists a neighbourhood % C C" of z, such that

Ty, =TpNa " (UND)=TxU...UTy,

for some single-valued holomorphic maps f; : DN% — D’.If f is p-valued,
the number of such single-valued maps has to coincide with p.

We say that f splits if it splits at all points. If D is simply connected, f
splits if and only if there are p holomorphic maps f; : D — D’ such that
f = fivu...U f,. The f;’s are called single-valued components of f. The
following is a direct consequence of [3], Lemma 3.1.

LEMMA 2.3.If f : D —o D’ is a holomorphic correspondence, either it
splits or there exists an analytic subvariety Sy C D of dimension n — 1 such
that f does not split at z for any z € Sy.

2.3. A technical fact concerning proper holomorphic maps

Let F : D — D’ be a proper holomorphic map with multiplicity m and denote
Zr ={x € D :detJr =0}.If F extendstoaé'-map F : % — C" =R* on
a neighbourhood % of D, we denote by Jr(x), x € %, the (real) Jacobian of
F at x, where F is considered as a map between open subsets of R*". If such
(real) map is expressed in terms of the complex coordinates (z;, z;) and F'is
holomorphic at x, then

7 0 dF,
2.1) Jpkx) = ()J T and hence rank Jp(x) = 2rank o)
az; J

By continuity, (2.1) holds in D, so that rank(J(x)) is even for all x € D.

LEMMA 2.4. Let D C C" be a bounded domain with smooth boundary and
F : D — D' a proper holomorphic map admitting a €' extension to D. Let
us also use the notation Zr N 0D := {x € D : detJp = 0}.

Then, the (2n — 1)-dimensional Hausdorff measure of F(Zr N 9dD) is 0.

PrROOF. Letx € 9D and consider a system of real coordinates £ = (xy, ...,
X2,) on a neighbourhood 7" of x such that 9D N ¥ = {x,, = 0}. In such
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coordinates, the restriction F=F lap is of the form F X1,y Xop_1) =
F(xi1,...,x,—-1,0) and the Jacobian Jr(x) of F is of the form
aF
8)(2:,( )
Jr(x) = | Jp(x)
3Fy,
3,(;( x)

This means that rank F|x < ranlile < rank F|x +1.Ifx € Zr N oD,
previous remarks imply that rank F'|, < rank F|, < 2n —2 and, conversely, if
rank le < 2n — 2, one has that rank F|, < 2n~— land hencex € Zr NaD.
This means that Zr N 9D = {x € dD : rank F|, < 2n — 2} and the claim
follows from generalised Morse-Sard Theorem (see e.g. [11]).

3. F-related points in & (p) and B"

In all the following, F : &,

multiplicity m and ¢» : & (py — B" is the proper holomorphic map defined
in (1.1). We also set

— Q C C" is a proper holomorphic map of

(3.1) 7={z€C" Zy_kt1 Zn-ks2"----2n = O}.
DEFINITION 3.1. A subset J C &, is called complete F-set in &, if
J = F~'(w,) for some w, € Q. It is called good if it is the pre-image of a

point
w, € Q\ F(Zrp Um).

Similarly, a subset J C B"is called complete F-set in B" if it is of the form
J = P (J) for a complete F-set in g" If J is good, also 7 is called good.
Two points of a complete F'-set in ?5'}7) (resp. in B") are called F-related.
Similarly, two sequences {x}, {x;} in %(’;7) (resp. in B") are called F-related
if x; and x; are F-related for all k’s.
LEMMA 3.2. Let F : %5(’;7) — Q C C" be a proper holomorphic map of mul-
tiplicity m > 1, admitting a €' extension to ?5_” Then there exist m pairwise

F-related sequences {x,il)}, ey {ka)} in& » wzth the following properties:
1) they converge to m distinct points xél), (’”) € 8%(’;);

ii) there are disjoint connected open sets U O <, 1 <i<m,suchthat:
~x e U,
— the restrictions F|%(i)mg(r;)) s UD N ?5(’;) — F(UYN %(’;)) are biholo-
morphisms onto the same open set W = F (U N &) C 82
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— the restrictions (p(”)l%mmg(np) AR ne&p, — VO = ) (YD N&.y)
are biholomorphisms.

PrOOF. Let 2F =ZrN 8% ) and7 =7 N 8%’;). Since F is Lipschitz in

% and the (2n — 1)-dimensional Hausdorff measure H,,_;(7) is zero, we
have H,_1(F (7)) = 0. Hence, by Lemma 2.4,

Hayy 1(F(Zp UR)) < Hyy 1 (F(ZF)) + Hap 1 (F(%)) = 0.

