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A CLASSIFICATION OF C-FUCHSIAN SUBGROUPS
OF PICARD MODULAR GROUPS

JOUNI PARKKONEN and FREDERIC PAULIN

Abstract

Given an imaginary quadratic extension K of Q, we give a classification of the maximal nonele-
mentary subgroups of the Picard modular group PSU; 2(0k) preserving a complex geodesic
in the complex hyperbolic plane [H]é. Complementing work of Holzapfel, Chinburg-Stover and
Moller-Toledo, we show that these maximal C-Fuchsian subgroups are arithmetic, arising from a
quaternion algebra ( D.Dg ) for some explicit D € N —{0} and D the discriminant of K. We thus

Q
prove the existence of infinitely many orbits of K -arithmetic chains in the hypersphere of P, (C).

1. Introduction

Let / be a Hermitian form with signature (1,2) on C3. The projective spe-
cial unitary Lie group PSU}, of A contains exactly two conjugacy classes of
connected Lie subgroups locally isomorphic to SL;(R). The subgroups in one
class, isomorphic to SU(1, 1) =~ SL,(R), preserve a complex projective line
for the projective action of PSU;, on the projective plane P,(C), and those of
the other class, isomorphic to SOy(2, 1) >~ PSL,(R), preserve a totally real
subspace. The groups PSL,(R) and PSU,, act as the groups of holomorphic
isometries, respectively, on the upper halfplane model HZ of the real hyper-
bolic space and on the projective model I]-I]% of the complex hyperbolic plane
defined using the form 4. If I" is a discrete subgroup of PSUj,, the intersections
of I with the connected Lie subgroups locally isomorphic to SL;,(R) are its
Fuchsian subgroups, and the Fuchsian subgroups preserving a complex pro-
jective line are called C-Fuchsian subgroups. We refer to Section 2 for more
precise definitions and comments on the terminology.

Let K be an imaginary quadratic number field, with discriminant Dg and
ring of integers Ok . We consider the Hermitian form 4 defined by

(20,21, 22) = —2022 — 2220 + 2121

The Picard modular group Ty = PSU}, (Ok) is a nonuniform arithmetic lattice
of PSUy, see for instance [13, Chap. 5] and subsequent works of Falbel, Parker,
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Francsics, Lax, Xie-Wang-Jiang, and many others for information on these
groups. In this paper, we classify the maximal C-Fuchsian subgroups of 'k,
and we explicit their arithmetic structures. The results stated in this introduction
do not depend on the choice of the Hermitian form % of signature (2, 1) defined
over K, since the algebraic groups over Q whose groups of Q points are
PSU,(K) depend up to commensurability only on K and not on 4, see for
instance [26, § 3.1].

When G = PSL,(C), there is exactly one conjugacy class of connected
Lie subgroups of G isomorphic to PSL,(R). When I' is the Bianchi group
PSL,(Ok), the classification analogous to the one we describe is due to Mac-
lachlan and Reid (see [17], [18] and [19, Chap. 9]). They proved that the
maximal nonelementary Fuchsian subgroups of PSL, (0 ) are commensurable
up to conjugacy in PSL,(C) with the stabilisers of the circles |z|> = D for
D e N — {0}, when PSL,(C) acts projectively (by homographies) on the
projective line P;(C) = C U {oo}, and that all these subgroups arise from
explicit quaternion algebras over Q. For information on Bianchi groups, see
for instance [9] and the references of [18].

More generally, given a connected semisimple real Lie group G with finite
center and without compact factors, there is a nonempty finite set of infinite
conjugacy classes of connected Lie subgroups of G locally isomorphic to
SL,(R), unless G itself is locally isomorphic to SL,(R). The structure of the
set of these subgroups plays an important role for the classification of the linear
representations of G, and for the classification of the groups G themselves, see
for instance [15], [25] among others. Given a discrete subgroup I' of G, it is
again interesting to study the Fuchsian subgroups of I, that is, the intersections
of I with these Lie subgroups, to classify the maximal ones and to see, when
I is arithmetic, if its maximal Fuchsian subgroups are also arithmetic (see
Proposition 3.1 for a positive answer) with an explicit arithmetic structure.
From now on, G = PSU;,,.

We first prove (see Proposition 3.2 and just after) that a nonelementary C-
Fuchsian subgroup I'’ of ' preserves a unique projective point [z¢ : z1 : 23]
with zg, z1, 2o relatively prime in Og. We define the discriminant of T as
Ar = h(zo, 21, z2). For any positive integer D, let

F]()D = Stab[‘K[—D :0: 1]

In Section 3, we prove the following classification result (see [18, Thm. 1] and
[19, Thm. 9.6.2] in the Bianchi group case).

