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ON THE ASYMPTOTIC EXPANSION OF THE
LOGARITHM OF BARNES TRIPLE
GAMMA FUNCTION II

STAMATIS KOUMANDOS and HENRIK L. PEDERSEN

Abstract

The remainders in an asymptotic expansion of the logarithm of Barnes triple gamma function give
rise to completely monotonic functions of positive order.

1. Introduction and results

This paper is a continuation of the investigations in [6] of the remainders in
an asymptotic expansion of the logarithm of Barnes triple gamma function,
denoted by I's(w|1, 1, 1). The expansion, due to Ruijsenaars, is given by

B 1 3
log T3(w|1,1,1) = 3’36(1”)
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where the remainder R3,, of order m > 3 has the representation

R3m(w) = /00 e & — i (-1* Bs 5 )dr, 9w > 0.
: o 4 \(1—ery Koo

k=0

Here Bs ;(x) denote the triple Bernoulli polynomials defined by

& k

t
=) B, il <27,
k=0 ’

f3BXt
(e = 1)3
and B3z ; = B3 (0) the triple Bernoulli numbers. (See [9, (3.13) and (3.14)].)

The main purpose of this paper is to prove the following generalization of
[6, Theorem 1.3] about the even indexed remainders.
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THEOREM 1.1. For n > 6, the remainder (—1)" R3,,(x) is a completely
monotonic function of order n — 1.

(The definition of complete monotonicity of positive order is given below.)

Similar investigations have been carried out for Euler’s Gamma function
and the double gamma function of Barnes, see [5]. In the latter case it is known
that also the remainder in the asymptotic expansion of order 2n gives rise to
a completely monotonic function of order n — 1. Theorem 1.1 states that this
result still holds in the triple case. As we shall see in the next sections, the
result in the triple case is much harder to obtain.

REMARK 1.2. The remainders of odd order 2n + 1 are only completely
monotonic for n < 5. It follows by direct computation that for n = 1 the
remainder is completely monotonic, for n = 2 it is completely monotonic of
order 1, for n = 3 of order 3 and for n = 4 it is completely monotonic of order
5.

A C*-function f: (0, co) — R is said to be completely monotonic if
D" fP(x) =0

forallm =0, 1, ... and for all x > 0. A fundamental result due to Bernstein
(see [11, p. 161]) states that f is completely monotonic if and only if there
exists a positive measure @ on [0, 0o) such that the integral below converges
for all x > 0 and

Fx) = / e duo).
0

Let « be a positive number. A function f: (0, co) — R is said to be completely
monotonic of order « if x* f(x) is a completely monotonic function. These
functions were introduced and characterized in [5]. The characterization for
integer values of o (Proposition 1.4) is based on the following definition.

DerNITION 1.3. Let Ag denote the set of positive Borel measures o on
[0, c0) such that fo Xe ™ do(s) < oo forall x > 0, let A; denote the set of
functions r — o ([0, t]), where 0 € Ag, and for n > 2, let A,, denote the set
of n — 2 times differentiable functions &: [0, c0) — R satisfying £/)(0) = 0
for j <mn—2and E"2(t) = fot o ([0, s]) ds for some o € Ay.

PROPOSITION 1.4. Let r be a positive integer. A function p: (0, 00) — R is
completely monotonic of order r if and only if

p(x) = f eE() di
0

for some & € A,.
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If f is completely monotonic of order « then f(x) = g(x)x~%, where
g is completely monotonic. Thus, the decay of f(x) as x tends to infinity
(compared with that of g(x)) is improved by a power factor, determined by
the order of complete monotonicity.

Complete monotonicity of positive order of the remainders in an asymptotic
expansion thus yields more information about the behaviour of the remainders,
and hence also about the accuracy of the expansion.

The proof of [6, Theorem 1.3] relied on the formula

(=D)"R32,(x) = f e (E () + (1)) dt,
0

where
¥ 1 1 Qn—=2)2n—1)
£, (1) =t kXZ; 12+ 2k)? 2mk)2n-2 ( Q27k)? 2)
and
M (1)
-y ! ! 262 — 27k)?)
- kX—; (12 + (27k)2)2 2mk)2n—2 {t(_3t - m +22n — 2))
_ 2 2 _
+2nk(6nk+ 3(2n —2)(1” + (27k)7) 8kt 2(2n 2);)}'
2k 12 + (27k)? 2k

The main ingredient in the proof was the positivity of 1, and &,. This is gen-
eralized in Proposition 1.5 and Proposition 1.6. Notice that in addition to the
usual notation we also use 9; for the derivative with respect to .