Since 92 surely includes pieces of smooth hypersurfaces, H;,_1(0€2) > 0

and consequently ~
0Q\ F(ZrUm) # 0.

Pickapoint w, € 8Q\F(2FU7?) apre-image x{" € F~!(w,) and a small arc
(l) (p) \ F"Y(F(ZF)), t € [0, 1), ending atx(l) = lim;_,{ yl( ) Since the

restriction of F to %(’;7)

[2]), there are exactly m — 1 disjoint arcs y,(z), R yt(m), t € [0, 1), determined
by the points that are F'-related to the points y,(1>

By construction, x© = lim,_,; 3" € F~'(w,) forall 2 < i < m. Since
detJr(x) # 0, any such point admits a connected neighbourhood, on which
F is an homeomorphism, implying that xV, ..., x™ are all distinct.

We may consider disjoint connected neighbourhoods %@ of the x{) that
do not intersect Zr U 7, so that F'|z;, and ga(”)l@,-) are homeomorphisms
onto their images in C" and the restrictions F |@7(i)ﬂgn and go(”)lg,y(,-)mgn are

\ F~Y(F(Zp)) is a proper, unbranched cover (see e.g.

biholomorphisms onto thelr images in 2 and B", respectlvely Setting W =

A, F(UD)yand %D = F~Y\(W)YnU %D, any choice of F-related sequences

{x,ii) = y,ii)} with limy_, o #; = 1 satisfies the claim.

From now on, we consider a fixed choice of m sequences {x,Ej )}, 1 <j<m,
converging to x$ e 8%(’;), and open sets

(3.2) w”  and VO =P UYNEL) C B

satisfying the statement of Lemma 3.2. We also denote by g-/) : ") — ()
the biholomorphisms

3.3) g = (<p(p)I%umgg;))O(Flw.f)ngg;))_IO(FI%Umgg;}))O((P(”)Ivmf)ma"m)_l

Notice that the g@7)’s are local automorphisms of B" and, by Theorem 2.2,
they all extend to global automorphisms of B". We finally set

(3.4) I ={g"" 1<i,j<m}C Aut(B").
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PRrROPOSITION 3.3. Two points v, y' € B" are F-related in B" if and only if
y' = g() for some g € T. In particular, T is a finite subgroup of Aut(B").

Proor. We first prove the necessity. Let y, y' € B" be F-related points,
ie.y = P (x), y = P (x') for two points x, x' of a complete F-set
J=1{x1,...,xn) = F Y (w)in %5(';). Letalso Z 4 be the analytic subvariety
of &' defined by

() .
Zpy(p(p) =F (F(ZF U JT))

where, as usual, 7 = {z,_41 - ... - 2, = 0}. We consider two cases.

Case 1: J is good, i.e. J N Zp ,»n = 0.

Since Zr o is analytic subvariety of %”(’;),

(see e.g. [12], Ch. 4, Prop. 1). We may therefore consider a €° curve 7 :
[0,1] — %”(’;) such that

the set &) \ Zr 4w is connected

— no=xand n; = xV;
- € %p(’;) \ Zpyp» forany 0 <t < 1.

The corresponding curve y = ¢» o5 : [0, 1] — B" is such that

- w=yandy =y’ =P )
-y € B"\ 9P (Zp ) forany 0 <t < 1.

Consider now a €°-curve 1’ : [0,1] — Z’},) such that n;, = x’ and n, is
F-related to n; for any 0 < ¢t < 1. By the properties of proper holomorphic
maps and the fact that n, ¢ F~'(F(Zr)), such curve exists and it is unique.
In particular, n; € &, \ ZF,@ forany t < 1 and nj € 98],

Finally, let y’ : [0, 1] — B" be the curve y’ = ¢ o n/. By construction,

o=y v, € B"\ ¢V (Zp ) ift <1, v =P (1)) € IB".

Notice that, being 7, and #; distinct and F-related, the end-point 1] must
be one of the points x@, x¥, ..., x For simplicity, we assume 1} = x?.
Now, we observe that, for any ¢ € [0, 1), there exist neighbourhoods %,

U C &, of 1, and n;, respectively, and neighbourhoods 77, 77" C B" of y;

and y/, such that the restrictions
Fla, : U — F(U), 0P, U — V],
Fly : U — FU) =FU), Py U -7
are biholomorphisms, so that also

(3.5 hi=¢Py o (Flay) ™ o Fly, o (9P y)™" 19 — ¥/
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is a biholomorphism. For t = 1, we set 7} = ¥, 7 = 7@ and
(3.6) hy=g" 2y 7 > 7.

