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A WEIGHTED EXTREMAL FUNCTION
AND EQUILIBRIUM MEASURE

LEN BOS, NORMAN LEVENBERG, SIONE MA'U and FEDERICO PIAZZON*

Abstract

We find an explicit formula for the weighted extremal function of R" C C" with weight (1 + x12 +

S x,%)_l/ 2 as well as its Monge-Ampere measure. As a corollary, we compute the Alexander
capacity of RP".

1. Introduction
For K C C" compact, define the usual Siciak-Zaharjuta extremal function
Vi (z) = sup{u(z) :u € L(C"),u <0on K},

where L(C") is the Lelong class of all plurisubharmonic (psh) functions u on
C" with the property that u(z) — log |z] = O(1), |z] — 00. Define

LT(C") == {u € L(C") 1 u(z) = log" |z| + C},

where C is a constant depending on u. We have

log [p(z)| : p poly.,

Vi (z) = max{O, sup{
’ [Pl = max |p(2)] < 1}} (1.1)

1
deg(p)

where the supremum is taken over (nonconstant) holomorphic polynomials p.
Letting V£ (z) := lim sup,_,. Vk (¢) be the upper semicontinuous (usc) regu-
larization, we have either V; € L*(C") or V; = oo; this latter case occurring
when K is pluripolar, i.e., there exists u % —oo psh on a neighborhood of K
with K C {u = —o0}.

If K c " is closed, a nonnegative usc function w: K — [0, oo) with
{z € K : w(z) > 0} not pluripolar is called a weight function on K and

*N. Levenberg supported by Simons Foundation grant no. 354549. Sione Ma:u partially sup-
ported by University of Auckland grant no. 3712302.
Received 7 June 2015, in final form 24 September 2016.
DOI: https://doi.org/10.7146/math.scand.a-26266



244 L. BOS, N. LEVENBERG, S. MA'U AND F. PIAZZON

0(z) := —logw(z) is the potential of w. The associated weighted extremal
function is

Vk 0(2) = sup{u(z) ue L(C),u < Qon K}.

Note Vg o = Vi for compact K . For unbounded K, the potential Q is required
to grow at least like log |z|. If iminf ek |;|»+00(Q(2) — log|z]) > —o0,
then Q is weakly admissible; if |z|lw(z) — 0 as |z]| - 00,z € K, then Q
is admissible. In the former case, the Monge-Ampere measure (dd“Vg ;)"
might not have compact support. For bounded K, and for unbounded K with
admissible Q (or even weakly admissible Q, if Vi ¢ is continuous),

1
deg(p)

Vk.0(@) = sup{ log [p(2)| : p poly., [ pe” P2 |, < 1}.

If we let X = P”" with the usual Kihler form w normalized so that f pn @ =
1, we can define the class of w-psh functions (cf. [9])

PSH(X,») :={¢ € L'(X) : ¢ usc, dd“¢ + w > 0}.

Letz:=[z0:z1: - : z,] be homogeneous coordinates on X = P". Identify-
ing C" with the affine subset of P" given by {[1 : z; : - - - : z,]}, we can identify
the w-psh functions with the Lelong class L(C"), i.e., PSH(X, w) ~ L(C"),
and the bounded (from below) w-psh functions coincide with the subclass
L*(C"). For example, if ¢ € PSH(X, w), then

u(@ =u@r, ..., 20) =1z -2, + S log(1 + |z*) € L(C).

Abusing notation, we write u = ¢ 4 ug, where uy(z) := % log(1+1z|?). Given
a closed subset K C P" and a function ¢ on K, we can define a weighted
w-psh extremal function

vk,q(2) :=sup{¢(z) : ¢ € PSH(X,w), ¢ <gonK}.
Thusif K c C* ¢ P, for[1:z;:---:2,] =[1:z] € C* we have

vk, ([1:2]) = sup{u(z) :u € L(C"),u <up+q on K} —uo(z)

1.2
= Vi up+¢(2) — uo(2). (12

If ¢ = 0, the Alexander capacity T,,(K) of K C P" was defined in [9] as
T,(K) := exp[— sup vK,o].
IP)"

This notion has applications in complex dynamics, cf. [8].
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These extremal psh and w-psh functions Vi, Vi ¢ and vk o, vk 4, as well
as the homogeneous extremal psh function Hg of E C C" (Section 4), are
very difficult to compute explicitly. Even when an explicit formula exists,
computation of the associated Monge-Ampere measure is problematic. Our
main goal in this paper is to utilize a novel approach to explicitly compute
Vk,o and (dd“ Vi )" for the closed set K = R" C C" with weakly admissible
weight w(z) = | f(z)| = |(1 + z2)~ /2|, where 7> = z% 4+ -4 zﬁ.

