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THE CONVERGENCE OF SOME PRODUCTS IN
THE ADAMS SPECTRAL SEQUENCE

YUYU WANG and JIANBO WANG

Abstract
In this paper, we will use the family of homotopy elements ¢, € .S, represented by hob, €

n+1
Exti‘p a+q (Zy,Zp) in the Adams spectral sequence, to detect a ,-related family y;43828,-1
in 7, S. Our main methods are the Adams spectral sequence and the May spectral sequence, here
prime p >7,n > 3,q =2(p — 1).

1. Introduction

The problem of understanding the stable homotopy groups of sphere 7,.S has
long been one of the important problem of algebraic topology. We are interested
in the detection of nontrivial elements in the stable homotopy groups of sphere.

After the detection of n; € 7,i44 428, for p = 2, j # 2, by Mahowald,

in [9], which is represented by hih; € Exti’p Yatpa (Z,,Z,), many infinite

families in 7, S were found. In this paper, Z, = Z/pZ. In [3], for p > 2,
R. L. Cohen proved that a family ¢, € mpng44-3S in the Adams spectral
sequence (Adams SS) is represented by hob, € Exti’p "t (Zp,Z,). Zhou
and Lee proved that 8,&;, ¢, and ,Bf - ¢, are all nontrivial, see [5] and [15].
Furthermore, Lin proved in [4] that boh, — h1b,— survives to E, in the
Adams SS. Liu also detected some new families of homotopy elements, see
[7], [8]. Wang and Zhong established the convergence of ,5Jzoh,1 under the
conditionof p+1 <s <2p —1andn > 4 ([14]).

In this paper, we show that the product with the R. L. Cohen’s ¢ -element is
nontrivial. The main result is obtained as follows:

THEOREM 1.1. Let p > 7,0 <s < p —4, n > 3, then ys136:8—1 # 0 in
T, S.

For the convenience of the reader, let us briefly indicate the necessary pre-
liminaries in the proof of the above theorem. Let S be the sphere spectrum, M
be the Moore spectrum modulo an odd prime p given by the cofibration
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Leta : XYM — M be the Adams map and V(1) is its cofibre given by the
cofibration

SIM —% s M 25 y(1) -2 satiy

Let B : X®*tDay (1) — V(1) be the v,-mapping. It is well known that,
in the Adams SS, the B-element 8, = j;j»B8%i»i| is a nontrivial element in
Tspg+(s—1)g—25, where p > 5 [12]. V(2) is the cofibre of g : TPTD1V (1) —
V (1) sitting in the cofibration sequence

B

B rHhay (1) V(1) —2s v(2) L nethatly (),

Let y : S +P+Day(2) — V(2) be the vs-mapping and the y-element
Ys = J1Jj2J3Y i3izi; is also a nontrivial element in 775,24 (s—1)pg+(s—2)g—3S,
where p > 7 [13].

Furthermore,
IBS € 7Tqu+(s—l)q—2Sa

Vs € nspzq+(s—1)pq+(s—2)q—3S

is represented by the second, third Greek letter family element

Ex c EX'[ZSpq+(S_1)q+S_2’*(Zp, Zp),

)7; c EXti{szq-Hs_l)pq+(s_2)q+s_3’*(Zp, Z,,)

inthe Adams SS and ES v, are represented by the elements s (s — l)afzhz,ohl,l

and s(s — 1)(s — 2)a3h3,0h2,1h1 2 in the May spectral sequence (May SS).
Several methods have been found to determine 7, S. For example, we have

the Adams SS based on the Eilenberg-Maclane spectrum KZ,,

Ey' =Ext}'(Z,.2,),  d,: EY' — EJ7L

where A denotes the mod p Steenrod algebra, see [1]. Furthermore, we also
have the Adams-Novikov spectral sequence (Adams-Novikov SS), see [10],
[11].