We claim that, for any ¢, s € [0, 1], with ¥; N 7 £ @,
(3.7) hily;nm, = hslyng;.-

Indeed, if 7; N ¥; # @ (hence, it contains a subarc of y), then %, N U, # @ (it
contains a subarc of 7) and ¢” |4, is a biholomorphism onto ¢‘P (%, N 4Uy)
with inverse

((p(p)|%,ﬂ%y)7l - ((p(p)m)*l |¢<m(%m%) = ((p(p)m) oAU

By a similar argument

-1 -1 -1
(FW!W;) = (FW{) |F(%;m%_;) = (FW;) |F<ozz;m%;)

and (3.7) follows directly from the definitions of the 4,’s.

By compactness, therearety, ..., ty—1,ty = 1 € [0,1]suchthat y ([0,1]) C
U,ICVZ1 7;, and, by (3.7), the maps h, can be glued together to determine a
holomorphic map

N N
nv=Jn —v=7%.
k=1

k=1

Since hl|y, = hy = g1?|y:, by the Identity Principle, h = g!:?|3 and
y = h(y) = g2 (y), proving the claim.

Case 2: J is not good, i.e. J N Zp y»n # 0.

In this case J = F~!(w) forsome w € F(ZpUm). Let{wi} C Q\F(ZpU
) be a sequence with limy_, o w;y = w and denote by J; = P (F~(wy)) =
{¥x.15--» Yk.r, } the corresponding sequence of good complete F-sets in B".
Taking a suitable subsequence, we may assume that y, y" are limits of two
sequences {yc}, {y;} with yi, y, € Ji for any k. By the previous part of the
proof, there are g; € I" such that gx(yx) = y;. Since I" is a finite set, we may
consider a subsequence {y;, } and g € I' such that g(y;,) = y,’cn for any n.
Therefore g(y) = lim, o0 g(ys,) = lim, .« y, =y’ and the claim follows.

Let us now prove the sufficiency. Let y, ' € B” be such that y' = g(y)
for some g € I'. If y = y’, there is nothing to prove. Therefore, we assume
y # y' and g # Idg.. For simplicity, we assume that g = g(1:?). Consider the
analytic subvariety of B"

(3.8) Z' = (e (Zpym).

hell
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We prove the claim in the mutually exclusive cases y,y' ¢ Z’ and y, y' € Z/,
respectively.

Case l:y,y € B"\ Z'.

Pick a point y, € (V' \ Z’ C B" and observe that, being B" \ Z' com-
plementary to an analytic subvariety, there exists a €° curve y : [0, 1] — B"
such that

- yo=yand y1 = Y;

— ¥, € B"\ Z' forany r € [0, 1];

Secondly, consider the €° curve y’ = g*? oy : [0, 1] — B”". By construc-
tion, ¥ = y" and y/ is equal to a point y, € ¥"® = g2 ("),

Since y, € 7"V and y, € 7"®, there are exactly two points x, € %V N’
and x, € U N &), such that o (x,) = y, and P (x)) = y,. We may
therefore consider the unique €° curves n,n’ : [0,1] — g(’;)) \ ZF 4w such
that

—¢Pon=yandpP on =y,

=z, andr = x,

For any ¢ € [0, 1], consider the F-complete set {nt(l) =, n,(z), ceey 77,(

which contains 7,. Then there exist m neighbourhoods %t(j ) ¢ 1= <
)]

m, of the points 7,”” such that the restrictions
gDI%;/> : @l,(j) — 7/;(/) = fﬂ(p)(%z(j)),
Flyo = % — W, W, = F"),

m)}

are biholomorphisms. Hence, also the maps
(3.9 k" =¢?Po (F|%fj>)7l o Flgm o (‘P(p)|ﬂzz§1>)7l AR

2 < j < m, are biholomorphisms. Reordering the elements in the F'-complete
sets, we may always assume that

(9] 1 Q)] 1 (1,2) 1,2
%t=1 =N g(r.iJ)’ %zl =7 )’ kt:l = g( )|‘V“>'

By compactness and reorderings, there exist ¢, ..., ty = 1 € [0, 1] such that
y(0.1) € Ui, 7% and 7,V n ;") # @ forall 2 < j < N. By the

(1,2 1,2
same arguments for (3.7), we have that k,(j 2) ly-hqgr = k,(j_’] )|7/<1)my<1) for all
VRS VAR

2 < j < N, so that the map kfl’z) extends to a holomorphic map

N N
(1,2) . _ (D ’__ 2
@2 =t — v =
j=1

j=1
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between a neighbourhood #° of y ([0, 1]) and a neighbourhood 7~ of
k42 (y ([0, 17)). Notice that, by construction, if ¥, y are such that ' =
k12 (), they are F-related. Since k(1’2)|%<1> = g(1,2)|%(”’ by the Identity
Principle, k12 = g2y and y' = g2 (y) = k1P (y). Therefore y, y’ are
F-related, as we needed to prove.