THEOREM 1.1. For K = R" C C" and weight w(z) = |f(2)| = |1 +
22)"12|, we have

Var 0(2) = %log<[1+lz|2]+{[1+lzlz]2—|1+22|2}1/2>, zeC", (1.3)

and o,

C ” n — '—
(dd"Vwr,0) ”'(1 T X2+

dx. (1.4)

Here dx is Lebesgue measure on R" and w, denotes the volume of the
Euclidean unit ball in R”. Note that for n = 1, it is easy to see that

Vi 0(z) = max{log|z —i|, log |z + i]} (1.5)

which agrees with formula (1.3). We remark that Vg ¢(z) = V1., (1, z) where
L, is the Lie ball in C"*! (see (2.1)).

The potential Q(z) in this case is the standard Kéhler potential uo(z) re-
stricted to R". Using (1.2) and the fact that RP" \ R” is (locally) pluripolar in

P", for z € C" we have

n+1

Vi, 0(2) = uo(z) + vreo([1 : z2]) = uo(z) + vepr o([1 : 2]).

As an application of (1.3) we can calculate the Alexander capacity T, (RP")
of RP".

COROLLARY 1.2. The unweighted w-psh extremal function of RP" is given
by

1
a0l 2D) = 5 log([1 + I2P*]

[+ 1P -1+ 22|2}]/2) — uo(2)

| 142 }‘”)
— “log(14 |1 LTET
2 g( [ 1+ |z[2)2

(1.6)
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for[l:z] e C"and

. | 11+ (2?27
vgpn 0([0 : 2]) = hlfnjllop[g 1°g<1 + [1 - m} )]

_ 1 |ZZ|2 1/2
_51°g<1+[1_<|z|2)2] )

Thus the exact value of the Alexander capacity T,(RP") is 1/ V2.

1.7

The proofs of (1.3) and (1.4) are in Sections 2 and 3. The proof of (1.3) in
Section 2 is by nature a verification of a formula found by other means. It is
the purpose of Section 6, based on the results in Section 5, to provide readers
interested in deriving formulas for other examples of K and Q an alternative,
deductive proof of (1.3) from which this formula was originally discovered. It
is our hope (and indeed expectation) that these techniques can be used in other
cases. We would like to thank Ragnar Sigurdsson for many helpful suggestions,
in particular, for the main calculation in the next section.

2. Relation with Lie ball and maximality of Vg ¢

In this section we prove (1.3) of Theorem 1.1 as well as Corollary 1.2. Writing
Z = (z0,2) = (20,21, - - - » 2n) € C""1, define the Lie ball

Lipi={Z e C"™" 1 |Z +{1Z" =1 2°P}'/* < 1}. @.1)
The extremal function of this circled set (Z € L,,; <= €'%Z € L,,)is
Vi, (Z) = Ylogt (1Z1* +{121* — 122"} ?);
thus

V@) =V, (1,2) = %10g([1+|z|2]+{[1+|Z|2]2—|1+Z2|2}1/2> (2.2)

agrees with formula (1.3). The function V;,,  (Z) in C"*! is maximal out-
side L,41, i.e., (dd°Vy,, )" = 0 there. We show:

our candidate function V:C" — R in (2.2) for Vg ¢ in (1.3), where
K=R'cC"and Q(x) = %log(l + x?), is maximal in C* \ R".

Note for x € R”, |x|> = x> and V(x) = Q(x). Let | - || denote the Lie norm
on €1 |Z |2 = 1ZP +(12I* ~2°P)'". Z € C'*'. This s a norm on C"*!
and V(z) = log [I(1, 2) |-
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Let u be a C? function on a domain D in C"*!. If u is of the form u = log v,
we write the Levi form of u at Z € D applied to w € C"*! as

1
L(Z; w) = @(&(z; w) = ——[(Vo(2), w>|2>, (2.3)

where Vv = (9v/0Zy, ..., 0v/0Z,+1) and (a, b) = "%} a;b;.

Consider v(Z) = ||Z|1? = |Z|* + ¢(Z)"/?, where ¢(Z) = |Z|* — |Z**.
Note that | Z|?> = | Z?| if and only if Z € C - R"*!. This occurs precisely when
Re Z is a real multiple of Im Z. Hence v € C*(C"*!\ C - R"*!). Working on
C"*1\ C- R"*!, we have

av - 1 ap
A A ey
bz, ~ 0B Ty
so that
0%v 1 _ 0%¢ 1 8g0 8g0
0Z;0Zy 2 0Z;0Zy 4 BZ 7y

The formula (2.3) for the Levi form of u becomes

F(Z;w) = (12) (|w| +30(2)” V2 F(Z;w)—~ «)(Z)—3/2|<V<p<2>,w>|2

)