From [6], Extk*(zp, Z,) has a Z,,-basis consisting of

ao € Ext'(2,.2,).  h € Ext5"(z,.2,)
foralli > 0. Exti’*(Zl,, Z,) has a Z,,-basis consisting of
@y, ay, aph; (i >0), g, ki, bi, hihj (i >0,j>i+2),

whose internal degrees are 2 + 1,2, p'g + 1, g(p't' +2p"), ¢2p' T + p?),
p'tlgand g(p'+ p’) respectively. Ext}*(Z,, Z,) for p > 2 has been computed
by Aikawa [2].
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The Adams SS and May SS play very important roles in the proof of the
main results, especially the May SS. In this paper, three problems must be re-
solved: Calculation of the E,-terms Extf"* (Z,, Z,), computation of the Adams
differentials, and the extensions from E, to 7,.S.

_ Remark 1.1. Note that in the Adams SS, when s # 0, 1,2 (mod p), s,
B2, hobn;] are all permanent cycles, so J; B2hob,_1 is a permanent cycle, that
is d, (Vs B2hobn—1) =0 (r > 2).

The paper is organized as follows: after giving some useful knowledge
about the May SS in Section 2, we will make use of the May SS to prove some
important results on Ext groups. The proof of Theorem 1.1 will be given in the
last section.

2. The May spectral sequence

To compute 7, S with the Adams SS, we must compute the E;-term of the
Adams SS, Ext}’* (Zp, Z,). The most successful method for computing it is the
May SS.

From [11], there is a May SS {E}""*, d,}, which converges to Ext‘jf (Zy,2p)
with E-term

(2.1) Ey* =E(h;;li >0,j>0)® P(b; ;i >0,j>0)Q P(a;li >0),

where E () denotes the exterior algebra, P () denotes the polynomial algebra,
and

1L,2(p =) pd 2i—1 2,2(p' = 1) pi*t!, pi—1) 1,2p —1,2i+1
hi,jEEl , bi,j GEl , a4 GEI .

. ! !
One has d, : ES'"M — ESTLIM=T for p > 1, and if x € ES"*, y € ES-',
then

2.2) dr(x - y) =dp(x) -y + (=1)’xdr (y).
Furthermore, the May E;-term is graded commutative in the sense that:

amhn,j == hn,jama hm,khn,j = _hn,jhm,ka
ambn,j = bn,jam7 hm,kbn,j = bn,jhm,k’

amdy, = ayapy, bm,nbi,j = bi,jbm,n-
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The first May differential d; is given by

di(hi ;) =— Z hi—k kv jhx,j

O<k<i
(2.3) di(a;)) = — Z hi —k kak
O<k<i
d(b; ;) =0.
For each element x € E}"", if we denote dim x = s, deg x = , then we have

dimh,-,j = dima,- =1, dlmb,,, =2

deghij =2(p' = Dp/ = g™/ 4+ p)),

2.4) degb; =2(p' = DHp"* = q(p"™ + -+ ph
dega; =2p' —1=q(p' ' +---+ D +1,
degag =1,

wherei > 1, j > 0.

REMARK 2.1. Any integer ¢ > 0 can be expressed uniquely as
t=q(cap" + e p" o ep o) e,

where ) <¢; < pO0O<i<n),p>c,>0,0<e<gqg.

3. Some preliminaries on Ext groups

In this section, we will prove some results on Ext groups which will be used
in the proof of the main Theorem 1.1.

LEMMA3.1l.Letp>T7,n>3,0<s < p—4andr > 1. The May E-term

i
satisfies G, r=lands=p -5,

Es+87r,t(s,n)+lfr,* . Gy, r=1lands = p— 6,

! G3, r=lands=p—1,

0, others.
where t(s,n) = q[p" + (s +3)p* + (s +Hp + (s + 3] + .
(1) G is the Z,-module generated by the following elements
g1 = a§ h1oha0h3 0h b2 0k,
8 = ag_sh1,0h2,0h3,0h2,1hl,zhl,lh],na

g3 = al Py ohu_1 1hy_s shu—ikhiohaohi s (4 <k <n—1).
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(2) G, is generated by two elements

p—6
{84 =a; hiohaohsohs1b2ohi .,

-6
gs = ay "hiohaohsoha hiohy 1hy,.
(3) Gs is generated by two elements

{g6 = a§_7h1,0h2,oh3,ohz,1b2,oh1,n,

p—7
g1 =a; hiohaohsohaihishi1hi,.