Case2:vy,y €Z.

Let {y;} C B" \ Z’' be a sequence with limy_, «, yx = y. By continuity, the
sequence y, = g(yx) convergesto y’ = g(y). By theresultin the previous case,
v and y; are F-related for any k and there exists a sequence {wy} C €2 such that
Vi, ¥p € 9P (F~!(wy)). Since 9P and F are proper, up to a subsequence, we
may assume that {wy;} converges to a point w, € 2. Using continuity, one can
check that this implies that y, y’ € ¢» (F~!(w,)) and are therefore F-related.

Finally, the property that I is a subgroup follows from the fact that the
composition of two elements g/), g®-9 € T maps the connected open set 7"V
into one of the F-related sets %" This can occur only if g/ o g®*-9|yq) =
g7 |y-0) for some r, meaning that g@/) o0 g®6 = g7 ¢ T,

4. The Main Theorem

Consider now the proper holomorphic correspondence
4.1) V="Pop?oF':Q— B,

where Pr and B} are as defined in §2.1. Theorem 1.2 is direct consequence of
the following:

PROPOSITION 4.1. The correspondence (4.1) splits and each of its single-
valued components V; : Q@ — B[, 1 <i < k, is a proper holomorphic map
such that

(4.2) W; 0 F = ProgW.

Proor. By Lemma 2.3, it suffices to show that the subset Sy C €2 of the
points z, at which W does not split, is included in an analytic subvariety of
dimension less than or equal to n — 2. Let I' ety C I' be the normal subgroup

generated by the reflections in I' and fix some elements Ay, ..., b in I'\ T'(er)
such that I can be expressed as a disjoint union

I = F(ref) U F(ref)hl Uu...u F(ref)hk-

For convenience of notation, we set 1y = Idg» so that I' = Uf:o [ renyhi -
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We first observe that for any g, g’ € I'ery and 0 < i # j < k, the element
(g'h;)~'(gh;) is notin I ef). Indeed, since I er) is normal, if § = hj_lg/*‘ ghi
is in Iery, then

g ' ghi = hjg = 2'h; for some ' € Tery => Crenyhi N Cenyhj # 9,

contradicting the choice of the h,’s. Due to this, any fixed point set
Fix((g’hj)*1 (gh;)) is an analytic variety of dimension less than or equal to
n—2.

Let X be the union of such fixed point sets, that is

X = U Fix((g’hj)_l(ghi))

g,g’el"(mf]
O=<i#j<k

and note that W = F (ga(”)_l(}s )) is an analytic subvariety of €2 of dimen-
sion dimW < n — 2. Indeed, X = ¢ ~1(X) C &), is an analytic variety,
which is mapped onto X and W by the proper holomorphic maps ¢?’ and F,
respectively. By the Proper Mapping Theorem,

dimW = dim X = dim X <n — 2.

Letw, € Q\ W and z, € ¢”(F~'(w,)). By construction, z, ¢ X. We
claim that there exists a ball B,(z,) C B", centred at z,, and of radius ¢, such
that

(4.3) 8hi(B:(20)) N g'hj(Be(z,)) =¥

forany g, g’ € I'qery and 0 < i # j < k. Suppose not. Since I' is finite, there
existi # j, g, 8 € I'er) and two sequences z,, z,, such that

Z, = lim z, = lim 2 and (ghi)(zx) = (g'hj)(z,) forany n.
By continuity, z, = ((gh;) "' (g'hj))(z,), i.e. z, € X: contradiction.

In the following, we denote 7; = Uger(,ef) gh;(B:(z,)). By (4.3), we have
that ;N 7; =P forany 0 <i # j <k.