1
v(Z)

5 1 —1/2
(Z,w) + Efﬂ(Z) (Vo(2), w)

We have the formulas

dg 25 =2
— =2|Z1*Z; - 2Z:(Z
2z, |Z|°Z; i(Z°)
and
¢ — 2 Z128 + 27,75 —4Z,7
02,072 TS Ek TR 2
yielding ) )
(Vo(2), w) =2(1Z1X(Z, w) — (Z°)(Z, w))
and

Lo (Z;w) =2|1ZP1wl* + 2(Z, w) > — 4[(Z, w)|*.
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In particular, (Vo(Z), Z) = 0 and %,(Z; Z) = —2¢(Z). Moreover, since
u(AZ) =log|A| +u(Z) for » € C\ {0}, £, (Z; Z) = 0. Also
1

S(Z:2) = —(IZI2 + 1</J(Z)‘1/2(—2<p(z)) _ 'Zz|2)
T T @) 2 " (Z)

1
= e (127 4+ 0@ ) 127 —92)'?) = 1277)

1 4 2,2
= (121 =@ - 12°F) =o0.

Since u = 21log || Z||. and || - | is a complex norm on C"*!, the function u
is psh and w — %, (Z; w) is positive semi-definite. The vectors Z and Z are
linearly independent if and only if Z € C**!\ C - R"*!, so we have proved
that the eigenspace at such Z corresponding to the eigenvalue 0 has dimension
at least two and includes Im Z.

For V(z) = log ||(1, 2)|l. in (2.2) the vector (1, z) is in C - R"*! if and only
ifze R, soV e C®°(C"\ R"). We write V = %u(l, z) where z € C". For
z ¢ R",

Fy(z;Imz) = 3.%,((1,2); (0, Im 2)) = 3.%,((1, 2); Im(1, 2)) = 0.

Thus V is maximal on C" \ R", and since V = Q on R", we have V = Vg o
in (1.3).

For the proof of Corollary 1.2, the formulas for vgp: ¢ follow immediately
and it remains to get the value of 7,,(RP") (see Example 5.12 of [9]). Clearly
[1 + 22| < 1 + |z|% hence (1.6) is maximized if 1 4+ z> = 0; e.g., taking
z=i(1/s/n,...,1/y/n). Then using |z?| < |z|? in (1.7),

sup vgpr,0(z) = %log 2.
zePn
Thus T,,(RP") = exp[— supp: Vgrpr,0] = l/ﬁ. We remark that Dinh and

Sibony had observed that the value of T,,(RP") was independent of n (Propos-
ition A.6 in [8]).

3. Calculation of (dd‘Vg. ¢)" with Vr. o in (1.3)

In this section we prove (1.4). First some background. Let § (x; y) be a Finsler
metric, where x € R" and y € R" is a tangent vector at x; i.e., y — §(x; y)
is anorm on R” varying smoothly in x. We write B, := {y : §(x; y) < 1} for
the associated unit ball about x and

Bf :={y:8(x;y)<1}*={a:a-y=ad'y <l1forally € B,}
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for the dual unit ball (¢’ denotes transpose of the vector a). I_:insler metrics
arise in pluripotential theory in the following setting: if K = Q where Q2 is a
bounded domain in R* C C", the quantity

Vi (x +ity) — Vk(x)

V it
dp(x;y) :=1lim supM = lim sup , (3.1

t—0t t—0+ t

forx € K and y € R”, defines a Finsler metric called the Baran pseudometric
(cf. [5]). Itis generally not Riemannian. The Riemannian situation yields more
information on volumes of B, and B}. Recall w, denotes the volume of the
Euclidean unit ball in R”.

ProrosiTiON 3.1. Suppose
8(x;9)* =y'G(x)y

is a Riemannian metric, i.e., G(x) is a symmetric, positive definite matrix.
Then vol(B?) - vol(By) = @> and vol(BY) = w,/det G(x).

ProoF. Writing G(x) = H'(x)H (x), we have

8(x; y)? =y Gx)y =y H' (x)H(x)y.
Letting || - || denote the standard Euclidean (¢£2) norm, we have
B, ={ye RN - |Hx)yl, <1} = H~'(x)(unit ball in £2-norm)

and
B = H(x)'(unit ball in £>-norm).

Hence vol(B;) - vol(By) = a)i and

Vol({y 28(x;y) < 1}*) = vol(B}) = w, det H(x) = w,+/det G(x),
completing the proof.