PROPOSITION 1.5. For anyn > 7, 3"~ (t*"731,(t)) > 0 fort > 0.
PROPOSITION 1.6. For any n > 6, 3"~ (t*'3,(¢)) > 0 fort > 0.

PrOOF OF THEOREM 1.1. For n = 6 the remainder can be expressed as
elementary functions and it is found that Rj3 j, is in fact completely mono-
tonic of order 7. For n > 7 we argue as follows. It is clear that &, 4+ 7, is a
C*-function on [0, co) and that 8f(t2"_3(§n (t) + n,(t)) = 0 for ¢t = 0 and
k < n — 1. Furthermore, from Proposition 1.5 and Proposition 1.6 we infer
that 8,”‘1(t2"_3 &,(@) + n,(2))) = 0 fort > 0. Then the proof follows from
Proposition 1.4.

The proofs of Proposition 1.5 and Proposition 1.6 are based on real variable
methods, including application of results on monotonicity properties of the
ratio between two series. Let us state a simple version of such a result.



294 S. KOUMANDOS AND H. L. PEDERSEN

ProrosiTIiON 1.7. Suppose that
K
Do ax”
K 9
D=0 biex*

where {a;} are real and {b;} are positive. If ai /by decreases then f decreases
on the positive half line.

fx) =

See the survey paper [2] for information on results of this kind. We remark
that a version of Proposition 1.7 for certain infinite series of functions has been
obtained in [6, Lemma 2.2] and that both versions are needed in the proof of
Proposition 1.6.

We shall also need a classical formula for the derivatives of f(x?) in terms
of derivatives of f, see [4, 0.432.1],

R(LE) = prax) fOCD), (1)
=0
where po,, ..., pn,, are polynomials with non-negative coefficients. We note

that the explicit forms of p, ,, pn—1.n, and p,_» , are:

P (X) = (2x)",
Pnta(x) = n(n — 1)(2x)" %,
DPn-—an(x) =nn—1){n —2)(n — 3)(2)6)'1_4/2_

2. The proof of Proposition 1.5

Let us begin by investigating some auxiliary functions £, and k,, defined as
follows n—1
(1+x)3’
n—2
(14 x)?"

LeEmMMA 2.1. Suppose that n > 1. Then, for x > 0,

hy(x) =

kn(x) =

I (ha(x?)) > 0,
3"k, (x?)) > 0.

Proor. First of all, for n = 7 both inequalities are established by compu-
tation, so it may be assumed that n > 8. We begin by proving the assertion
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for h,. It is easy to show that

2
h(”_3)(x) — (fl — 1)! X
" 2 (x4 D’
which readily yields
-2, (n—=1! 1 B 5
h" P (x) = T G (2x + (2 — n)x?),
-1y, _ (m=1)! 1 )
h,'” " (x) = 2 x T 1) (2—|—(4—4n)x+(n —D(n—2)x )

Itis evident that 3" 3h, (x) > Oforx > 0. Since hY (0) = Ofor0 < £ < n-3,
it follows that 29 (x) > 0 for0 < ¢ <n — 3.
From (1) it thus follows that

n—1 n—1

0 (@) = D prac1t @A) = 3 peaci AL () + (),

£=0 t=n-3
where o, (x) > 0 for x > 0. A standard, but lengthy, computation reveals that

(n—1! Qx)"3

8 6 4
5 T (apx® + byx° + c,x7),

n—1
> peai AP P =

{=n-3
where
ay=m—1Dn—2)(16 —4(n —2) + (n — 3)(n — 4)/2),
by =(n—1)(8(n—2)—4(n—2)"— 64+ (n—2)(n — 3)(n — 4)),
&n=32+mn—-Dn—-2)(8+n—-3)(n—4)/2).