PROOF. It is easy to show that E‘f+8_”’(‘v’")+1_”* =0 > s +2). Thus, in

the rest of the proof, we assume that 1 <r < s + 2.
In the May SS, let g = wjw; ... w; € E§+8_r’l(s’")+l_r‘*, where w; is one of
ag, hrjorb, ,0<kr+j<n+1,0<u+z=<n,andr,j,z>0,u>0.

Assume that
degw; = q(cinp" + Ci,n—an_l +---+ciptcio) +ei,

where ¢; ; =0or1,e; = 1if w; = ay,, or ¢; = 0. It follows that

1
dimg =) dimw; =s+8—r,

i=1

1
degg = Z deg w;
i=1

! 1
= Q[(Zci,n>l7n +oeeet (Zci,z)PZ
i=1 i=1
! ! 1
+ (ZQ,I)["{‘ZQ,O} +Z€i
i=1 i=1 i=1
=qp"+ G+ + G +DHp+ G+ +G+1—7r).

Note that dim h; ; = dimg; = 1,dimb; ; =2,1 <r <s+2and0 < s <

p—4.Fr0mdimg:Z§:1dima)i:s+8—r,wehavel§s+8—r<

p+4—r<p+3.Using0<s—+4,s+1—r < p,and the knowledge on
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p-adic expression (Remark 2.1), we have

(3.1
/
I
Yei=s+1-r Y Cia+ A3 =0+ Agp, Ay > 0;
=1 i=1
i
!
i—lCi’0=s+3; Y. cistr=0+Asp, As > 0;
= i=1
i
Z Ci1 =S + 4;
i=1
; I
ZCi2=S+3§ Zci,nfl+)"n7220+)\nf]p’)\n7] ZO’
— i=1
ll Z
> ciz=0+4+2x3p, A3 > 0; ZICL”—’_)‘"”:L
i=1 =

Consider the fifth equation of (3.1), Zﬁzl ci3 =04 A3p.Sincec;3 =0o0r1
and/ < p+1,weseethat A3 =0or A3 = 1.

Case 1: A3 = 0. We claim that A, = 0. If A4, = 1, we would have the
following equations,

I / I
E Cip=s5+3, E ciz =0, E Ci4=Pp.
i=1 i=1 i=1

By Zi:l ¢in = s + 3 and (2.4), there exist s 4 3 factors among g such that
deg x; = g(higher terms on p + p* + lower terms on p) + §;,

where §; may equal O or 1. Similarly, according to Zle ¢ia = p, there would
be p factors among g such that

deg w; = g(higher terms on p + p* + lower terms on p) + §;.

Thus, by! < p+1andby (2.4), there would be atleast p+3+s—(p+1) = s+1
factors in g such that

deg w; = g (higher terms on p + p* + p? + lower terms on p) + §;.

Thus we would have 3!, ¢;3 > s 4 2, which contradicts Y /_, ¢;3 = 0. The
claim that A4 = 0 is proved.

By induction on j, we have that ,; = 0 (4 < j < n — 1). Hence, we have
the following two cases.
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Case 1.1: If there is a factor hy, in g, up to sign g = hy,g with g €
_ 2 -
Ef+7 ralls )P s+ P+ s+1=r) x| By (2.4), for r = 1, we have that

Es+6,q[(s+3) PP -(s+4) pH+(s4+3)]+s
1

= Zp{azh10h2,0h3,0h2,1b2,0, azhi oha0h3 0o 1h 2k 1}

When r > 2, we can make use of (2.4) to get

Es+7—r.,q[(s+3)p2+(s+4)p+<s+3>]+(s+1—r),* -0
| =0.

Case 1.2: If there is a factor by ,,_; in g, then up to sign g = by ,_ g with
~ 54+6—r,q[(s+3) P2+ (s4+4) p+(s+3) ]+ (s+1—-r), %
gek, =0.

Thus, in this case, the generator g exists, and up to sign g can equal one of
the following

azhi ohaohsoha,102001 or azhi ohyohsoha1hy2hi 1By p.