Motivated by (3.1) and Theorem 3.2 below, for u(z) = Vg ¢(2) in (1.3),

we show u(x + ity) — u(x)

t

Sulx; y) == tlir(gg
exists. Fixing x € R" and y € R", let
F@) :=ulx +ity)
= Llog{(1 +x* + 7y + 2[*y” + Px?y* — (x - 1y)*]'/?}
= $log{(1 + x* + 12y + 2[y* + x*y* — (x - y)*]'/2}.
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It follows that

2 0232 (. v)2]12
5,(x1y) = F'(0) = L2 T Xy = (- y)

2 1+ x2
I S e CRPO N e
- 1+ x2 '
We write
> V42t —(x-y)?t
6u(xsy): (l+x2)2 :yG(x))C
where

_a + x2)I — xx'
W=y

Since this matrix is symmetric and positive definite, 8, (x; y) defines a Rieman-
nian metric.

The eigenvalues of the rank one matrix xx’ € R"" are x2,0, ..., 0 for
(xx")x = x(x'x) = x? - x; and clearly v L x implies (xx")v = x(x'v) = 0.
The eigenvalues of (1 4+ x?)I — xx' are then

AT+x)=x204+x>)=0,...,04+xH—-0=1,1+x%...,1+x>

and the eigenvalues of G (x) are m, #, R H% This shows det G (x) =

1/(1 4+ x?)"*!. From Proposition 3.1, for §,(x; y),

2

*\ _ Wn _ a)n
vol(BY) = /4L 6W) = e = vongy: O

Note from (1.5) this agrees with the density of AVg: ¢ with respect to Le-
besgue measure dx on R if n = 1 and this will be the case for the density of
(dd°Vgn )" with respect to Lebesgue measure dx on R" forn > 1 as well.
For motivation, we recall the main result of [7] (see [2] for the symmetric case
K =—K):

THEOREM 3.2. Let K C R" be a convex body; i.e., K is compact, convex
and intgs K # (. Let Vi be its Siciak-Zaharjuta extremal function. The limit

o Vr(x +ity)
b0 1=l ST

exists for each x € intgn K and y € R" and

(ddVg)" = r(x)dx
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where
A(x) =n!vol({y : §(x; y) < 1}*) = n!vol(B}).

The conclusion of Theorem 3.2 required Proposition 4.4 of [7]:

PropoSITION 3.3. Let D C C" and let Q2 := DNR". Let v be a nonnegative
locally bounded psh function on D which satisfies 2 = {v = 0}; (dd“v)" =0
on D\ Q; (dd°v)" = L(x)dx on Q; forall x € 2, y € R", the limit

h(x,y) := lim exists and is continuous on  x iR";
t

—0t

v(x +ity)
t

and for all x € @, y — h(x, y) is a norm. Then ,.(x) = n!vol{y : h(x, y) <
1}*.

We now give the proof of (1.4):

ProoF. It will be useful to extend Q(x) = % log(1 4 x?) on R" to all of C"
as

0(z) = tog|1 + 2% € L(C").
With this extension of Q, and writing  := Vg~ ¢, we claim:
(1) Q is pluriharmonic on C" \ & where ¥ = {z € C" : 1 4+ 7> = 0};
QD u—0Q0=>=0inC"andR" ={ze€ C":u(z) — Q(z) =0};
(3) foreach x,y € R",
5 O(x +iry) — Q(x)
m =

t—0t t

0.

Item (1) is clear; (2) may be verified by direct calculation (the inequality also
follows from the observation that Q € L(C") and Q equals u on R"). For (3),
observe that

I+ (x4 ity)*P = (1L + 2% =2y + 4% (x - y)* = 1+ 277 + 0(?)

so that

O(x +ity) — Q(x) = %log 114 (x +ity)?| — %log(l +x%)
e 4 +x)*+ 0@ 1 0@

_ ~ - t 0.
R G A0+ O

Thus (1) and (2) imply that v := u — Q defines a nonnegative psh function in
C"\ &, in particular, on a neighborhood D C C" of R”. From (1),

(ddv)" = (dd‘u)" on D; (3.3)
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and from (3), for each x, y € R",

v(x +ity) —v(x)

lim
t—0+ 1
— lim ulx +ity) — Q(x +ity) —u(x)+ Q(x)
_t—>0+ 1
Cou(x +ity) —u(x) . QW +ity) — Q)
= ]11‘(1;1 ; — 111’(1;1 : e SLl(X; )’)
1—0+ t—0*

Then (3.3), (3.2) and Proposition 3.3 give (1.4), completing the proof.
This completes the proof of Theorem 1.1.