THEOREM 1.1. Let D € N—{0}. The set of I g -conjugacy classes of maximal
nonelementary C-Fuchsian subgroups of Uk with discriminant D is finite
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and nonzero. Every maximal nonelementary C-Fuchsian subgroup of T g with
discriminant D is commensurable up to conjugacy in PSUy, with I'k »p.

In the course of the proof of this result (see Lemma 3.4 and Corollary 4.2),
we prove a criterion for when two groups I'k p for D € N — {0} are commen-
surable up to conjugacy in PSUj,. A further application of this condition shows
that every maximal nonelementary C-Fuchsian subgroup of I'x is commen-
surable up to conjugacy in PSU,, with I'x p for a squarefree positive integer
D.

Recall (see for instance [10]) that a chain' is the intersection of the Poincaré

hypersphere
HS ={lz] € P2(O) : h(z) = 0}

with a complex projective line (if nonempty and not a singleton). It is K-
arithmetic if its stabiliser in 'y has a dense orbit in it (see Section 3 for an
explanation of the terminology).

COROLLARY 1.2. There are infinitely many I g -orbits of K -arithmetic chains
in the hypersphere #.S .

The figure below shows part of the image under vertical projection in the
Heisenberg group of the orbit under I'x of a K -arithmetic chain whose stabil-
iser has discriminant 10, when K = Q(i).

We say that a subgroup of PSU,, arises from a quaternion algebra A defined
over Q if it is commensurable in PSU;, with o (A(Z)') for some Q-algebra
morphism o : A — 3(C), where A(Z)! is the group of norm 1 elements in

1'a notion attributed to von Staudt in [3, footnote 3]
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A(Z). In Section 4, we prove the following result (see [19, Thm. 9.6.3] in the
Bianchi group case).

THEOREM 1.3. Every nonelementary C-Fuchsian subgroup of Tk of dis-

criminant D is conjugate in PSUy, to a subgroup of PSU,, arising from the

quaternion algebra (DQD" )

The classification of the quaternion algebras over Q then allows to classify,
up to commensurability and conjugacy in PSUj,, the maximal nonelementary
C-Fuchsian subgroups of I'g : two such groups, with discriminant D and D’ are
commensurable up to conjugacy in PSUy, if and only if the quaternion algebras
( b ’é) £ ) and ( b /(’QD = ) are isomorphic (see Corollary 4.2). This holds for instance
if and only if the quadratic forms D x>+ Dy? — DDgz? and Dgx?+ D'y* —
D' Dgz? are equivalent over Q (see for instance [19, Coro. 2.3.5]).

We conclude the introduction with a brief review of previous work related
to this paper. The terminology of this paragraph will not be needed in this
paper, and we refer to the quoted references for details. The existence of a
bijection between wide commensurability classes of C-Fuchsian subgroups
of 'k and isomorphism classes of quaternion algebras over Q unramified at
infinity and ramified at all finite places which do not splitin K /Q is a particular
case of a 2011 result of Chinburg-Stover (see Theorem 2.2 in version 3 of [4]
and [5, Theo. 4.1]), which proves such a result for all arithmetic lattices of
simple type (which include the Picard modular groups) in SU5 ;. In particular,
the existence of this bijection (and our Corollary 4.4) should be attributed to
Chinburg-Stover (although they say it was known by experts). Moller-Toledo
in [20] also give a description of the quotients by the maximal C-Fuchsian
subgroups of the real hyperbolic planes they preserve, and more generally of
all Shimura curves in Shimura surfaces of the first type (which include the
complex surfaces I'x \HZ). We believe that our precise correspondence brings
interesting effective and geometric information to the picture.
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2. The complex hyperbolic plane

Let & be the nondegenerate Hermitian form
h(z) = —20%2 — 2% + 21> = ~2Re(2022) + |21l

of signature (1, 2) on C* with coordinates (zo, z1, z2), and let (-, -) be the associ-
ated Hermitian product. The point z = (zo, 21, 22) € C3 and the corresponding
element [z] = [z¢ : z1 : 22] € P2(C) (using homogeneous coordinates) is neg-
ative, null or positive according to whether h(z) < 0, h(z) = 0 or h(z) > O.
The negative/null/positive cone of h is the subset of negative/null/positive ele-
ments of P, (C).
The negative cone of & endowed with the distance d defined by

(z, w)[?