Case2: A3 = 1. Ifr > 4,thenwewouldhave! < s+8—r < p+4—r < p.
It is easy to see that A3 can not be equal to 1. Thus, in the rest of this case, we
always assume r < 3.

By the sixth equation of (3.1), 25:1 cia+1 = d4p and as also 0 <
Zi:l ci4 <! < p+1,wecandeduce A4 = 1. By inductionon j,1; = 1(4 <
Jj < n — 1), thus, the equations of (3.1) turn into

!
! Y ciz=p;
dYe=s+1—r; i=1
i=1 !
! Y cia=p—1;
Y cio=s5+3; i=1
(3.2) lj‘
cin=s+4 !
i=1 Y Cin-1=p—1
1 i=1
Z Cip =S + 3; 1
i=l Y cin=0.
i=1

From the fifth equation of (3.2), Zé:l ci3 = p,using ¢;3 = O or 1, we
must have that/ > p. Note that! < s+ 7,thuss > p—7.By0 <s < p —4,
smayequal p—7,p—6orp—>5.

1—rt(p—T1, I—r* .
c E{H— r,t(p—1,n)+ r*’ in

Case 2.1: Whens = p—7,¢g = wjwy...w;
this case, [ = p. From the following two equations: Zi:l e; =p—6—rand
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Zi:l cin—1 = p — 1, we have that up to sign the generator g must be of the
form g = a,‘,’q*rxp_(g_r ... xp. In this case, r must equal 1, then, we have that
up to sign g = al"°x,_7...x,, where
n—1 n—2 .. 4 3 2
Xp_7...Xp € Eiﬁ,q(Gp +6p" 446 p +8p° +4p +5p+4)+1,% — O,
which is trivial by (2.4). Thus, the generator g doesn’t exist.

Case2.2: Whens =p —6,g =wjws ... € Ef+2_r’t(p_6’")+l_r’*.

Case 2.2.1: 1 = p. From the following two equations: Zé:l e, =p—5—r
and Z§:1 cin—1 = p — 1, we have that up to sign the generator g must be of
the form g = a,f_6_rxp_5_, e Xp

If r = 1, then we have that up to sign g = a,f_7xp_6 ...Xp, and by (2.4),

8,g(6p" ' +6p" 2 46p*+Tp +4p>+5p+4)+1,
xp—6'--xp€E]q(p +6p" "+ +6p*+7p°+4p-+5p+4)+ *_0.

If r =2,then g = a,’,’_gqu ... Xp, by (2.4),

n—1 n—=2_ ... 4 3 2
Xp 7. %p c Eiﬂ,q(7p +7p" "+ +Tp " +8p°+5p~+6p+5)+1,% —0.

Case 2.2.2: | = p 4 1. In this case, it is easy to see that r must equal 1.
From the following two equations: Y '_, e; = p —5 —rand Y\_ ¢; 1 =
p — 1, we have that up to sign the generator g must be of the form g =
a,ﬁ’qirxp,ﬁ,, ...Xp41. Then we have that up to sign g = a,’,’fopq e Xpils
and by (2.4),

9,q(1p" ' +1p" 2441 p*+8p>+5p> +6p+5)+2, %
qu‘“xPHeElq(p P P H8p +5p +6p+5) —0.

Thus, the generator g doesn’t exist.

Case 2.3: Whens = p—5,g =wjwr...w; € Ef+3_r’t(p_5’n)+1_r’*.

Case 2.3.1: 1 = p. From the following two equations: Z§=l e, =p—4-—r
and 2521 cin—1 = p — 1, we have that up to sign the generator g must be of
—5—
the form g = a ™ "Xp_a—y ... Xp.
If - = 1, we have that up to sign ¢ = @/ °x, s ...x,, and by (2.4),
n—1 n=2_ .. 4 3 2
Xpos...Xp c Eiﬁ,q(Sp +5p" "+ 45p"+6p° +4p +5p+4)+1,%

= Zp{anhpohn—1,1hn—3 30—k khi 0h20h1 3}

@G<k<n-—1).
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If r = 2, we have that up to sign g = a,f_7xp_6 ...Xp, and by (2.4),

8,q(6p" ' +6p" 246 p*+T PP +5p> +6p+5)+1,
xp,ﬁ...xpeElq(” +6p" " +-+6p"+7p°+5p +6p+5)+ *_0.