4. Known results on extremal functions

We list some results on extremal functions used in the sequel. We know much
information about Vg when K is a convex body in R”. Through every point
z € "\ K there is either a complex ellipse or a complex line L with z € L
such that Vi restricted to L is harmonic on L \ K (cf. [1], [6]). For K = B,
the real unit ball in R" C C", the real ellipses and lines L N B, are symmetric
with respect to the origin and, other than great circles in the real boundary of
B,, each L N B, hits this boundary at exactly two antipodal points. Lundin
proved [11], [1] that

Vg, (2) = 3logh(|z]* + 12> — 1)), 4.1

where & is the inverse Joukowski map h(%(t + %)) =tforl <t e R
Moreover,

dx | wy J
=n! x.
(1 —|x|H2 (1 —|x|H2

(ddVg,)" = n!vol(By)

We may consider the class of logarithmically homogeneous psh functions
H .= {u e L(C") tu(tz) =loglt| +uz),t € C,z € (”}
and, for E C C", the homogeneous extremal function of E, denoted H;., where
He(z) = max[O, sup{u(z) :u € H,u <0on E}].

Note that Hg(z) < Vg(z). If E is compact, we have

He(z) = max|:0, sup{ dcg% log |h(2)]

: h homogeneous polynomial, ||k g < 1}] 4.2)
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Finally, we mention the following beautiful result of Sadullaev [12].

THEOREM 4.1. Let A be a pure m-dimensional, irreducible analytic sub-
variety of C", where 1 < m < n — 1. Then A is algebraic if and only if for
some (all) K C A compact and nonpluripolar in A, Vi in (1.1) is locally
bounded on A.

Note that A and hence K is pluripolarin C" so Vg = 0o; moreover, Vg = 00
on C"\ A. Inthis setting, V| 4 (precisely, its usc regularizationin A) is maximal
on the regular points A™8 of A outside of K; i.e., (dd°Vik|4)™ = 0 there, and
Vkla € L(A). Here L(A) is the set of psh functions # on A (u is psh on A™8
and locally bounded above on A) with the property that u(z) —log |z| = O(1)
as |z| — oo through points in A, see [12].

5. Relating extremal functions

Let K C C" be closed and let f be holomorphic on a neighborhood €2 of K.
We define F: Q C C* — C"*! as

F(z):=(f(2),2f(2) =W = Wy, W) = (Wp, Wi, ..., W),
where W' = (Wy, ..., W,). Thus
Wo=f@), Wi=zuf@, ..., Wa=2z./.

Moreover we assume there exists a polynomial P = P(zg, z) in C**! with
P(f(z),z) =0forz € Q;1i.e., fisalgebraic. Taking such a polynomial P of
minimal degree, let

A:={weC™
: P(Wo, W'/ Wo) = P(Wo, W/ Wo, ..., W,/ W) =0}. (5.1)

Note that writing P (Wy, W'/ Wy) = P (Wo, W)/ W where Pisa polynomial
on C"*! and s is the degree of P(z,z) in z we see that A differs from the
algebraic variety

A:={WeC": P(Wy, W) =0}

by at most the set of points in A where Wy = 0, which is pluripolar in A. Thus
we can apply Sadullaev’s Theorem 4.1 to nonpluripolar subsets of A. Now
P(f(z),z) = 0 for z € Q says that

F(Q)={(f(2),2f(2) 1z € Q} C A.
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We can define a weight function w(z) := | f(z)|, which is well defined on all
of Q and, in particular, on K; as usual, we set

Q(z) == —logw(z) = —log | f(2)I. (5.2)
We will need our potentials defined in (5.2) to satisfy
0(z) = max{—log |Wy|: W € A, W'/ W, = z} (5.3)

and we mention that (5.3) can give an a priori definition of a potential for those
z € C" at which there exist W € A with W/ W, = z.
We observe that for K C €2, we have two natural associated subsets of A:

() K:={(WeA:W/WyeK}and
(2) F(K)={W=F(z)eA:z€K}.
Note that F(K) C K and the inclusion can be strict.
ProrosiTION 5.1. Let K C C" be closed with Q in (5.2) satisfying (5.3). If
F(K) is nonpluripolar in A,
V](’Q(Z) —Q0(@) < HF(]()(W) forz € Qwith f(z) #0
where the inequality is valid for W = F(z) € F(£2).

In general, Proposition 5.1 only gives estimates for Vi ¢(z) if z € Q and
f(z) # 0. We use this and Proposition 5.4 in the next section to get for-
mula (1.3) for Vgs o(z) with weight w(z) = |f(z)| = | for z in a
neighborhood €2 of R”.

1
|

Proor. First note that for z € K and W = F(z) € F(K), given a polyno-
mial p in C",

[w(2)%E P p(2)| = | £(2)|*P | p(2)] = [WgEP p(W') Wp)|
= |p(W)]

5.4

where p is the homogenization of p. Thus |[weP p|x < 1 implies |p| < 1
on F(K).