We notice that a,, and ¢, are positive for all n > 2. However, b, is positive for
n > 9 and negative for 2 < n < 8. An investigation of the term apx® 4+ b,x®+
c,x* reveals that it is positive for all x > 0 when n > 8.

Turning to &, it can easily be shown that

=3\ — (1 _ X
k0 = 0 =2l

Hence 3"k, (x) > 0 for x > 0 and thus also £ (x) > Ofor ¢ € {0, ..., n —
3}. Furthermore,

n—1
N k(6 = Y prac1 (L () + Bu(x),

{=n—3
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where 8, (x) > 0 for x > 0. Using

(n—2) _ _ _
k,' 7 (x) = (n —2)! G I 14+ 2 —n)x),
(n—1) — _ _ _ _
k), 7 (x) = (n—2)! P (2=2n)+@m—1{n —2)x),

we find that

n—1 (2x)n75
> Pk @) = (n - 2)! (dnx® + enx* + fux?),

P ’(1 + x2)n+l

where
dy=n—1Dn—-2)(16—4n —2)+ (n —3)(n —4)/2),
en=m0—1D(n—2)(n—3)(n—4) —4(n —2)(n—3) —32),
fi=m—=Dn—-2)(4+xn—-3)n—4/2).

The term d,x% + e, x* + f,x? is positive for all x > 0 when n > 8. This proves

the lemma.

PROOF OF PROPOSITION 1.5. We rewrite 1, as

(1) = 32n — 3)t> + (8n — 10)1) i ! :
— (12 + (21k)?)? 2mk)> 2

+32n—1) i ! !
(12 + k)22 k)4
> 1 1

8 /;1 (1% + k)23 2mk)2=+"

This gives, after some computations,

2n-3 _ a3 _ 2 2 2
177, (1) = 3(2n —3)t” + (8n — 10)1 )kEZI (an)Gkn(t /Q2rk))
_ - 1 2 2
+32n — 1)t kEZI —(an)4 k,(t°/2mk)")

= 1 2 2
+8 ; Whn(t /2k)?).
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The assertion now follows by using Lemma 2.1.

REMARK 2.2. A function f defined on the positive half line is called a
generalized Stieltjes function of order A > 0 if

[T dp@)
f(x)—/o Grnr 7O

for some positive Borel measure © making the integrals converge and some
¢ > 0. The class of these functions is denoted by S;.

The positivity of (x"~!/(x + 1)@= and (x"2/(x + 1)>)*~ also fol-
lows from the characterization in [10], since 1/(x + 1)° and 1/(x + 1)? are
generalized Stieltjes functions of order L = 3 and A = 2.

Let us remark that Lemma 2.1 holds for generalized Stieltjes functions:

o if f € Syandn > 8, then 37 (x> 2f(x2)) > Oforall j <n — 1 and
x > 0;

o if f € S andn > 8, then 3 (x>* f(x2)) > 0 for all j
x > 0.

To see this, let s = s(x) = x/+/t. Then

IA

n — 1 and

2n—2 2n—2
X _ n—4 S

T _—
(x2+t)3 (S2+ 1)3
so that

x2n—2

K [T "4 5 (03 (ha(s7)) = "9 (ha(s7)
X

is positive for ¢ > 0. (It is clearly positive for + = 0.) Since (for j > 0)

) 5 oo x2n—2 00 4 jrn )
3’ g(x =/ 0/ ———dut =/ "8 (hy (s9) d (D),
g (x?) . “Gartne wu(r) A (hn(57)) d(2)

Lemma 2.1 can be applied to obtain the first assertion. The second assertion is
obtained similarly.

In [7] asymptotic expansions of generalized Stieltjes functions of measures
having moments of all orders are investigated.

3. The proof of Proposition 1.6

It is convenient to introduce some more notation. We let, for n > 0,

n

O (x) = T+ x

’
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andforO<m<j<n-—1,

n\/n—m-—1
Cm]—ij— " iem .

LEmma 3.1. For j <n — 1,

n—j

J
. X .
j _ e d—m
06, (x) = ].(1 Ry E Cm, jX .
m=0
ProOF. The idea is to use Leibniz’ rule and the binomial theorem:

. X .\ In k ik . k k—¢
—l)fx” iJ .
(1-1‘36)1+1 Z " Z( b ( )(k m)

B () e () g ()
()05

LEMMA 3.2. For j < n, the function

Here,

S

and this proves the lemma.