If » = 3, we have that up to sign ¢ = a/ "x,_7...x,, and by (2.4),

n—1 n-2_ .. 4 3 2
Xp_7...Xp € Eii,q(7p +7p" "+ +Tp*+8p°+6p°+7p+6)+1,% —0.

Case 2.3.2: 1 = p + 1. From the following two equations: Zﬁzl e =
p—4—rand Zi:l ¢in—1 = p — 1, we have that up to sign the generator g
must be of the form g = a,’,’_6_rxp,5,, e Xpl

If » = 1, we have that up to sign g = a,f'_7xp_6 ...Xpy1, and by (2.4),
9,q(6p" ' 4+6p" 2 +-+6p*+7p*+5p> +6p+5)+2,
xpfé---xpﬁ»]EElq(p P P TP +5p +6p+5)+2,%

2
=Z,{a,hyohn—1,1hn—3300—r ki oh20h1 3}

@4<k<n-—1).
If » = 2, we have that up to sign g = a,’f_gx,,_7 ...Xp41, and by (2.4),

9,g(7p" ' 4+7p" 24 +Tp*+8p3+6 > +Tp+6)+2,% __
Xp—7 - Xp+1 EEl =0.

Case 2.3.3: 1 = p + 2. From the following two equations: 25:1 e =

p—4—rand Zﬁzl ¢in—1 = p — 1, we have that up to sign the generator g

must be of the form g = a,f_7_rx,,_6_, ... Xp12. In this case, r must equal 1,

and then we have that up to sign g = a,’f*gxp_7 ...Xp42, and by (2.4),

10,g(7p" ' +7p" 2+ +Tp*+8p3+6p*+Tp+6)+3,% _
x,,_7...x,,+2€El =0.

From the above discussion,
g = al 7 hy ohy_1,1hu_33hn_k ki oh20h 3 @4<k<n-1).

Summing up Case 1 and Case 2, the Lemma follows.

EP+2J(P*5>V!),*
1

LeEmMA 3.2. (1) For the generator of , we have that

M(g1) = 10p — 20,
M(g) =7Tp — 18,
M(g3) =2n+1)p —2n — 14.
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For the generator of Ef“’t(p_ﬁ’")’*, we have that

M(g4) = 10p — 27,
M(gs) ="Tp —25.

For the generator of Ef’t(p_u)’*, we have that

M(gs) = 10p — 34,
M(g7) =Tp — 31.

(2) For the May E\-module G in Lemma 3.1, we have

+2,t(p—5,n),10p—20 +2,t(p—5,n),7p—18 +2,t(p—5,n),2n+1)p—2n—14
Gl — Ef’ p p @Ef p p @D Ef p p

’

where +2,t(p—5,n),10p—20
Ef r " P = Zp{gl}’

E{J+2,t(p—5,n),7p—18 — Zp{gz}7

+2,¢(p=5,1),2n+1) p—2n—14 )
EJTHNP g =Z,{g};

+1,6(p—6,n),10p—27 +1,6(p—6,1),7p—25
G, =E/ (p=6.n).10p ®E] (P=6m.TP=25 "\ pore

+1,t(p—6,n),10p—27
{E{’ (om0 = 7, (ga),

+1,6(p—6,1),7p—25 _
ETRITPTE =7 (g5

H(p=T7.n),10p—34 H(p=T.n).7p=31
and Gy = E{ (p=7.m,10p ®E} W=7 TP =3 s here

H(p—T,n),10p—34
{Ef PP — 7, (g6),

,t(p=T,n),7p—=31
EP!PTTIT — 7, (gg).

ProoOF. (1) It is an easy calculation.
(2) By Lemma 3.1 and the above result (1), it is an easy conclusion.

LEmMA 3.3. For r > 2, about the May E,-module, we have the following
results:

Ef+2,t(p75,n),10p720 =0

9’

Erp+1,t(p—6,n),10p—27 =0

’

(1) E}{7+1,t(p—6,n),7p—25 — 0’

£(p—7.n),10p—34
Ef’ (p=7,m),10p =0,

E}{),t(p—7,n),7p—31 =0.
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(2) E’{?+2,t(p—5,n),(2n+1)p—2n—14 =0.