Now fix z € @ at which f(z) # 0 (so Q(z) < 00) and fix € > 0. Choose a
polynomial p = p(z) with |w®e® p|x <1 and

deg(p) log |[p(2)| = Vk,0(z) — €.
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Thus for W € A with Wy # 0 and W'/ W, = z,

Vk.0(@) —€—-0() = log [p(W'/Wo)| — Q(W'/ Wo)

1
deg(p)

= log |[p(W'/ Wo)| + log |Wol,

deg(p)
with (5.3) used in the second inequality. By (5.4) and the fact that | p|| px) < 1,

1
log [p(W'/ Wy)| + log |Wp| = ———
deg(p) ° )

This shows that Vg (z) — € — Q(z) < Hpx)(W). Finally, let ¢ — 0, com-
pleting the proof.

log |p(W)| < Hpx)(W).

Next we prove a lower bound involving K which will be applicable in our
special case.

DEFINITION 5.2. Let A C C"*! be an algebraic hypersurface. We say that
A is bounded on lines through the origin if there exists a uniform constant
¢ > 1suchthat forall W € A, if «W € A also holds for some o € C, then
la| < ec.

ExaMPLE 5.3. A simple example of a hypersurface bounded on lines
through the origin is one given by an equation of the form p(W) = 1, where
p is a homogeneous polynomial. In this case, if « W € A then

1 =paWw)= adeg(P)p(W) — adeg(p)’

so o must be a root of unity. Hence we may take ¢ = 1.

PROPOSITION 5.4. Let K C C" and let Q(z) = —log| f(z)| with f defined
and holomorphic on 2 O K. Define A asin (5.1) and assume Q satisfies (5.3).
We suppose A is bounded on lines through the origin, K is a nonpluripolar
subset of A, and that Q has an extension to C" (which we still call Q) satisfying
(5.3) such that Q € L(C"). Then given z € C",

Hg(W) < Vg(W) < Vi 0(2) — 0(2)

forall W = (Wo, W) € Awith W /Wy = z.

PrOOF. The left-hand inequality Hg (W) < Vg (W) is immediate. For the
right-hand inequality, we first note that Vg (W) € L(A) if K is nonpluripolar
in A. Hence there exists a constant C € R such that

V(W) < log|W|+ C = log |Wo| + 1 log(1 + W'/ Wo|*) + C
for all W € A with W, # 0.
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Define the function
U(z) :=max{Vg(W): W e A, W/Wy =z}+ 0(2).

Note that the right-hand side is alocally finite maximum since A is an algebraic
hypersurface. Away from the singular points A" of A one can write V(W)
as a psh function in z by composing it with a local inverse of the map A >
W z=W'/Wy € C". Hence U is psh off the pluripolar set

{zeC":z=W'/W,for some W € A%},

and hence psh everywhere since it is clearly locally bounded above on C".
Also, since Vg = 0 on K it follows that U < Q on K.

We now verify that U € L(C") by checking its growth. By the definitions
of U and Q and (5.3), given z € C" there exist W,V € A withz = W/ W, =
V' / Vg such that

U(@) =Vg(W)+0(z) and Q(z) = —log|Vyl.

Note that W = oV, and since A is uniformly bounded on lines through the
origin, there is a uniform constant ¢ (independent of W, V) such that |«| < c.
We then compute

U(2) = Vg(W) —log|Vo| = Vg (W) —log|Wo| +logc
<log|W|+ C —log |Wy| + logc
=log |W/Wy| + C +logc
= %log(l +1zH)+C + logc,

where C > 0 exists since Vg € L(A). Hence U € L(C"), and since U < Q
on K this means that U (z) < Vi ¢(z). By the definition of U,

V(W) + 0(2) < Vk.0(2)

for all W € A such that W'/ W, = z, which completes the proof.
_ REMARK 5.5. When f = 1 we have Q =0, F(z) = (1,z) and F(K) =
K ={1}x K. Combining Propositions 5.1 and 5.4 yields Vx (z) = Hjj)xx (1, z),
which is an instance of the H -principle of Siciak that relates functions in L (C")
to functions in H (C*t1).

A weighted version of this equality also holds. Given K C C” closed and
w a weight function on K (with Q = — log w), form the circled set

Z(K) :={(t,tz) e C"* .z € K, |t] = w(2)}.