) _ zw)i”
cosh”d([z], [w]) = h(z) h(w)

is the complex hyperbolic plane I]-I]%. The distance d is the distance of a Rieman-
nian metric with pinched negative sectional curvature —4 < K < —1. The
linear action of the special unitary group of &

SU, ={g € SL3(C) : ho g = h}

on C* (where h o g : z — h(gz)) induces a projective action on P,(C) with
kernel U3 Id, where Us is the group of third roots of unity. This projective action
preserves the negative, null and positive cones of 42 in P, (C), and is transitive on
each of them. The restriction to HZ of the quotient group PSU;, = SU;, /(U3 Id)
of SUj, is the holomorphic isometry group of I]-[]?C. Note that the inclusion
SU;, — Uy, induces a Lie group isomorphism PSU;, — PU,,.

The null cone of 4 is the Poincaré hypersphere #%, which is naturally
identified with the boundary at infinity of [H]%. The Heisenberg group

Heis; = {[wo tw:lleCx C:2Rewy = |w|2}

acts isometrically on [H]% and simply transitively on #.% — {[1 : 0 : 0]} by the
action induced by the matrix representation

1 w wo
[wo:wzl]r—><0 1 w)
0 0 1

of Heisj; in SUj,. The projective transformations induced by these matrices are
called Heisenberg translations.

If a complex projective line meets [H]é, its intersection with [I-I]é is a totally
geodesic submanifold of H2, called a complex geodesic. The intersection of
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a complex projective line in P, (C) with the Poincaré hypersphere is called a
chain, if nonempty and not reduced to a point. Each complex projective line
L in P,(C) meeting I]-l]% (or its associated complex geodesic L N HZ, or its
associated chain L N #.¥) is polar to a unique positive point P, € P,(C), that
is, (z, PL) = O for all z € L (or equivalently z € L N [I-I]% orz € LNHYL).
This element Py is the polar point of the projective line L, of the complex
geodesic L NHZ and of the chain L N F#.¥. Conversely, for each positive point
P, there is a unique complex projective line P+ polar to P, the polar line of
P. The intersection of P+ with IH]% is a complex geodesic.

An easy computation (using for instance Equation (42) in [22]) shows that

ta 0 i“’) a,be,deR,{€C

Stabgy, [0: 1:0] = {( 0 ¢ : .
—ite 0 ¢d ad—bc=1,|¢|=1

)]

In particular, Stabgy, [0 : 1 : 0] is isomorphic to (S! x SLy(R))/{#(1, id)}. It
injects in PSU,, by the canonical projection SU;, — PSU,. Hence the group
Stabpsy, [0 : 1 : 0] is also isomorphic to (S' x SL,(R))/{%(1,id)}. More
generally, by conjugation, if P = [zp : 71 : z2] is a positive point in P,(C),
then the stabilizer of P in PSUj is the almost direct product Ap Bp, where
Ap is the unique Lie group embedding of SL,(R) in PSU, preserving the
complex geodesic polar to P, and Bp is the group of complex reflections with
fixed point set the projective line polar to P. The group Bp is isomorphic to
S! and centralizes A p. We have Bp N Ap = {£1}, and Ap acts on the normal
bundle of the complex geodesic polar to P either by parallel transport or by
its opposite.
The polar chain of P is

Cp = {lwo: wy :wa2] € P2(C):
h(wo, wi, wa) = ((wo, wi, wa), (20, 21, 22)) = 0},
that is Cp N Heiss is the set of [wg : w : 1] € Heiss satisfying the equation
lw|?

(T—i—ilmwo)Z—wH-i-E:O-

When z; # 0, inthe coordinates (w, 2 Im wy) € CxRof [wy : w : 1] € Heiss,

this is the equation of an ellipse, whose image under the vertical projection
Vh(z0,21,22)

[wo : w : 1] — w is the circle with center % and radius =

by the equation . o
lw|? — 2Re(wZ:‘) 4 2Re<Z:0) —0.
22 22

If z, = 0, then Cp N Heis; is the vertical affine line over %

in C given
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We refer to Goldman [10, p. 67] and Parker [21] for the basic properties
of [HI%C. These references use different Hermitian forms of signature (1, 2) to
define the complex hyperbolic plane, and the curvature is often normalised
differently from our definitions. Our choices are consistent with [22] and [23].

3. Classification of C-Fuchsian subgroups of I'y

Before starting to study Fuchsian subgroups of discrete subgroups of PSUy, let
us mention that it is a very general fact that the maximal nonelementary (that
is, not virtually cyclic) Fuchsian subgroups of arithmetic subgroups of PSU,
are automatically (arithmetic) lattices of the copy of PSL, (R) containing them.