2.1(p—5.1).7p—18 . -5
(3) EPTRIPImIr=I b an unique generator ai ~hy oha.0h3.0h2,1b2,0h1 .

Proor. (1) From Lemma 3.2 (2),

+2,1(p—5,1),10p—20
EPTONPTPTE = 7 (g1

By using of (2.2), we have that up to sign
di(g1) = a?’hy ohaohsohi2hy1baohy, + - -+ # 0.
That is EL T/ P~>M197720 — 0 Thus
Ep+2,t(p75,n),10p720 =0 (}" > 2)

Similarly, we can get the other results in (1).
(2) From Lemma 3.2 (2),

E{H—Z,t(p—S,n),(2n+l)p—2n—14 _ Zp {g3}

By using of (2.2), we have that up to sign

di(g3) = al > hy o1 1hn—3 3hn—i xh1.0hk—1.1h20h1 3 + - - # 0.

2,t(p—5.m),(2n+1)p—2n—14
So ELFH!(P=omGrtlp=2n=14 _ () and also

EPR2IG—Sm.nthp=2—ld _ (5 2.
(3) By Lemma 3.2 (2),
ET2 TIPS — 7 16l hy oo ohs oho,1D2,0h1 ).
By using of (2.2),
dy(ay "k ohoohs ol 1b2,0h1 ) = 0.

This shows that the May E,-module E/ ' ~>-77~18 has only one permanent
cycle for r > 2.

By using the above Lemmas, we will next prove some results on Ext groups,
which will be used in the proof of the main theorem.

THEOREM 3.1. Let p > 7,n > 3,0 < s < p — 4. There exists nontrivial

product N
0 # Pyyskohobs1 € Bxty™"(2,,2,),
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where t(s,n) = p"qg + (s +3)p’q + (s + ) pg + (s + 3)g +s.
PRrOOF. It is known that
hio, bi,j, haohiy, aihsohsihi, € E}™"
are all permanent cycle in the May SS converging nontrivially to
ho, bj, ko, Vs+3 € Ext}*(Z,,2,), j > 0.

So
8
hiobi n_1haohi1a5hs ohy b2 € EYT s

is a permanent cycle in the May SS that converges nontrivially to
Desskohobn_y € Bxt 0" (z,,2,).
Now we need to show that the permanent cycle
hi,0b1 n—1haohi1azhs oho 1 h o

is not hit by any of the May differentials d, (r > 1). Firstly, let us consider the
structure of E;""'“™* in the May SS.

Case I: When 0 < s < p — 7, by Lemma 3.1, we know that, in the
May SS, E{*"'“"* — 0, Then ES*76:)* = ( (+ > 1). Thus in the May SS,
the permanent cycle

hi1,0b1n—1h20h1 10303002101 2
doesn’t bound and converges nontrivially to
J7Y+3k0h0bn—l € Eth:_&l(S’n) (Zp’ Zp)7

then )75_._3](0]/101?,,_1 # 0.

Case 2: When s = p — 7, by Lemma 3.1 and 3.2 (2), we have that G3 =

1(p—=T7,n),10p—34 1 (p—1.n),7p=31
E{’ (p—7,n),10p @E{”(p n),7p , thus

M(Ef),t(p—7,n),10p—34) — lOp _ 34’
M(Elp,t(p—7,n),7p—31) — 7p —131.