X971, (x)
816, (x)
decreases for x > 0.

PRrROOF. A direct computation shows that

(n+1)! n!
— )= —,
a+n2 500 =

- =D& () g
g 9”(x)_(1+x>"§<k)x'

"G, (x) = —

and
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This gives
x970,(x) n o x3"16, (x) _ (D
agilen(-x) (I'+x) ZZ=1 (Z)-’Ck_l a;len(x) l+x °
both of which are decreasing functions.
For j <n —2,
X070, (x) G4 S e jaxd
310, (x) A4+x)X0 _gcmjxi—m
j+1 Pl
— (4 I)Zf,:;o C jprx /I
=y J+1 yjtl-m
m=0 dmajx]
where co,j form =0,
dm,j = Cm—1.j + Cm.j> forl <m < j,
Cjjs form =j+1.
We claim that
Gttt _ G+l Gl €0+ )
djt1,j dj,j duj do, j

Once this claim is verified, the rational function x 3){ i 0,(x)/ 8){ 0, (x) decreases
by Proposition 1.7.
We turn to the verification of (2). We get, when 1 < m < j, by a standard
computation,
dm,j 1 .
Cim, j+1 n—j—1 n+1/m—1

so that d,, j/cm, j+1 decreases as m increases from 1 to j. The inequalities

Cj+1,j+1 Cj,j+1 Cl,j+1 €0,j+1
J J - JsJ a d J > J
djt1,j dj,j dy do, j

are also verified by straightforward computation; we omit the details. The
lemma is proved.

REMARK 3.3. A function 4: (0, co) — (0, oo) is called geometrically con-

cave if
h(x*y'™) > h(x)* h(y)' ™

for all x, y > 0 and all A € [0, 1]. This is equivalent to log . being a con-
cave function of logx. If & is differentiable it is equivalent to the function
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xh'(x)/h(x) being decreasing. (For geometrical concavity and other means
see e.g. [8], [1], and for an application to special functions, see [3].) This gives
the following consequence of Lemma 3.2: The function 96, (x) is geometric-
ally concave when 0 < j < n.

PrOOF OF ProPOSITION 1.6. To ease notation we replace n by n + 1 and
set out to prove B
o (1"~ &+1 (1) > 0

fort > 0 and for any n > 5.
We put ¢y, (1) = t"/(t + (27k)?) and notice that as before

07 (e (1)) ZP@ (OGN,

where the polynomials p, , have non-negative coefficients. Hence

o - > o 2n(2n + 1)
(1" e (D) = ;pe,nm;(znk) 2 go,iﬁi(tz)(w —2) 3)

n—2 00
_ ) © 2y (@A D )
—;Pe,n(l);Qﬁk) %(ﬂ( oo 2

= 2720+ 1)
+ ;uk,n(zxznk) (W - 2),

where D ®
ukn(t) = Pn— ln(t)(pkn (t )+pn n(t)go (t )

The proof will follow if we can show that

ad o () .2 2n(2n + 1) _ )

kX_;(%rk) G )(—(2nk)2 2) >0 (4)
forall£ =0,...,n — 2 and that

= o 2n(2n +1)

Z(Z]Tk) 2 ukﬂ(t)(w — 2) > 0. (5)

k=1

First (4) is verified: assume 0 < £ < n—2. Since the functions gok are positive
on the positive half line, (4) is equivalent to

S @k 200 (x) 1

6
S ek @) n@nt D) ©




BARNES TRIPLE GAMMA FUNCTION II 301

for x > 0. We claim that the left hand side decreases on the positive half line

as a function of x. Indeed this will follow from [6, Lemma 2.2] if it can be

shown that {gp,g'/: Dx) / (p,ﬁéi (x)} forms an increasing sequence of functions.
We express ¢, in terms of 6, as

P (x) = k)2 2mk) 290, (x/ 27 k)?),

o that ol )1/ @rkD)alt 6, (r/ Qrk))
‘Pig (x) X 8L6, (x/(2mk)?)
Our task amounts to showing that the function
ud 16, (u)
96, (u)

is decreasing on the positive half line. This is exactly the assertion in Lem-
ma 3.2. Finally, according to Lemma 3.4, the limit of the left hand side of
the relation (6) as x — oo equals (2m)~2¢(2n + 2)/¢(2n), which by [6,
Lemma 3.1] is greater than 1/(n(2n + 1)), forn > 5.