PROPOSITION 3.1. Let G be a semisimple connected real Lie group with finite
center and without compact factors, and let I be a maximal nonelementary
Fuchsian subgroup of an arithmetic subgroup I" of G. Then I is an arithmetic
lattice in the copy of the connected Lie group locally isomorphic to SLy(R)
containing it.

Proor. We refer to [29, §3.1] for an elementary introduction to algebraic
groups and their Zariski topology. Let G be a semisimple connected algebraic
group defined over Q, let H be a connected algebraic subgroup of G defined
over R locally isomorphic to SL;, and assume that ' = H(R) N G(Z) is
nonelementary in H (R). As a nonelementary subgroup of a group locally iso-
morphic to SL; is Zariski-dense in it, and as the Zariski-closure of a subgroup
of G(Z) is defined over Q (see for instance [29, Prop. 3.1.8]), we hence have
that H is defined over Q. Therefore by the Borel-Harish-Chandra theorem [2,
Thm. 7.8], ' = H(Z) is an arithmetic lattice in H (R). Since the copies of
connected Lie subgroups of G locally isomorphic to SL;, (R) are algebraic (see
for instance [29, Prop. 3.1.6]), the result follows.

One of the main points of the rest of the paper will be to determine explicitly
the arithmetic structure of I', that is the Q-structure thus constructed on the
group locally isomorphic to SL;(R) containing it, relating it to the arithmetic
structure of F, that is the given Q-structure on G.

Let K be an imaginary quadratic number field, with Dg its discriminant,
Ok its ring of integers, tr : z > z +Zits trace and N : z — [z]*> = zZ
its norm. Recall (see for instance [24]) that there exists a squarefree positive
integer d such that K = Q(iv/d), that Dx = —d and Ox = 7[*HY4] if

= —1 mod4, and that Dy = —4d and Ok = Z[i~/d ] otherwise. Note that
Ok is stable by conjugation, and that tr and N take integral values on Og. A
unit x in O is an invertible element in Ok. Since N : K* — R* is a group
morphism, we have N (x) = 1 for every unit x in O.
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The Picard modular group of K, that we denote by 'y = PSU,(O),
consists of the images in PSU,, of matrices of SU,, with entries in Ok. It is a
nonuniform arithmetic lattice by the result of Borel and Harish-Chandra cited
above. Note that every nonuniform arithmetic lattice in PSU}, is commensur-
able to a Picard modular group (see for instance [26, § 3.1]).

A discrete subgroup I' of PSUy, is an extended C-Fuchsian subgroup if it
satisfies one of the following equivalent conditions

(1) T preserves a complex projective line of P,(C) meeting HZ,
(2) T fixes a positive point in P, (C),

(3) T preserves a chain.

Many references, see for example [7], do not use the word “extended”. But as
defined in the introduction, in this paper, a C-Fuchsian subgroup is a discrete
subgroup of PSU,, preserving a complex geodesic in IH]% and inducing the par-
allel transport or its opposite on its unit normal bundle. It is the image of a
Fuchsian group (that is, a discrete subgroup of SL, (R)) by a Lie group embed-
ding of SL,(R) in PSU,,. The extended C-Fuchsian subgroups are then finite
extensions of C-Fuchsian subgroups by finite groups of complex reflections
fixing the projective line or positive point or chain in the definition above. In
particular, up to commensurability, the notions of extended C-Fuchsian sub-
groups and of C-Fuchsian subgroups coincide. The C-Fuchsian lattices have
been studied under a different viewpoint than our geometric one, as funda-
mental groups of arithmetic curves on ball quotient surfaces or Shimura curves
in Shimura surfaces, by many authors, see for instance [16], [12], [13], [20]
and their references.

An element of ' is K-irreducible if it does not preserve a point or a line
defined over K in P,(C). An element of P,(QC) is rational if it lies in P, (K).
Note that the polar line of a positive rational point of P,(C) is defined over K.
The group PSU}, (K), image of SU;,(K) = SU; N SL3(K) in PSUy, preserves
P, (K), but in general its projective action on P,(K) is transitive neither on
the positive, nor on the null, nor on the negative points of P(K).

The Galois group Gal(C |K) acts on the complex projective plane P,(C)
by olzo : 21 : z2] = [oz0 : 0271 : 022], and fixes P,(K) pointwise. Note
that it does not preserve the positive, null, or negative cone of z in P,(C). A
positive point z € P,(C) is Hermitian cubic over K if it is cubic over K (that
is, if its orbit under Gal(C | K) has exactly three points), and if its other Galois
conjugates 7', z” over K are null elements in the polar line of z.