Then from Bloom (cf. [4] and [3]), Hzk)(1, 2) = Vi o(2).
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6. Theorem 1.1 revisited

Let K = R" C C" and w(z) = [f(2)| = |rpym| Here f(z) # 0 and

we may extend Q(z) = —log|f(z)| to all of C" as Q(z) = élog 147% e
L(C"). We use the results of the previous section to give our original proof of
Theorem 1.1; this also shows where the formula (1.3) arose. Since (1 + z?) -

f(2)* —1=0, we take
P(z0,2) = (1+29z5— 1
Here,
A={W:PWo, W/Wo) =1 +W?*/WHWg —1=W; +W?—1=0]}

is the complexified sphere in C**!. From Definition 5.2 and Example 5.3, A is
bounded on lines through the origin. Note that f is clearly holomorphic in a
neighborhood of R"; thus we can take, e.g., Q = {z = x +iy € (" : y2 =
y? + -+ y? < s < 1} in Propositions 5.1 and 5.4 where z; = x; + iy;.
Condition (5.3) also holds for Q(z) = %log [1 4 z2|: given z = W'/ W, for
some W = (Wy, W) € A, we have WO2 = 1/(1 + z%). Hence —log |W,| =
% log |1 + z?| is the same value for all such W. We have

FK)={(f(2,2f@):z2=(21,....2,) € K =R"}

. 1 X ] R
_{<<1+x2>1/2’<1+x2>‘/2)'xe }

Writing u; = Re W;, we see that

F(K) = {(uo,...,u,,) eR™ Y ut=1up > 0}.

j=0

On the other hand,

={WeA:W/WyeK}= {(uo,...,u,,)e[kz"“:Zuf:l}.

Clearly K is nonpluripolar in A which completes the verification that Pro-
position 5.4 is applicable. We also observe that since for any homogeneous
polynomial 2 = h(Wy, ..., W,) we have

|h(—ug, uy, ..., u,)| = |h(ug, —uy, ..., —u,)l,
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the homogeneous polynomial hulls of K and F (K) in C"*! coincide, so that
Hg = Hpgy in A (see (4.2)). Since

F(K) \ F(K) = {(uo,...,u,,) eR™ Y Ut =1up = 0}
j=0
C AN {Wy=0) :

is a pluripolar subset of A,
Hg = Hr,) ©6.1)

on A\ P where P C Aispluripolarin A. Combining (6.1) with Propositions 5.1
and 5.4, we have

Hg(W) = V(W) = Vi 0(2) — Q) = Hrx)(W) (6.2)

forze Q:=Q \ Pand W = F (z) where Pis pluripolar in C".
To compute the extremal functions in this example, we first consider Vg in
A. Let

n
B:=B, | = {(uo,...,un) e R"! :Zujz» < 1}
=0

be the real (n + 1)-ball in C**1.
PROPOSITION 6.1. We have Vg (W) = Vg(W) for W € A.

Proor. Clearly Vp|s4 < Vg. To show equality holds, the idea is that if we
consider the complexified extremal ellipses L, for B whose real points S, are
great circles on K, the boundary of B in R"*!, then the union of these varieties
fillout A: | J, Lo = A. Since V|, is harmonic, we musthave Vg|, > VgL,
so that V|4 = V5. ~

To see that | J, L, = A, we first show A C |J, Lo. If W € A\ K, then
W lies on some complexified extremal ellipse L whose real points & are an
inscribed ellipse in B wi’tvh boundary in K (and V| is harmonic). If L # L,
for some «, then & N K consists of two antipodal points +p. By rotating
coordinates we may assume £p = (£1,0,...,0) and

& C{(ug, ..., uy) iuup=---=u, =0}.

‘We have two cases:
(D) & = {(uog, ..., up) : luol <1, uy =0, up =--- =u, = 0}, areal
interval: in this case

L ={(W,0,...,0): Wy € C}.
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But then L N A = {(Wo,0,...,0) : Wy = £1} = {£p} C K, contradicting
WeA\K.

() & = {(uo, ..., up) : ug +ui/r* = 1, up = --- = u, = 0} where
0 < r < 1, anondegenerate ellipse: in this case,

L:i={Wo,...,W,) . WZ+W/r’ =1, Woa=---=W, =0}
But then if W € L N A we have
We+Wirl=1=W;+W}

so that W, = --- = W, = 0 and Wo2 =1lie,LNA={xp} C K which
again contradicts W € A\ K.

For the reverse inclusion, recall that the variety A is defined by Z}lzo sz =
1.IfW = u +iv withu, v € R*!, we have

n

Zsz = Xj[uj2 - vj2] + 2i Zujvj.
=0

Jj=0 j=0

Thus for W = u +iv € A, we have Y7_o[u? —v7] = land Y_7_ju;v; = 0.
If we take an orthogonal transformation 7 on R"+1 then, by definition, T
preserves Euclidean lengths in R"*!; i.e.,

doui=) (Twp)* and Y vi=> (Tw)).
=0 j=0 j=0 =0
Moreover, if u, v are orthogonal; i.e., Z;l:o ujv; = 0, then Z;’:O(T(u))j .
(T (v)); = 0. Extending T to a complex-linear map on C"*! via
TW)=Twm+iv) =Tw)+iT(v),
we see that if W € A, then Z}’:O(T(u))j (T (v)); =0, so that
D@ =D 1T W)* = (Tw))* 1= [uf —vi]=1.
j=0 =0 =0

Thus T preserves A.