Finally we verify (5): since the functions uy , are positive, (5) follows if

> k)T 2wy (x) 1
>
Y e k)2 uy , (x) nn +1)
for x > 0. The limit of the left hand side as x — oo equals, as above,
(2m)~2¢(2n + 2)/¢(2n), and is thus greater than 1/(n(2n + 1)), forn > 5.

The remaining problem is to show that the left hand side decreases as a function
of x, for x > 0. To this end rewrite the function uy , as follows:

ajeak? o Y (2)(r2/(2nk)2)€}
(1 +12/Q2mk)?)nt! (1+12/Q2mk)?)"
=n!(2)" v, (t*/ 27k)?),

U (t) = n! <2t)“{

where
_ 4x Do ()
T L (R
4 U4
= Uxo T DT

It follows that {u,’(’n (t)/uk.n(t)} forms an increasing sequence of functions if

{ 3 (va (£ /27k)%)) }
va (12/(27Kk)?)
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does. Since,

0, (0 (1/@k)D) 213/ Qrk)* (v, () Qk))
n(/QrhY) 1 u,2/Qrk)?)

we see that this is the case if the function x — xv), (x) /v, (x) decreases. The last
statement can be verified without too much difficulty. By direct computations,

xv,(x)  (m—1Dm—=5x+4+n—Dn
v (X) B 1+x

1
A4 (n— DA+ +x)"—1)/x)

is decreasing as a product of two decreasing functions. This proves the pro-
position.

LEMMA 3.4.
(@) For0<{ <n-—1,

lim 2121(2”")72”72%%()6) _ ¢@n+2)
xo00 S Quk) e () 2m)22n)

(6) For tn(x) = pu_1.a () V(2 + pun () (x?),

Y )T P, (x)  t(2n+2)
lim = = .
x—o0 37 (2mwk) T2 Uy (X) (2m)?¢ (2n)

We stress that the limit does not depend on £.

PROOF. Assume that £ < n — 1. We express again ¢y , in terms of 6, and
obtain
2 000(x/Q2k))
(x/Qrk)?n—t=1

1 ad o
-1 Z(znk)—zn—z(pg’)l (x) = Z(zﬂk)_zn_
k=1 k=1

Now, by Lemma 3.1,

346, (u) P ut=m ¢
0< u = ¢! . am— TP
= el 14u mg O mg N

for £ < n — 1, so the dominated convergence theorem can be applied. It gives
us

| Q— i
et 2 QT T () = Y @rk) T e e,
k=1 k=1
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as x — oo. Repeating the argument for the denominator yields

 J— o
T 2 QTR TR0 — Y @k e c,
k=1 k=1

as x — oo and this proves the first assertion. For the second part it is found
that

S Q)T 2y, (x) R k)220 (20)" P, (x2/ (2k)?)
S Rk Py, (x) Y pe k) "2n! (2) 2, (x2/ (27k)?)
_ 2 @k, (62 (2k)?)
Y @rk) 2, (k2 2rk)?)

where v, is as in the proof of Proposition 1.6. Since v, is positive and increas-
ing, 0 < v,(x) < limy_  v,(x) = n — 1, and the dominated convergence
theorem can be applied again. The proof is finished.

REMARK 3.5. In the proof of Proposition 1.6 it would seem more natural
not to combine the two terms for £ = n — 1 and £ = n in the series (3).
However, when investigating the ratio containing only the last term £ = n, it
is decreasing, but the limit as + — oo is equal to 0, and thus positivity of the
single term corresponding to £ = n in the series (3) cannot be concluded. This
is the reason for combining the two terms.

REMARK 3.6. If v: (0, 00) — (0, 00) is differentiable and geometrically
concave and if {c,} is any decreasing sequence of positive numbers the se-
quence {u, (x)/ui(x)} is an increasing of functions, where u;(x) = v(crx).
This fact was used in the proof of Proposition 1.6, for ¢, = (2mk)~2.
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