The following result, analogous to [19, Prop. 9.6.1] in the Bianchi group
case, strengthens one direction of [20, Lem. 1.2].
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ProrosITION 3.2. A nonelementary extended C-Fuchsian subgroup T" of
[k fixes a unique rational point in P,(C). This point is positive and it is the
polar point of the unique complex geodesic preserved by T.

Proor. If @ € PSUy is loxodromic, let o_, a4 € Booﬂ-l]% be its repelling
and attracting fixed points, and let &y be its positive fixed point. Since the two
projective lines tangent to the hypersphere /% at «_ and o, are invariant
under «, their unique intersection point is fixed by «, therefore is equal to .
In particular, o is polar to the complex projective line through «_, oy (see
also [21] for a more analytic proof).

Let L be the complex projective line preserved by I', which meets H2. As
" is nonelementary, there are loxodromic elements «, 8 € I" such that their
sets of fixed points in do, I]-I]% N L are disjoint, see for instance [11, 8.2.E]. Since
L passes through o, . as well as through S_, 8., and by the uniqueness of
the polar point to L, we hence have oy = By.

As o and B have infinite order, one of them cannot be K-irreducible.
Otherwise, if both were K-irreducible, then by [23, Prop. 20], the point
oy = PBo would be Hermitian cubic and its orbit under Gal(C |K) would be
{a_, oy, a0} = {B_, B+, Po}, a contradiction. Assume then for instance that
o preserves a line or a point defined over K. As any projective subspace pre-
served by « is a combination of «_, oy and o, and as «_ and «, are not
defined over K, it follows that « is rational.

Let I' be a nonelementary extended C-Fuchsian subgroup of I'x. By the
previous proposition, I" fixes a unique rational point Pr in P, (C), which may
be written Pr = [z¢ : z1 : z2] with zg, 21, 22 € Ok relatively prime. Such a
writing is unique up to the simultaneous multiplication of zg, 21, z> by a unit
in Ok . Since the units in Ok have norm 1, and since the trace and norm of K
take integral values on the integers of K, the number

Ar = h(zo,21,22) = N(z1) —tr(z022) € Z

is well defined, we call it the discriminant of I" (by analogy with the case of
PSL,(0k), see [18, Def. 4.1], and as it discriminates I" up to finite error by
Theorem 1.1). As P is positive, we have Ar € N — {0}. The radius of the
vertical projection of the polar chain of Pr is hence g. The discriminant of
I" depends only on the conjugacy class of I' in I'k: for every y € I'k, since

by uniqueness we have P,r,-1 = y Pr, we have

Ayry—l = Ar.

A chain C is (K-)arithmetic if its stabiliser in I'x has a dense orbit in C.
The following result along with Proposition 3.2 justifies this terminology. This
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result is well known, and it is the other direction of [20, Lem. 1.2], see also
[12, Prop. 1.5, §1I1.1] and [16, §3]. We give a proof, which is a bit different,
for the sake of completeness. In Section 4, we give an explicit construction
based on quaternion algebras that implies this result.

ProPosITION 3.3. The stabiliser Stabr, P of any positive rational point
P € Py(K) is a maximal nonelementary extended C-Fuchsian subgroup of
'k, whose invariant chain is arithmetic.

ProOF. Let G be the linear algebraic group defined over Q, such that
G(Z) = PSU,(0Ok) and G(R) = PSU,,. We endow P, (C) with the Q-structure
X whose Q-points are P, (K) so that the action of G on X is defined over Q.

As seen in Section 2, the set of real points of the stabilizer Stabg P is
isomorphic to (S' x SL,(R))/{%(1, id)} as areal Lie group. The group Stabg P
is reductive and it has a (semisimple) Levi subgroup H defined over Q, such
that H (R) is isomorphic to SL; (R). By a theorem of Borel-Harish-Chandra [2,
Theo. 7.8], the group H (Z) is an arithmetic lattice in H (R), which (preserves
the projective line polar to P and) is contained in Stabr, P. As H (Z) is a lattice
in H(R), the group Stabr, P is nonelementary and has a dense orbit in the chain
Prnas.

Recall thatin the coordinates (w, —2 Im wy) of Heiss, the chains are ellipses
whose images under the vertical projection are Euclidean circles (see also [10,
§4.3]). The figure in the introduction is the vertical projection of part of the
orbit under 'k of the chain [=5 : 0 : 1]+ N %#¥ when K = Q[i], so that ['
is the Gauss-Picard modular group, and we use the generating set of ['x given
by [6]. The figure shows the square |Re z|, [Im z| < 1.5 in C with projections
of chains whose diameter is at least 1.