We now consider an open ball Bs(w,) C €2 with the following property:
for any w € Bs(w,) there exists z € P (F~'(w)) such that z € B,(z,).
The existence of such a ball can be checked as follows. Consider the F-
complete set F~'(w,) = {x),...,xY} in &, and the corresponding F-
complete set P (F~'(w,)) = {z},...,zY'} in B". Let r sufficiently small
so that F~'(B,(w,)) has exactly N connected components Uy, ..., Uy. Let
V; = P (U;) and assume that z, = z}, € Vi. If there is no Bs(w,) with the
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required property, there exists a sequence {w,} C €2, converging to w, such

that
P (F"(wg)) N Be(zo) =@  forany .

Taking a suitable subsequence, we may assume that there exists a sequence
x¢ € Uy with F(x;) = w, and x, converging to x;. By construction, the
sequence {¢'?)(x;) = z,} is in V; and tends to ¢” (x}) = z,. But this means
that z, € B,(z,) NP (F~'(w,)) for all £’s sufficiently large and it contradicts
our hypothesis.

We now consider the maps

¥; : Bs(w,) — Bp, j(w) = Pr(hj(z)) for some z € P (F~ (w)) N %

with 0 < j < k. We claim that such maps are well defined and single valued.
Indeed, if z, 2’ € P (F~!(w)) N %, then, by definition of %5,

1=g@), =57 forsome 7,7 € B:(2,), & & € Cgen
and, by Proposition 3.3, 7 = h(z) for some /& € T" and hence of the form
h = g"h;, € Teryh;, forsome 0 <i, <k.
These two facts and the normality of I'.ry imply that

§@)=(g"h,e)@) = (g"hi,)[@) for some g"” € Trer)

and hence that
7 =(ghi,)@) € with g =g"""¢" € Tep.

Since 7y N 7;, = @ for i, # 0, we conclude that #;, = hy = Idp» and that
7' = g"(z). By normality of I'f) and the properties of Pr, it follows that

(ref )

Pr(h;(z)) = Pr(hj(g"(2))) = Pr(g" (h; @ * Pr(hj(z)),

proving that v; is well defined and single valued. Moreover, we have that
LEMMA 4.2. Each map ; is holomorphic.

ProoF. Let us first show that the ;s are continuous, i.e., that if w, €
Bs(w,) is a sequence converging to w € Bs(w,), then lim,_, wj (w[) =
¥;(w). Consider the J-complete set F~'(w) = {x',...,x"} C &, By
construction of Bs(w,), we may assume that z = ¢ (x) belongs to B:(z,),
so that y; (w) = Pr(h;(2)).
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Let B, (x) C %”(’;) be N disjoint closed balls such that
4.4) F~'(w) N B, (x7) = {x'}

and denote by S C Q the compact set S = |, F(3B,,(x)). Since w ¢ S,
there exists By (w) C Bs(w,) such that By (w) NS = @. If we set

(4.5) R' = F~' (By(w)) N By, (x")

the arguments of Prop. 15.1.6 in [13] imply that the maps F|z : R — By (w)
are proper and hence surjective. With no loss of generality, we may assume
that {w,;} C Bs(w) and we may consider a sequence {x;} C E such that
F(x¢) = wy. Up to a subsequence, {x,} converges to some X € R!. By (4.4),
(4.5) and continuity, F(X) = w and X = x!.

Since {z; = ¢P(x;)} C B" converges to z = ¢ (x!), for all £’s suffi-
ciently large z; is in B,(z,), so that lim_, o ¥ (we) = limy_, o Pr(h;(z¢)) =
Pr(h;(z)) = ¥j(w), as claimed.

We now prove that v;’s are holomorphic. Indeed, for any w € Bs(w,) \
F(Zr), there exist a neighbourhood %" of w and neighbourhoods %!, . .., %™
of the pre-images x', ..., x™ of w, such that F|g: : U' — F(U'") = W are
biholomorphisms. Forany z € ¢ (F~'(w))NB,(z,), thereexists 1 < j, < m
such that

2= 9P (Fly, (w)).

Taking %" sufficiently small, we may suppose that for any w’ € %~
2 = ¢V (FIy, W) € Bi(zo) = ;') = Prohj o9 o Fly;, (),

proving that ;|9 is holomorphic. This implies that v; is holomorphic in
Bs(w,)\ F (ZF) and, by continuity and known facts on holomorphic extensions
([13], Cor. of Thm. 4.4.7), it is holomorphic on Bs(w,).

By construction, for any w € Bjs(w,) we have that V(w) = (Yo(w),
Yi(w), ..., Yr(w)). By Lemma 4.2, the ;’s are holomorphic, meaning that
W splits at w,. Since w, is an arbitrary point of Q \ W anddim W < n —2, by
Lemma 2.3 we have that W splits. The equality (4.2) is a direct consequence
of the definition of W.
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