Clearly the ellipse
Lo={(Wo,.... W) : Wg+ W =1, W, =--- =W, =0}
corresponding to the great circle So := {(ug, ..., un) : u% + u% =1, u =

---=1u, = 0} lies in A and any other great circle S, can be mapped to Sy via
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an orthogonal transformation 7. From the previous paragraph, we conclude
that |, Ly C A, completing the proof.

We use the Lundin formula Vg(W) = %1ogh(|W|2 +|W? — l|) in (4.1),
where h(1) = t++/t?> — 1 fort € C\[—1, 1]. Now the formula for Vz can only
be valid on A; and indeed, since W? = 1 on A, by the previous proposition
we obtain . 5

V(W) = slogh(|W|°), W € A.

REMARK 6.2. Note that since the real sphere K and the complexified sphere

A are invariant under real rotations, the Monge-Ampere measure

(dd°Vg(W))" = (dd“ L logh(IW[*))"

must be invariant under real rotations as well and hence is the normalized sur-
face area measure on the real sphere K. This can also be seen as a consequence
of Vg being the Grauert tube function for K in A as (dd“Vg(W))" gives the
volume form dV, on K corresponding to the standard Riemannian metric g
there (cf. [13]).

Getting back to the calculation of Vi ¢, note that since W = (1,z)/(1 +
241/2
)5,
1+ |z
11 +z22|

(WP = [Wol” + Wi o+ (Wl =
Plugging in to (6.2),
Ve(W) = Vg(W) = Vi 0(z) — Q) = Vk.0(2) — 5 log |1 + 2|
gives

Vi.o@ = ylog([1+ 1P+ {[1 + 2" = 11+ 2217}'7%)

for z € , agreeing with (1.3).
A similar observation leads to another derivation of the above formula.
Consider F(K) as the upper hemisphere

S = {(uo,...,un)E[RnJrl: u?:], MOEO}
j=0

inR*" andletz: R*"H — R” be the projection 7w (ug, . .., uy) = (U1, ..., Uy),
whichweextendtor: C"*! — C"viag (W, ..., W,) = (W, ..., W,). Then

w(S) = By = {(ul,...,un)e R": Y uf < 1}

j=1
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is the real n-ball in C". Each great semicircle C,, in S — these are simply half of
the L,,’s from before — projects to half of an inscribed ellipse &, in B,,, while the
other half of &, is the projection of the great semicircle given by the negative
ui,...,u, coordinates of C, (still in F(K), i.e., with uy > 0). As before, the
complexifications & of the ellipses &, correspond to complexifications of the
great circles.

ProPOSITION 6.3. We have
Hpiy(Wo, ..., W) =V (w(W)) = Vg, (Wi, ..., W,)
=V, (W) < Vg(Wy, ..., W,)

for W =Wy, ..., W,) = (W, W) € A.

Proor. Clearly Vg, (m(W)) < Vg(W). For the inequality Hr)(W) <
Vg, (1 (W)), note that for W € A with W = (W,, W’), we have 7 =1 (W') =
(£Wo, W’) € A, but the value of Hp ) is the same at both of these points.
Thus W' — Hp ) (r =" (W’)) is a well-defined function of W’ for W € A
which is clearly in L(C") (in the W' variables) and nonpositive if W' € B,;
hence Hr ) (r 1 (W')) < Vp (W’), completing the proof.

From (6.2),
Hg(W) = Vg(W) = Vi 0(z) — Q(2) = Hrx)(W)

forze Qand W = F (z), so that we have equality for such W in Proposi-
tion 6.3 and an alternate way of computing Vi . From the Lundin formula,
for (Wo, W) € A we have W§ + W =1 so

Vs, (W) = 3logh(JW'|> + |W? —1]) = 3 logh(W )

and we get the same formula (1.3)
Vk.0(2) = %log([l 1Pl {1+ 12T -1 +12|2}1/2> = V(2)

for z € Q.

To show this formula holds on all of C*, we know V < Vg o on C" since
V < QonR".Now V € L*(C") since, e.g., V(z) = V,,,,(1,z) and V| €
LF(C"*1). Thus Vg o € L*(C") as well. This implies that the total Monge-
Ampere mass of V and Vi o are the same (cf. [10], Corollary 5.5.3). But
Vk,o is maximal outside of R” and (dd‘V)" = (ddVk g)" on & D R".
Thus (dd°V)" must vanish outside of €2; i.e., V is maximal on C" \ R" and
V = VK,Q on C".
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