In the figures on the following page (contrarily to the introduction where
K = Q(i), so that the apparent symmetries are different), K = Q[w], where
w is a primitive third root of unity, so that I'x is the Eisenstein-Picard modular
group, and we use the generating set of I'x given by [8]. These two pictures
illustrate the difference between D odd and D even in the coming proof of
Theorem 1.1 (note in particular the difference around the origin).

The figure on the left shows part of the orbit of [—1 : 0 : 1]+ N H#¥ and
the figure on the right shows part of the orbit of [=2 : 0 : 1]+ N H#¥. They
both show the square |Re z|, |[Im z| < 1 in C with projections of chains whose
diameter is at least 0.5 in the figure on the left and at least 0.75 in the figure
on the right.

The first part of Theorem 1.1 in the introduction concerns the classification
up to conjugacy in 'k of the maximal nonelementary extended C-Fuchsian
subgroups of I'. Consider the set %¢ of maximal nonelementary C-Fuchsian
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subgroups of 'k, on which the group 'k acts by conjugation. We will prove
that the discriminant map I' — Ar on % induces a finite-to-one map from
'k \%c onto N — {0}. Since every maximal nonelementary C-Fuchsian sub-
group I' of 'k is contained in a unique maximal nonelementary extended
C-Fuchsian subgroup T of Tk, and since two maximal nonelementary C-
Fuchsian subgroups I', I'' of 'k are conjugate if T,V are conjugate, this
implies the first part of Theorem 1.1.

The second part of Theorem 1.1 concerns the classification up to commen-
surability and conjugacy in PSU,,. Given a group G and a subgroup H of G,
recall that two subgroups I', I'' of H are commensurable if T N T has finite
index in I and in I/, and are commensurable up to conjugacy in G (or com-
mensurable in the wide sense) if there exists g € G such that I and gI'g ! are
commensurable. Two groups A and B are abstractly commensurable if they
contain finite index subgroups A’ and B’ respectively that are isomorphic.

For any positive integer D, let
I'kp= Stapr[—D :0:1].
The group 'k p is, by Proposition 3.3, a maximal nonelementary extended
C-Fuchsian subgroup, which preserves the projective line [—D : 0 : 1]+, Its
discriminant is 2D. We will prove that every element of %#¢ with discriminant

D is commensurable up to conjugacy in PSU;, with 'k »p.

ProOOF OF THEOREM 1.1. (1) Let D € N — {0} and let

g;([(D) = {F € g;( Ap = D}
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Let [-2:0:1] if D is even

Pp=31[0:1:0] if D=1

[_07*1:1:1] if D > 11is odd.

Slle]

By Proposition 3.3, the stabiliser in I'x of the positive rational point Pp is a
maximal nonelementary extended C-Fuchsian subgroup of 'k, with discrim-
inant D. Hence % (D) is nonempty.

Let G be the connected semisimple linear algebraic group defined over Q
such that G(Z) = SU,(Ok) and G(R) = SUy,. Let 7 : G — GL(V) be the
rational representation such that V (Z) = (Ok)?, V(R) = C and |G is the
linear action of SU;, on C3. Let X, be the closed algebraic submanifold of
V with equation & = D. In particular, X, is defined over Q, and X, (R) is
homogeneous under G (R) = SUj,, by Witt’s theorem. The map

Xp(@) =X, NY(2D) = {(z0, 21, 22) € (Ok)* : h(z0, 21, 22) = D} - Fc,

which to (zg, 21, 22) associates the stabiliser of [zg : z; : z2] in 'y (which
is the image of G(Z) by the canonical map G(R) = SU, — PSU,), is
well defined by Proposition 3.3 and G (Z)-equivariant, and its image contains
Fc (D). Hence the finiteness of I'x \ & (D) follows from the finiteness of the
number of orbits of G(Z) on X ;,(Z), see [2, Thm. 6.9].

(2)LetI" € %¢,andlet D € N—{0} be its discriminant. By Propositions 3.2
and 3.3, and by maximality, there exists a unique positive rational point P =
[z0 : z1 : 22] with zg, z1, 22 relatively prime in Ok such that I' = Stabr, P and
D = h(zo, 21, 22)-

CLAaM. There exists y € PSU,(K) such that y P =[-2D : 0: 1].
Assuming this claim for the moment, we conclude the proof of the second

part of Theorem 1.1: The groups y 'y ~! and 'k »p are commensurable, since

y (Stabr, P)y "' N Tk 2p = Stab,ryy-iar, ¥ P = ¥ (Stabryny-ire, Py~

and since PSU, (K) is the commensurator of 'y = PSU,(0Ok) in PSU,, (see
[1, Theo. 2]).