Furthermore,

M(hl,Obl,n—th,Ohl,1a§_7h3,0h2,1h1,2) =8p —35,
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s 6, M 1,t,M—1
and because d; : E}"YM — EJTVMT we know that

-7 H(p=T,n),7p=31
hiob1 u—1haohi1ay” "haohahy o ¢d1(E1pt(p MTp=3ly
-7 1(p—=T.n),10p—34
hiobi u—1haohi1ay ™ "haohaihi o ¢d1(Ef”(p 103y
Moreover, by Lemma 3.3, one has EPIPTTmA0P=34 g o > 2) and

P07 IP=30 _ (4 > 2). Thus, from the above discussion, the permanent

cycle .
.
hi,0bin—1haohi1a5 "h3ohahy

doesn’t bound and converges nontrivially to
~ +1.t(p—7.n)
yp—4k0h0bn—1 € EXtZ P (Zpa Zp)

in the May SS. Consequently, y,_skohob,—1 # 0.
Case 3: When s = p — 6, the proof is the same as Case 2.
Case 4: When s = p — 5, from Lemma 3.1 and 3.2 (2), we have that

2,t(p—5.n),10p—20 2,t(p—5.n),7p—18 2,t(p—5.n),2n+1)p—2n—14
GlefH (p=5,m),10p @Eler (p=5,m),7p @Elp+ (p=3.m),@n+1)p=2n—14

Thus,

M(EPHI0=Sm:100-20) _ 16, 50
M(EPH0=SmTp=18) _ 7 jg
M(EPH0=5mQutDp=20-14y _ 0 41y o 14,
Furthermore, M(hl,obl,,,_lhz,ohl,1a§_5h3,0h2,1h1,2) = 8p — 21 and 4,
ESTM s ESTLEMTT e know that
h10b1—1haohi 16} hsoha 1hy o & dy (EV TP 100720),
hl,obl,n—lhz,ohl,161575h3,0h2,1h1,2 ¢ d; (Efjﬂ’t(piin”pilg)’
hobra-thaohial hsohahyy & dy(Ef T2/ P75 GrDp=2nidy
Moreover, by Lemma 3.3, when r > 2, one has

Erp+2,t(p—5,n),10ﬂ—20 =0,
Erp+2,t(p—5,n),7n—18 =0,

E}{H—Z,t(p—5,n),(2n+1)p—2n—14 = 0.
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Thus, from the above discussion, the permanent cycle
hl,obl,n—lhz,ohl,1a§_5h3,0h2,1h1,2
doesn’t bound and converges nontrivially to
Yy _akohoby_1 € Exth TPz, 7.y

in the May SS. This means that ¥, _>kohob,—; # 0.
From Case 1 to 4, the Theorem follows.

THEOREM 3.2. Let p>7,n >3,0<s < p—4,2 <r <5+ 8. Then
Ext:v4+8—r,t(s,n)+1—r(zp, Zp) — 07

where t(s,n) = p"q + (s +3)p*q + (s + 4)pg + (s + 3)q + 5.

PROOF. We only need to prove that E{ ™5/ T1="% — () i the May SS.
From Lemma 3.1, the desired result follows.

4. The proof of Theorem 1.1

ProoF. From [3], hob,—; € Exti"q(”n“)(zp, Z,) is a permanent cycle in the
Adams SS and converges to a nontrivial element £,_; € 74 (pr41)-3S5.
Consider the composition of maps

f = Grj2jzy Piziain) (i o BPinin) (Gur)-

Since ¢, is represented by hob,_| € Extiq(PnJr])(Zp, Z,) in the Adams SS,
then f is represented by

¢ = (i j2j3y" P isiain) s (r j2B7i2i ) (hobn-—1)
in the Adams SS. By using the Yoneda products, we know that the composition
Ext}(z,,2,) 20 ExtQO(HV (1), Z,) “G2E) gy 2ata(z 7))
2,2pg+q

is multiplication by 8, € Ext " (Z,,2,), and the composition

Ex(2,. 2,) 220 BxO(HV (), 2,)
43 2 9 ¢
G ). Exti‘+3,ql(s+3>p +(s+2) p+(s+1D)]+s Z,,2,)

~ 2
is also multiplication by 73 € Ext’; 4l TIPHE2pt6tDits 7 7 )
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Hence the composite map y;4+3828,—1 € 7,S is represented by
Posakohob,_1 € Ext} " (z,,2,)

in the Adams SS.
From Theorem 3.1, we see that

Vs+3kohobn—1 # 0.

Moreover, from Theorem 3.2, it follows that Y, 3kohob,_1 can not be hit by
any differential in the Adams SS. Thus, the y; 3kohob,_ survives nontrivially
to a homotopy element of 7, S.
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