The following result, useful for the proof of the above claim, also gives
a natural condition for when two such groups 'k p for D € N — {0} are
commensurable up to conjugacy in PSU;,. A necessary and sufficient condition
when D is even will be given in Corollary 4.2.

LEmMA 34. If D, D' € N — {0} satisfy D' € DN(Ok), then 'k p and
'k .p are commensurable up to conjugacy in PSU, (K).
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ProoF. Let D € N — {0} and N € N(Ok) — {0}. As seen above, we only
have to prove that there exists y € PSU,(K) such that y[—-D : 0 : 1] =
[-DN :0:1].

Assume first that Dg = 0 mod 4, so that Ox = Z + ‘/572. Since N €

N(Ok), there exists x, y € Z such that N = x> — B&y? It is easy to check
using Equation (1) and the fact that K = Q + i /| Dk |Q that the matrix

x 0 —LVIDxIDy

y = 0 1 0
DRG0

belongs to SU, (K). Let y be its image in PSU;, (K). It is easy to check that as
wanted y[—D : 0: 1] =[-DN : 0: 1].

If Dx = 1 mod4, so that Ox = Z + %Z, the same argument works
when y in the above proof is replaced by the matrix

x+3 0 —5JIDkIDy

0 1 0
i +3
VDR 0
and the equation N = x? + xy + %yz withx, y € Z.

PROOF OF THE cLAIM. As the lattice 'k does not preserve the complex
geodesic with equation z; = 0, we may assume that z, is nonzero, up to
replacing P by an element in its orbit under I'x, which does not change the
discriminant D of I'. Let y; be the Heisenberg translation by the element

> .. 2o 71 .
w0=—2—11m—:w=——:1 € Heiss,
2|z2| 22 22

which belongs to PSU;, (K). An easy computation shows that
vilzo:z1:221=[-D :0:2N(z2)].

Let y, be the image in PSU, (K) of the diagonal element

2N(z2) O 0
0 1 0
1

0 0 2N (z2)

in SU;, (K). Then y,y, maps P to[—2DN(z3) : 0 : 1]. By the previous lemma,
there exists y3 € PSU,(K) such that y3[—2DN(z;) : 0: 1] =[-2D : 0: 1].
Hence the claim follows with y = 3,
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4. Quaternion algebras

We refer to [28] and [19] for generalities on quaternion algebras. Leta, b € Z

witha > 0 and b < 0. The quaternion algebra A = (%) is the 4-dimensional

central simple algebra over Q with standard generators i, j, k satisfying the
relations i’ = a, j> = bandij = —ji = k. The (reduced) norm of an element

of Ais ) 5 ) 5
n(xg + xi1i +x2j + x3k) = xj —axy — bx; + abxs.

The group of elements in A(Z) = Z+iZ + jZ + kZ with norm 1 is denoted
by A(Z)'. Let /b be the square root of b with positive imaginary part.
LEMMA 4.1. The map 0 = o, : A — M5(C) defined by
xo+xiv/a 0 (0 +x3/a)b
(xo + x1i + x2j + x3k) > 0 1 0
(2 —x3/a)Vb 0 xo—xi4/a

is a morphism of Q-algebras and o (A(Z)") is a discrete subgroup of the
stabiliser of [0 : 1 : 0] in SUy,.

Prookr. It is well-known (and easy to check), see for instance [14], [19],
that the map ¢’ : A — 4> (R) defined by

Xo + x14/a (x2 +X3«/5)\/W)
—(xz — x33/a)/1b] X0 — X14/a

is a morphism of Q-algebras and that the image of A(Z)! is a discrete subgroup
of SL,(R). The map

(xo + x1i + x2] + x3k) > (

5 a 0 ib
a
L: (c d) — 0 1 0
—ic 0 d
is a morphism of Q-algebras, sending SL, (R) into the stabiliser of [0 : 1 : 0]
in SU}, (see Equation (1)). The claim follows by noting that 0 =t o ¢’.

ProOOF OF THEOREM 1.3. By Theorem 1.1, we only have to prove that the
maximal C-Fuchsian subgroup Fp of 'k stabilising [-2D : 0 : 1] (which
has finite index in the extended C-Fuchsian subgroup I'k »p) arises from the
quaternion algebra (M). It is easy to check that the element

Q
VD V2D D
1 0 —1

1
2JD 2D 2JD
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belongs to SUy, and maps [0 : 1 : 0] to [-2D : 0 : 1]. Hence, using Equa-
tion (1), a matrix M € SU,(Ok) has its image (by the canonical projection
SU;, — PSUy) in Fp if and only if there exists a,d € R and b, ¢ € iR with

ad — bc = 1 such that M = y (8 (1) g) Vofl- A straightforward computation
gives o
M=
Yat+b+ct+d+2) La-btc—d) 2a+b+c+d—2)
dsatb—c—d) Sa-b-c+d) Pa+b-c-d
as@+b+c+d—2) ﬁﬁ(a—bﬂ»—d) ta+b+c+d+2)
This matrix has entries in Ok if and only if

a+b+c+d—2e8D0k,
a+b—c—dedSD0k,
a—b+c—ded/DOx,
a—b—c+de20k.

Letu=a+d,v=ﬁ(a—d),s’:b%—candt/:#E(b—c).ThenM
has entries in O if and only if
M+S/—2€8D@K,
t' €20k,
ek )
v—t 620}(,
u—s €20k.

Let Dy = B if Dy = 0 mod4 and D} = Dy otherwise (so that K =
Q(\/D_’K), see Section 3). Recall that Ox "R = Z and O N iR = Z\/D_’K.
The equations (2) imply in particular that u, v, s', ¢ € Ok. Note thata,d € R
is equivalent to u, v € R, and ¢, b € iR is equivalent to s’, ¢ € iR. Hence
u, v € Zand thereexists s, t € Zsuchthats’ = s\/D_’K, t" =t/ D%. Therefore

Yo Foyo =
u,v,s,te’z
“4ov/D 0 (3+1vD)yDg\ v+1/D} €20x
0 1 0 cv—ty/ Dy €20k

(G-BWBE 0 gowb ) u-syDeas
u+s/Dy —2e8D0k
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The group yofl Fpyy is contained in op p; (A (Z)"), since the parameters u
and s have to be even as a consequence of the defining equations of yofl Fpyo.

Furthermore, yo_l Fpyp contains op, p, (O'), where O is the order of A defined
by

O ={xo+ixi+ jxs+kxs € A(Z) : x1,x2,x3 =0 mod4D}.

Indeed, if xo+ix; + jxo +kxz € O, thenwithu = 2xg, s = 2x2, v = x1, ¢ =
x3, we have, since xo = 1 mod 4 D by the conditionn(xg+ix;+ jx,+kx3) = 1,

v+ 1v/Dj €27+ 27D Z C 20y
u—svDy €2 +2vDy Z C 20k
i —2+ 53Dl =2(xo — 1) + 2xov/D} € 8DZ +8D~/D) 7 C 8D 0.

Since op p;, (O") has finite index in op.D, (A(Z)") (see for instance [28],
Coro. 1.5 in Chapt. IV), the groups VoilFDVO and op p, (A(2)") are com-

mensurable.

Since (D’D;) = (ng
follows.

) as D}, and Dk differ by a square factor, the result

Observe that, by Theorem 1.3, a maximal nonelementary C-Fuchsian sub-
group of 'k of discriminant D is cocompact (in its copy of SL,(R)) if and

only if (%) is a division algebra (see for instance [14, Thm. 5.4.1]).

CoROLLARY 4.2. Let D, D' € N—{0}. The subgroups Tk »p and Tk 2y are

commensurable up to conjugacy in PSLy, if and only if the quaternion algebras
(%) and (D(’QD’() are isomorphic.

ProoF. We have seen in the previous proof that I'g »p arises from the
quaternion algebra (%). The result hence follows from the fact that two
arithmetic Fuchsian groups are commensurable up to conjugacy in SL,(R) if
and only if their associated quaternion algebras are isomorphic (see [27]).

The following corollaries follow from the arguments in [17], pages 309
and 310. Corollary 1.2 of the introduction follows from Corollary 4.4 below.
We refer for instance to [19] for the unexplained terminology below.

PROPOSITION 4.3. Let A be an indefinite quaternion algebra over Q. There
exists an arithmetic C-Fuchsian subgroup of Tk whose associated quaternion
algebra is A if and only if the primes at which A is ramified are either ramified
orinertin K.
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COROLLARY 4.4 (Chinburg-Stover). Every Picard modular group I'x con-
tains infinitely many wide commensurability classes in PSUy, of maximal non-
elementary C-Fuchsian subgroups.

COROLLARY 4.5. Any arithmetic Fuchsian group whose associated qua-
ternion algebra is defined over Q has a finite index subgroup isomorphic to a
C-Fuchsian subgroup of some Picard modular group Tk.

COROLLARY 4.6. For all quadratic irrational number fields K and K', there
are infinitely many abstract commensurability classes of arithmetic Fuchsian
subgroups with representatives in both Picard modular groups I'x and Tk
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